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Gonçalves
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com referência LA/P/0016/2020. A ńıvel computacional, reconheço o uso
do cluster IRIDIS High-Performance Computing Facility da Universidade de
Southampton, o uso do cluster ARGUS/Blafis da Universidade de Aveiro e
o uso do cluster Aurora da Universidade de Lund.





o júri / the jury

presidente / president Doctor José Carlos Esteves Duarte Pedro
Full Professor, Universidade de Aveiro

vogais / examiners committee Doctor Milada Margarete Mühlleitner
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Palavras-chave Modelos além do Modelo Padrão, Grande Unificação, Aprendizagem profunda,
Fenomenologia de colisores, Ondas Gravitacionais, Transições de fase de 1ª ordem,
Cosmologia do Universo primordial.

Resumo Esta tese investiga vários aspetos fenomenológicos de modelos para além do Mod-
elo Padrão (BSM), com foco em observáveis de acelaradores de part́ıculas, de sabor
e de ondas gravitacionais (GW). Na primeira parte, motivado por um modelo de
Grande Unificação, exploramos as implicações de fermiões do tipo vectorial-tanto
quarks como leptões- em futuras tomas de dados do LHC, avaliando o potencial
para a sua descoberta ou exclusão. Para aumentar a sensibilidade da análise, de-
senvolvemos um algoritmo de otimização de hiperparâmetros para a construção de
redes neuronais para separar eficientemente os eventos de sinal do fundo. Para
o mesmo cenário, inspirado no paradigma de Grande Unificação, examinamos
também a viabilidade fenomenológica dos leptoquarks do tipo escalar, no con-
texto de observáveis de f́ısica de sabor e da f́ısica de colisores.

A segunda parte da tese centra-se na fenomenologia do Universo primordial de
setores escuros, ambos do tipo Abeliano U(1) e não-Abeliano SU(2). De modo a
mitigar as incertezas teóricas, analisamos os modelos tendo em conta duas técnicas
diferentes. Para o caso U(1), estudamos o efeito da presença de simetria confor-
mal a ńıvel clássico, tendo também em conta a evolução dos acoplamentos e dos
campos com a escala de energia usando as respetivas equações do grupo de renor-
malização. Para o modelo SU(2), construimos um potencial efetivo através da
técnica de redução dimensional.





keywords Beyond the Standard Model, Grand Unification, Deep Learning, Collider phe-
nomenology, Gravitational waves, First-order phase transitions, Early-Universe Cos-
mology.

Abstract This thesis investigates several phenomenological aspects of beyond the Standard
Model (BSM) frameworks, with a focus on collider, flavour, and gravitational wave
(GW) observables. In the first part, motivated by a Grand Unified Theory frame-
work, we explore the collider implications of vector-like fermions—both quark and
lepton types—at future data-taking runs of the LHC, assessing the potential for
their discovery or exclusion. To enhance the sensitivity of the analysis, we de-
velop a hyperparameter optimization algorithm for constructing neural networks
to efficiently separate signal events from background. Within the same Grand
Unified-inspired setting, we also examine the phenomenological viability of scalar
leptoquarks, in the context of the collider and flavour physics observables.

The second part of the thesis focuses on the phenomenology of the early Universe
with dark sectors, considering both Abelian U(1) and non-Abelian SU(2). In order
to mitigate theoretical uncertainties, we analyse the models taking into account
two different techniques. For the U(1) case, we study the effect of the presence of
conformal symmetry at the classical level, also taking into account the evolution
of couplings and fields with the energy scale using the respective renormalization
group equations. For the SU(2) model, we construct an effective potential through
the dimensional reduction technique.
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transverse mass for W+ and W−, transverse momentum for e−, µ+, W+, W−, e4 and ē4,
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CHAPTER1
Introduction

During the last five decades, experimental research has solidly established the Standard Model
(SM) as the most accurate theoretical framework to describe subatomic phenomena. Its predicted
particle content and interactions have been confirmed with remarkable precision [1–17]. Despite its
remarkable success, the SM is not without its limitations. One of its major deficiencies is its inability
to explain neutrino flavour oscillations, first observed in the Super-Kamiokande experiment [18]. This
phenomenon arises from the fact that neutrinos in the flavour basis do not correspond to neutrinos
in the mass basis, resulting in the mixing of distinct neutrino species (for details, see chapters 14.3
and 14.4 of the review [19]). This mixing indicates the existence of a non-zero mass difference among
the neutrino generations1. The SM fails to account for this because it lacks right-handed neutrinos,
which are essential for constructing mass terms, ∆L = mν̄LνR, where L denotes left-chirality, R
right-chirality, and m the neutrino’s bare mass. For the same reason, Yukawa interactions of the
form ∆L = yφν̄LνR, where φ is a scalar field and y a Yukawa coupling, cannot be constructed. This
limitation persists to all orders in the perturbative expansion.

Another significant shortcoming of the SM is its inability to offer a viable particle candidate for
Dark Matter (DM) [20], which constitutes approximately 84% of the matter content in the observable
universe [21]. The absence of an explanation for such a critical component of the cosmos already
provides strong motivation to extend the SM. Nevertheless, there are also theoretical motivations
for extending the model. One such issue is the hierarchy problem [22], a well-known challenge in
the literature. This problem arises when considering the self-energy contributions to the Higgs’s bare
mass, which scales quadratically with the cut-off scale, implying an extreme sensitivity to physics at
higher energy scales. Such unresolved issues within the SM, raises fundamental questions about the
nature of the universe:

What is the complete description of the universe? What model and framework best describe the
fundamental interactions?

These questions have puzzled physicists for the past century and are likely to remain unresolved for
much of the current one. Nonetheless, this has not discouraged our persistent pursuit of answers,
leading to the proposal of some of the most exotic theories, such as those involving extra dimensions,
like string theory [23], or the introduction of a new symmetry unifying fermions and bosons [24],
known as Supersymmetry (SUSY). Both concepts are of particular interest, as they form the basis of
a Grand Unified Theory (GUT) framework, which inspires much of the New Physics (NP) explored in
this thesis. This wealth of new theoretical frameworks stems from a simple observation: the SM is an
effective theory, implying that its validity is limited up to a specific energy scale. Beyond this point,
it fails to describe reality accurately and breaks down, necessitating the introduction of NP. The
aforementioned Beyond the Standard Model (BSM) theories are constructed with this limitation in
mind. With a well-established motivation for NP, the next question is how to properly approach these
models. Besides ensuring a solid theoretical foundation, BSM models must also account for observable
phenomena. Since these frameworks are scientific models, they must adhere to the scientific method,
meaning they must be falsifiable. To test these exotic NP scenarios, two main avenues are discussed
in this thesis:

1This requires ∆mij != 0 for some combination of mass eigenstates i and j. Note that one of the neutrinos may still
be massless.

1
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• Collider physics: If hypothetical NP exists at a scale near or below the TeV range and interacts
with the SM sector, then it could be produced at high-energy particle accelerators, such as the
Large Hadron Collider (LHC). As such, collider experiments provide a valuable setting for
probing and/or constraining NP phenomena, particularly due to their nature as direct detection
experiments. By placing bounds on NP at colliders, we can impose stringent constraints on
various theoretical models—or even rule them out entirely.

• Gravitational wave physics: Gravitational Waves (GWs), and in particular the Stochastic
Gravitational Waves Background (SGWB), offer a complementary avenue for probing NP be-
sides collider experiments. Such signals can originate in the early Universe, for instance,
from a First-order Phase Transition (FOPT) [25, 26] or from the mergers of Primordial Black
Holes (PBHs) [27]. In contrast to collider experiments, GW interferometers provide access to
energy scales far beyond those currently reachable with particle accelerators—potentially up to
the GUT scale, approximately fourteen orders of magnitude higher than the Electroweak (EW)
scale probed at colliders. Future and current experiments including Laser Interferometer Space
Antenna (LISA) [28], Big Bang Observer (BBO) [29], Laser Interferometer Gravitational-Wave
Observatory (LIGO) O5 [30], and the Einstein Telescope (ET) [31] aim to explore a wide range
of energy scales, from TeV up to the GUT scale. If the scale of the phase transition is suffi-
ciently high, current detectors such as LIGO-Virgo-Kagra (LVK) [32] may already begin to place
meaningful constraints.

There exists a wide variety of BSM models in the market, each designed to address different
shortcomings of the SM—either as stand-alone solutions or in combination with other extensions.
Such NP scenarios may include extended scalar sectors, exotic Vector-Like Fermions (VLFs), and
scalar Leptoquarks (LQs), all of which will be discussed in the subsequent chapters. In the next two
chapters, our focus will be on the phenomenology of a potential low-energy limit of a E8-inspired
GUT model, with particular focus on flavour and collider physics, while in the last two chapters we
shall focus on the early-Universe phenomenology associated with dark sector extensions to the SM,
considering both the Abelian and non-Abelian scenarios. Before we start with the main results of
this thesis, we let us first have look at our current best understanding of the Universe, the Standard
Model. Do note that we will only present a brief overview of the key theoretical and phenomenological
aspects of the SM, highlighting its main results and limitations. This section is not intended to serve
as a comprehensive description of the SM, but rather to outline the essential building blocks required
to understand both the unresolved questions and the notation used throughout this thesis.

1.1 The Standard Model

The SM of particle physics is a relativistic gauge Quantum Field Theory (QFT) based on the direct
product group GSM = ISO(1, 3)× SU(3)C × SU(2)L ×U(1)Y. Here, ISO(1, 3) represents the Poincaré
group, which corresponds to the isometries of Minkowski spacetime, SU(3)C is the group governing
strong interactions, with C denoting colour, and SU(2)L × U(1)Y makes up the EW group, with Y
being the hypercharge. These groups form a Lie algebra, which allows the transformation laws of the
fields to be determined via exponentiation

ISO(1, 3) : ϕ(x) → ϕ′(x′) = exp

(
i
ωµνMµν

2

)
exp

(
i
aµPµ

2

)
ϕ(x),

SU(3)C : ϕ(x) → ϕ′(x) = exp

(
i
βc(x)

2
λc
)
ϕ(x),

SU(2)L : ϕ(x) → ϕ′(x) = exp

(
i
ωa(x)

2
σa

)
ϕ(x),

U(1)Y : ϕ(x) → ϕ′(x) = exp

(
i
Y

2
α(x)

)
ϕ(x),

(1.1)

where β, ω and α denote local parameters, meaning they are functions of the spacetime coordinates x,
while ωµν and aµ are global and do not exhibit spacetime dependence. The generators of the groups
are represented by σa with a = 1, 2, 3, corresponding to the Pauli matrices, and λc with c = 1, . . . , 8,
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corresponding to the Gell-Mann matrices. Additionally, Pµ denotes the four-momentum operator,
and Mµν represents the orbital angular momentum density tensor. These objects satisfy the algebra

ISO(1, 3) : [Pµ, Pν ] = 0,

[Mµν ,Mρσ] = i(ηνρMµσ % ηµρMνσ % ηνσMµρ + ηµσMνρ),

[Pµ,Mρσ] = i(ηµσPρ % ηµρPσ),

SU(3)C : [λi,λj ] = if k
ij λk,

SU(2)L : [σi,σj ] = iε k
ij σk,

(1.2)

where fijk are the SU(3) structure coefficients, εijk denotes the Levi-Civita symbol in three dimensions,
and ηµν represents the Minkowski spacetime metric. The U(1) group is Abelian, meaning its generators
commute; the hypercharge Y is simply a numerical value. In the context of the SM, the group
representations/charges are shown in Tabs. 1.1 and 1.2.

The Higgs and the fermionic SU(2)L doublets in Tabs. 1.1 and 1.2 are defined as

Qi
L =

[
uL

dL

]i
, Li =

[
νL
eL

]i
, H =

[
H+

H0

]
, (1.3)

where quarks are denoted by QL (left quark doublets), dR (down right quarks) and uR (up right
quarks), leptons by L (lepton doublets) and eR (right leptons) and the Higgs doublet is denoted by
H. Here i indicates the number of fermionic generations, with i = 1, 2, 3. With this field content,
we can view the SM as the conjunction of three distinct, yet interconnected, sectors: the Quantum
Chromodynamics (QCD) sector, which describes the strong interaction mediated by gluon fields and is
based on the SU(3)C group; the EW sector, which simultaneously encompasses both electromagnetic
and weak interactions, represented by the SU(2)L × U(1)Y groups; and finally, the Yukawa sector,
which describes how the Higgs field interacts with the quark and lepton fields.

1.1.1 Quantum Chromodynamics

QCD describes the dynamics of the strong force and its interactions with coloured particles, referred
to as quarks. It is a Yang-Mills theory based on the SU(3) gauge group and is described by the following
Lagrangian density

LQCD = iQ̄L /DQL + iūR /DuR + id̄R /DdR % 1

4
Ga

µνG
µν
a , (1.4)

where a index labels the adjoint representation of SU(3)C, taking values a = 1, . . . , 8. We also define
the operator /D = ΓµDµ, with Γµ being the Dirac matrices. The colour field-strength tensor and the

Field ISO(1,3) SU(3)C SU(2)L U(1)Y # of generations
Aa 4 1 2 0 1
B 4 1 1 0 1
G 4 8 1 0 1
H 1 1 2 1 1

Table 1.1: Group representations for the scalar and gauge sectors of the SM.

Field ISO(1,3) SU(3)C SU(2)L U(1)Y # of generations
QL 2 3 2 1/3 3
uR 2 3 1 4/3 3
dR 2 3 1 %2/3 3
L 2 1 2 -1 3
eR 2 1 1 -2 3

Table 1.2: Group representations for the quark and lepton sectors of the SM.
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covariant derivative are defined as

Ga
µν = ∂µGa

ν % ∂νGa
µ % g3f

a
bcGb

µGc
ν ,

Dµ = ∂µ + ig3
λa
2
Ga
µ.

(1.5)

where g3 denotes the strong gauge coupling. In the SM, only the quark fields have non-trivial charges
under SU(3)C, which means that they are the only fields participating in Leading-Order (LO) inter-
actions with the gluon fields. Leptons and the Higgs boson are singlets under this symmetry, and as
such, their interactions with QCD are felt only through loop-mediated processes. Although subleading,
these contributions can play a significant role in certain contexts, notably in the hadronic contribu-
tions to the anomalous magnetic moment of leptons [33–62], as well as in Higgs boson production at
the LHC via gluon-gluon fusion [63–67].

From the Lagrangian in Eq. (1.4), one can derive the Feynman rules by utilising the definitions
provided in Eq. (1.5). Keeping this in mind, we obtain the following:

uβj , dβj

ūαi, d̄αi

Ga
µ = ig3(Γ

µ)αβ
(λa)ij

2
, (1.6)

Ga
µ, p1

Gc
τ , p3

Gb
ν , p2 = g3fabc

[
ηµν(p1 % p2)τ+

+ ηµτ (p2 + p3)µ + ητµ(p3 % p1)ν

]
,

(1.7)

Ga
µ

Gd
ρ

Gb
ν

Gc
τ

= %ig23

[
feabfecd(ηµτηνρ % ηµρηντ )+

+feacfedb(ηµρητν % ηµνητρ)+

+feadfebc(ηµνητρ % ηµτηνρ)
]
.

(1.8)

The most significant distinction between Yang-Mills theories and those based on Abelian symmetries is
the presence of self-interactions among vector fields. Such interaction terms arise from the g3fa

bcGb
µGc

ν

component in the definition of Ga
µν in Eq. (1.5). In Abelian theories, this term is zero because f = 0.

This non-zero term has profound implications for the physics of QCD. Specifically, it implies that free
quarks or gluon fields cannot exist; they are confined and, upon production at colliders, immediately
hadronise into mesons or baryons. While a first-principles explanation for this phenomenon is lacking
[68], there are phenomenological models, such as the Lund model [69], which serves as the foundation
for the Monte Carlo generator Pythia8 [70], used in numerical work throughout this dissertation.
This effect is non-perturbative in nature and is closely related to a remarkable property known as
asymptotic freedom, first pointed out by D. Gross and F. Wilczek [9]. This result implies that the
strength of the coupling constant decreases with increasing energy scale. This is evident in the β-
function of QCD, which is given by [9]

β(g3) =
∂g3
∂ln µ

= % g33
16π2

11

3
C2, (1.9)

where C2 is the quadratic Casimir invariant; for SU(3), it is C2 = 3. Consequently, the negative
sign of the β-function implies that the strong coupling constant becomes weaker at higher energy
scales µ. We then have two limiting scenarios of interest. The first is in the limit of µ → ∞,
where the coupling approaches zero. In this case, the theory is free, and perturbative calculations
are valid, providing a solid approximation. Particle colliders typically operate in this regime, allowing
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perturbative techniques to be employed for computing QCD processes in Monte Carlo simulators.
The second regime occurs when µ → 0, leading to g3 → ∞. In this scenario, the opposite occurs, and
perturbation theory is no longer a valid approximation. This is particularly relevant at hadronisation
scales and is significant in nuclear physics problems. In this regime, one must employ non-perturbative
techniques, with lattice QCD being one of the most successful approaches [71, 72].

1.1.2 Theory of electroweak interactions

In the SM, the EW sector describes both the electromagnetic and weak nuclear forces in a unified
manner. This theoretical framework was independently developed by Sheldon Glashow, Abdus Salam,
John Ward, and Steven Weinberg [4, 5, 73]. It is formulated as a gauged QFT based on the direct
product of the SU(2)L×U(1)Y symmetry groups and is closely connected to the Higgs mechanism—the
symmetry-breaking process responsible for generating masses for all particles within the SM. The EW
Lagrangian can be written as:

LEW = %1

4
BµνBµν % 1

4
Fµν
a F a

µν + (DµH)†(DµH)% V (H†,H), (1.10)

where we utilised the definitions

Bµν = ∂µBν % ∂νBµ,

F a
µν = ∂µA

a
ν % ∂νA

a
µ % g2ε

a
bcA

b
µA

c
ν ,

Dµ = ∂µ + ig1
Y

2
Bµ + ig2

σa
2
Aa

µ,

V (H†,H) = µ2
hH†H+ λh(H†H)2,

(1.11)

where g1 and g2 are the gauge couplings for hypercharge and the weak interaction, respectively. The
parameter µ2

h represents a tachyonic mass term for the Higgs doublet (i.e we have µ2
h < 0), while λh

denotes the quartic self-interaction coupling. Due to the negative sign of µ2
h, the potential exhibits a

non-trivial minimum (i.e., different from H = 0), which is given by





∂V (H†,H)

∂H† = 0 ⇔ H†(µ2
h + 2λhH†H) = 0,

∂V (H†,H)

∂H = 0 ⇔ H(µ2
h + 2λhH†H) = 0,

⇔ v2 ≡ |H|2 = %µ2
h/2λh. (1.12)

In general, both components of the Higgs doublet can get a Vacuum Expectation Value (VEV), v.
However, one can use SU(2) invariance to rotate the vacuum such that only one component has a VEV,
i.e. 〈H〉 = [0 v]T. We can then expand the Higgs doublet around its VEV as H = (1/

√
2)[0 v+h]T,

where h represents the physical Higgs field. Substituting this expansion in kinetic and potential terms
of Eq. (1.10), we obtain:

(DµH)†(DµH) =
1

2

(
g22v

2

4
A1

µA
µ
1

)
+

1

2

(
g22v

2

4
A2

µA
µ
2

)
+

1

2

(
v2

4
(g2A

3
µ % g1Y Bµ)(g2A

µ
3 % g1Y Bµ)

)
+ . . .

V (H†,H) =
1

2
(%2µ2

h)h
2 + . . . ,

(1.13)
where the ellipsis (. . . ) indicates interaction terms between the fields, which are not shown here.
We now have a scalar boson with mass mh =

√
%2µ2

h, which we associate with the Higgs boson.
Additionally, there are two vector bosons arising from the first and second components of Aa

µ, both
having a degenerate tree-level mass given by mA1,2 = g2v/2. These are associated with the W bosons
after a suitable field redefinition

W−
µ =

1√
2
(A1

µ + iA2
µ), W+

µ =
1√
2
(A1

µ % iA2
µ). (1.14)

The B and A3 fields mix, necessitating the diagonalization of the mass matrix. This can be accom-
plished using a rotation matrix, which is parametrised by a single mixing angle

U =

[
sin θW cos θW
cos θW % sin θW

]
, (1.15)
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where θW is the Weinberg mixing angle. Performing the diagonalization of the mass matrix results in
two fields with masses mγ = 0 and mZ0 = (v/2)

√
g21 + g22 , where the fields γ and Z0 are expressed as






γµ =
1√

g21 + g22
(g1A3

µ + g2Bµ)

(Z0)µ =
1√

g21 + g22
(g2A3

µ % g1Bµ)
⇔
{

γµ = sin θWA3
µ + cos θWBµ

(Z0)µ = cos θWA3
µ % sin θWBµ

, (1.16)

where γ and Z0 are associated with the photon and Z0 boson fields, respectively.
It is important to emphasise the role of symmetry breaking in QFTs. Broadly speaking, spon-

taneous symmetry breaking is responsible for generating mass terms in otherwise massless fields, as
showcased previously for the Z0 and W± bosons. In contrast, unbroken (conserved) symmetries—such
as the residual SU(3)C×U(1)EM—prevent gluons and photons, respectively, from acquiring mass. Sim-
ilar to QCD, the EW sector is a non-Abelian gauge theory. As such, it predicts self-interactions among
gauge bosons. In particular, the W±, Z0, and photon fields exhibit both triple and quartic gauge ver-
tices. They are given by:

W+
β , p1

W−
α , p3

γµ/(Z0)µ, p2 = igEW

[
ηαβ(p3 % p1)µ + ηβµ(p1 % p2)α + ηµα(p2 % p3)β

]
,

gEW = %e for γµ,

gEW = g2 cos θW for (Z0)µ.

(1.17)

W−
β

W+
α

γν/(Z0)ν/W−
ν

γµ/(Z0)µ/W+
µ

= % igEW

[
2ηαβηµν % ηαµηβν % ηανηβµ

]

gEW = g22 for W+
µ /W−

ν ,

gEW = eg2 cos(θW) for γµ/(Z
0)ν ,

gEW = %e2 for γµ/γν ,

gEW = %g22 cos
2(θW) for (Z0)µ/(Z

0)ν .

(1.18)

1.1.3 Yukawa interactions

Looking at the representations of the fermion fields in Tab. 1.2, we immediately observe that mass
terms are forbidden. Specifically, a mass operator takes the form mψ̄LψR, but this is not allowed since
the right-handed fermions are SU(2) singlets, while the left-handed fermions are doublets. However,
the same mechanism used in the EW theory can be extended to the fermionic sector. Indeed, using
the charge assignments from Tabs. 1.1 and 1.2, the most general and renormalizable Lagrangian is
written as

LY = (Y")ijH · L̄iejR + (Yd)ijH · Q̄i
Ld

j
R + (Yu)ijH̃ · Q̄i

Lu
j
R + h.c., (1.19)

where h.c. denotes the Hermitian conjugation of the preceding terms, and Y", Yu, and Yd are 3 × 3
Yukawa matrices (i, j = 1, 2, 3) corresponding to the charged leptons, up-type quarks, and down-type
quarks, respectively. We define H̃ = iσ2H† and the SU(2) dot product as H · ψ ≡ εabHaψb, with
a, b = 1, 2 and ε the Levi-Civita symbol in two dimensions. The instability of the Higgs potential, due
to the tachyonic mass term, triggers the breaking of SU(2)L × U(1)Y via a non-zero VEV, such that
the Yukawa Lagrangian becomes

LY =
v(Y")ij√

2
ēiLe

j
R+

v(Yd)ij√
2

d̄iLd
j
R+

v(Yu)ij√
2

ūi
Lu

j
R+h.c.+interactions with the Higgs field, h. (1.20)

As such, mass terms are generated for all fermions, with the exception of neutrinos, which remain
massless. In fact, the SM does not include right-handed neutrinos, and therefore, no mass can develop
for them, even at higher orders in perturbation theory (i.e., at loop level). The Yukawa matrices are
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non-diagonal, thus, we must rotate from the gauge basis to the mass basis via bi-unitary transforma-
tions. For the leptons, however, since neutrinos are massless, we can take the lepton Yukawa matrix
to be diagonal, i.e., Y" = diag(ye, yµ, yτ ), as we can always redefine the neutrino fields to be diagonal
in both the mass and gauge basis. Consequently, we can immediately determine the mass formulas
for the electron, muon, and tau to be

me =
vye√
2
, mµ =

vyµ√
2
, mτ =

vyτ√
2
, (1.21)

proportional to the interaction strengths yi. Using the currently measured values for the charged
leptons: mτ = 1776.86 MeV, mµ = 105.66 MeV, and me = 0.511 MeV [74], we observe a clear
hierarchy among the generations of leptons, which remains unexplained within the SM.

Another important consideration is that interactions with the Higgs field, h, are also proportional
to the interaction strength. Specifically,

Lh"" ⊂
(Y")ij√

2
ēiLe

j
Rh+ h.c., (1.22)

which implies that the decay rates of the Higgs boson are proportional to the corresponding Yukawa
couplings. These couplings are, in turn, correlated with the masses in Eq. (1.21) which implies the
decay rate should have the form Γ(h → ff̄) ∝ 2m2

fmh/v2. This has been confirmed experimentally
for the heavier generations [75]. This direct correlation is a significant result, and any extension of
the SM could potentially modify it, especially in theories that introduce new scalar fields.

Let us now turn our attention to the quark sector (the second and third terms of Eq. (1.20)).
Unlike the leptons, both the up and down quark sectors are massive, so the freedom to simultaneously
diagonalise both sectors is not available. Therefore, a general Yukawa matrix must be considered. As
mentioned earlier, the diagonalization is performed via bi-unitary transformations:

(Yu)ij = (Uu,∗
L )ik(Y

diag
u )kk(Uu

R)kj ,

(Yd)ij = (Ud,∗
L )ik(Y

diag
d )kk(Ud,∗

R )kj ,
(1.23)

where Uu
L,R and Ud

L,R are unitary matrices, and Y diag
u,d are the diagonal Yukawa matrices. With this in

mind, we can express the physical quarks in the mass basis as

(d̄′R)k = (Ud
R)kjd

j
R,

(
d̄′L
)
k
= (Ud,∗

L )kjd
j
L,

(ū′
R)k = (Uu

R)kju
j
R, (ū′

L)k = (Uu,∗
L )kju

j
L.

(1.24)

Substituting these definitions into Eq. (1.20), we obtain

Lq =
v
(
Y diag
d

)
kk√

2
d̄′kL d′kR +

v
(
Y diag
u

)
kk√

2
ū′k
L u′k

R + h.c., (1.25)

for k = 1, 2, 3. As in the lepton sector, a similar mass hierarchy exists among the different generations
of quark. The diagonalisation of the Yukawa matrices via unitary transformations leads to interesting
physical consequences. In particular, it generates flavour-changing charged currents through couplings
with the W± bosons. Specifically, the physical quark fields couple via the currents

jµW+W
+
µ =

g2√
2
ū′i
Lγ

µ(Uu,∗
L Ud

L)ijd
′j
RW

+
µ ,

jµW−W
−
µ =

g2√
2
d̄′iLγ

µ(Uu,∗
L Ud

L)iju
′j
RW

−
µ ,

(1.26)

which indicates that up- and down-type quarks can mix with each other. This mixing is parametrised
by the matrix VCKM = (Uu

L )
†Ud

L, known as the Cabibbo-Kobayashi-Maskawa (CKM) matrix. Do note
that in the SM, mixing only occurs in the charged currents, not in the neutral currents involving γ,
Z0, or h. In these cases, the neutral currents remain diagonal for both leptons and quarks. Processes
involving flavour-changing neutral currents typically arise in extensions of the SM, especially those
involving new Higgs doublets.
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1.2 Motivating new physics

In previous sections, we presented the currently accepted theoretical framework for describing
subatomic phenomena. All the particles within this framework have been experimentally observed,
and the measured couplings are consistent with the predictions of the SM. However, there are clear
indications that this model is not the final answer. These issues can be broadly divided into what
I refer to as conceptual problems, which are intrinsically related to the theoretical structure of the
SM, and physics problems, which concern the inability (or insufficiency) of the SM to explain certain
physical observations.

• Failure to explain neutrino mass generation (physics problem)

As previously mentioned, after Electroweak symmetry breaking (EWSB), neutrinos remain
massless within the SM. Even hypothetical higher-order operators cannot generate mass due to
the explicit absence of a right-handed neutrino. While it is possible to construct a dimension-five
operator involving only left-handed neutrino fields through the Weinberg operator

C5

(
H · L̄c

i

)
(Lj ·H) + h.c. . (1.27)

where we have introduced charge conjugation (the superscript c) of a Dirac spinor, which is
defined as Lc ≡ %iΓ2L∗, with Γ2 being the second gamma matrix. This operator generates
Majorana mass terms after EWSB. However, this is non-renormalizable and requires ultraviolet
completion through the introduction of new fields. Despite this, neutrino oscillation experiments
have confirmed that neutrinos possess a non-zero mass [76]. Therefore, in order to accommodate
neutrino mass, BSM physics is required.

Additionally, if neutrinos are massive, a mixing mechanism analogous to the CKM matrix would
exist in the lepton sector. This implies that the charged currents in the lepton sector are modified
as

jµW−W
−
µ =

g√
2
ē′iLγ

µ
(
Ue,∗
L Uν

)
ij
ν′jL W−

µ , (1.28)

where Ue
L is the mixing matrix for the left-handed charged leptons while Uν is the neutrino mixing

matrix. The matrix product (Ue,∗
L Uν)ij is known as the Pontecorvo–Maki–Nakagawa–Sakata

(PMNS) matrix and its elements are determined experimentally in oscillation experiments.

• DM, CP-violation and baryogenesis (physics problem)

A significant shortcoming of the SM is its inability to fully account for Charge-Parity (CP)
violation. While the SM predicts a certain level of CP violation via a complex phase in the
CKM matrix of the quark sector2, the current measured value for it is too small to to explain
the observed matter-antimatter asymmetry in the Universe. This asymmetry is crucial for
understanding baryogenesis, the process responsible for the dominance of matter over antimatter
in the early universe [77, 78]. Additionally, our current understanding of the mechanism behind
baryogenesis requires the presence of a FOPT, which is non-existent in the SM, as both the
QCD and EW phase transitions are smooth cross-overs [79–82].

Another missing piece of the puzzle relates to DM, since the SM does not provide a viable
candidate for DM, a form of matter that is known to only interact through gravity. Astrophysical
observations, such as galaxy rotation curves [83] and the Bullet Cluster [84, 85], as well as
cosmological probes from the cosmic microwave background [384] strongly suggest the existence
of DM, which comprises approximately 84% of the total matter in the universe. Despite its
prevalence, none of the particles predicted by the SM possess the necessary properties to account
for DM.

• Physics anomalies (physics problem)

All of the SM particle content has been successfully validated directly, meaning that all parti-
cles have been produced and observed at colliders, and their corresponding masses have been
measured. However, crucial tests of the consistency of the SM do not only rely on detecting

2It is possible that additional CP-violating sources exist in the neutrino sector; however, current experimental
constraints are not yet precise enough to yield conclusive results.
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particles. It is also essential to ensure that the predicted interaction patterns align with the
model’s expectations.

With ever-increasing experimental precision, a multitude of anomalies have started to emerge
in the data. Here, we define an anomaly as a result that shows a significant deviation from SM
predictions, typically in the 2σ–4σ range, but that has not yet reached the 5σ threshold required
to claim a discovery. Therefore, additional statistics and further investigation are necessary. In
this regard, several signals point toward the existence of NP, such as excess neutrinos in the
MeV energy range [86–88], significant deviations in the expected number of events for certain
multi-lepton [89–94] and multi-jet signatures at the LHC [95–98], as well as hints of new scalar
bosons in the 95 and 152 GeV mass regions [99–101].

• Naive quantization of gravity is non-renormalisable (conceptual/physics problem)

If one proceeds with the quantization of the gravitational field via standard methods, such as
path integral or canonical quantization, it becomes evident that the theory is non-renormalisable.
This implies that we need an infinite number of new terms to cancel and infinite number of di-
vergences. Thus, finding a ultraviolet-complete theory of quantum gravity remains the holy grail
of theoretical physics. Numerous attempts have been proposed to address this issue, including
superstring theory and loop quantum gravity, but none of their predictions have been experi-
mentally confirmed3. Additionally, first-principles calculations of observables in quantum grav-
ity remain extremely limited, leaving it unclear what potential phenomenological implications
quantum gravity may have at energy scales accessible to current or near-future experiments.

• Hiearchy of parameters in the fermionic sector (conceptual problem)

While the Higgs mechanism provides a conceptual framework for the generation of particle
masses, it fails to address the hierarchical structure observed in the fermionic sector. All Yukawa
couplings are free parameters of the theory, and therefore can only be constrained by experi-
mental data. In fact, since the masses of fermions are given by

mf =
vyf√
2
, (1.29)

there is no inherent reason why the different Yukawa couplings, yf , should vary drastically from
one another. Yet, we observe a mass hierarchy that spans 11 orders of magnitude, from the eV
scale active neutrinos to the 172 GeV top quark. In essence, the Higgs mechanism has shifted
the problem of explaining the masses to a problem of understanding the origin and structure of
the Yukawa couplings.

• Mass corrections to the Higgs boson (conceptual problem)

Following the Higgs mechanism, a physical real scalar field, h, is generated, which couples to
the fermions via the operator shown in Eq. (1.22)4. This operator is relevant when considering
higher-order corrections to the Higgs mass. At one-loop order, the first correction reads

%iΣ(p2) =
h

f

h

f̄

+O(y4f ), (1.30)

where f represents all SM fermions and yf is the corresponding Yukawa coupling. The dominant
contributions to this correction come from the more massive fermions, particularly the top quark
in the case of the SM. Using majorant regularization, the loop integral becomes5

%iΣ(p2) ≡ ∆m2
h = % y2t

8π2
Λ2 +

y2t
8π2

Λ2m2
t ln

(
Λ2 +m2

t

Λ2

)
, (1.31)

3However, it is worth noting that one can still formulate a QFT of gravity and make concrete predictions using
Effective Field Theory (EFT) techniques. See the discussion in [102], for example.

4Equation (1.22) applies to lepton-Higgs interactions; however, it remains identical for quarks with the substitutions
e → u/d and Y! → Yu/Yd.

5Majorant regularization can be problematic since gauge invariance may be broken. However, similar conclusions
can be drawn using Pauli-Villars or dimensional regularization, which do not have such issues.
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where mt is the top quark mass, yt is the top quark Yukawa coupling to the Higgs, and Λ is
a momentum cutoff. This correction shows that the mass scales quadratically with the scale
of NP, Λ. If we take this scale to be the typical GUT scale, Λ ∼ 1016 GeV, then the mass
correction scales as ∆m2

h ∼ 1030 (GeV)2. Consequently, extensive fine-tuning of parameters is
required to maintain consistency with the observed value of the Higgs mass, mh ∼ 125 GeV [10].

This situation stands in stark contrast to the behaviour of other fields in the model. For example,
one-loop corrections to fermions (involving a virtual photon) scale as

∆mf =
3αEMQ2mf

4π
ln

(
Λ

mf

)
, (1.32)

where Q is the fermion’s electrical charge, normalised to the electron’s charge, and αEM is the
fine-structure constant. In this case, quadratic divergences do not appear, and higher-order
corrections become subleading. Similarly, propagator corrections to massive gauge bosons also
scale logarithmically, while massless gauge bosons remain massless at all orders of perturbation
theory.

This observation can be associated with the understanding that mass operators for fermions
(and gauge bosons) represent soft-breaking terms6 of a residual symmetry. Specifically, fermionic
(vector) mass terms break chiral (gauge) symmetry.

1.3 Organization of the thesis

The subsequent chapters are based on research conducted in conjunction with my supervisors
and other collaborators. In Chap. 2, we investigate the phenomenological implications of VLFs
(both quark and lepton types) within a GUT-inspired framework, in the context of LHC col-
lider searches. Chap. 3 explores the phenomenology of scalar LQs—also inspired by the same
GUT framework—in light of neutrino, flavour, and collider physics. In Chap. 4, we study the
early-Universe phenomenology of a dark conformal U(1)′ model, focusing on the production of
GWs, PBHs, and primordial magnetic fields during a FOPT shortly after inflation. Finally,
Chap. 5 addresses both DM and GW phenomenology in a vector-DM SU(2) model, considering
interactions via both the Higgs and fermionic portals. While one can draw a through-line con-
necting the various chapters, each chapter is primarily written as a stand-alone piece to allow
for independent reading. Nonetheless, earlier sections of the thesis may be occasionally refer-
enced. Conclusions and summaries are provided at the end of each chapter. The text is largely
based on the original research papers, with some minor modifications to the text and notation
to ensure consistency throughout the thesis. In some cases, additional pedagogical details were
added beyond those of the original papers. A complete list of publications produced during the
PhD—including those not included in this thesis—is provided later in this chapter in Sec. 1.4.
A detailed account of my individual contributions to each paper used in this thesis is given in
Sec. 1.5. With this in mind, the content of this thesis is derived from the following:

Chapter 2:

– Phenomenology of vector-like leptons with Deep Learning at the Large Hadron Collider

Authors: Felipe F. Freitas; João Gonçalves, António P. Morais and Roman Pasechnik.

Published in: JHEP 01 (2021) 076; e-Print: 2010.01307 [hep-ph].

DOI: 10.1007/JHEP01(2021)076

– Phenomenology at the large hadron collider with deep learning: the case of vector-like quarks
decaying to light jets

Authors: Felipe F. Freitas; João Gonçalves; António P. Morais and Roman Pasechnik.

Published in: Eur.Phys.J.C 82 (2022) 9, 826; e-Print: 2204.12542 [hep-ph]

DOI: 10.1140/epjc/s10052-022-10799-8

6Soft-breaking terms are polynomial operators of fields that break a symmetry while still having a kinetic term that
respects the symmetry.
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Chapter 3:

– On interplay between flavour anomalies and neutrino properties

Authors: Felipe F. Freitas; João Gonçalves; António P. Morais; Roman Pasechnik and
Werner Porod.

Published in: Phys.Rev.D 108 (2023) 11, 115002; e-Print: 2206.01674 [hep-ph]

DOI: 10.1103/PhysRevD.108.115002

– Exploring mixed lepton-quark interactions in non-resonant leptoquark production at the LHC

Authors: João Gonçalves; António P. Morais; António Onofre; Roman Pasechnik.

Published in: JHEP 11 (2023) 147; e-Print: 2306.15460 [hep-ph]

DOI: 10.1007/JHEP11(2023)147

Chapter 4:

– Gravitational waves from supercooled phase transitions in conformal Majoron models

Authors: João Gonçalves; Danny Marfatia; António P. Morais and Roman Pasechnik.

Published in: JHEP 02 (2025) 110 e-Print: 2412.02645 [hep-ph]

DOI: 10.1007/JHEP02(2025)110

– Supercooled phase transitions in conformal dark sectors explain NANOGrav data

Authors: João Gonçalves; Danny Marfatia; António P. Morais and Roman Pasechnik.

Published in: Phys.Lett.B 869 (2025) 139829 e-Print: 2501.11619 [hep-ph]

DOI: 10.1016/j.physletb.2025.139829

– Primordial black holes and magnetic fields in conformal neutrino mass models

Authors: Shyam Balaji, João Gonçalves; Danny Marfatia; António P. Morais and Roman
Pasechnik.

Published in: JCAP 10 (2025) 064 e-Print: 2505.08011 [hep-ph]

DOI: 10.1088/1475-7516/2025/10/064

Chapter 5:

– Gravitational Waves from Dark Gauge Sectors

Authors: Alexander Belyaev; Mårten Bertenstam; João Gonçalves; António P. Morais;
Roman Pasechnik and Nakorn Thongyoi.

Published in: — e-Print: 2508.04912 [hep-ph]

DOI: —

1.4 List of publications

The results on which this thesis is based were obtained by the author, supervisors, and external
collaborators, which led to the publication of various research papers. Additionally, various
codes and data used for these publications can be found on the GitHub page (https://github.
com/Mrazi09). Papers marked with “*” were utilised for constructing this thesis, while the
remaining papers are not included here. The ordering of the authors is the same as in the
published papers, and the position of the names is in alphabetical order based on the second
name. Any deviation from this rule is interpreted as a mistake on the authors’ part when writing
the author’s list.

1. * Phenomenology of vector-like leptons with Deep Learning at the Large Hadron
Collider

Authors: Felipe F. Freitas; João Gonçalves, António P. Morais and Roman Pasechnik.

Published in: JHEP 01 (2021) 076. e-Print:2010.01307 [hep-ph].

DOI: 10.1007/JHEP01(2021)076
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Gonçalves; António Onofre and Vasileios Vatellis.

Published in: Phys.Rev.D 107 (2023) 9, 095041. e-Print:2211.10109 [hep-ph]

DOI: 10.1103/PhysRevD.107.095041

8. * Exploring mixed lepton-quark interactions in non-resonant leptoquark pro-
duction at the LHC
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1.5 Individual contributions to the publications

The papers contributing to this thesis were made possible through intensive collaboration with
both my supervisors and external collaborators. Consequently, the various authors involved in
each paper significantly influenced the final work. Here, I provide detailed accounts of each
author’s contributions to every paper used to write this thesis.

Paper 1: Phenomenology of vector-like leptons with Deep Learning at the Large
Hadron Collider (Used for Chapter 2)

This paper builds upon the numerical and theoretical foundation established in my Master’s
thesis, supervised by António P. Morais and co-supervised by Felipe F. Freitas and Roman
Pasechnik. Here, we extend this work by investigating collider signatures at the LHC for both
pair and single production topologies of Vector-Like Leptons (VLLs), inspired by a Grand Unifi-
cation model based on the E8 exceptional group. The collider analysis is enhanced through Deep
Learning (DL) algorithms, optimising neural network architectures for accuracy and statistical
significance. The theoretical model was fully developed by António Morais, Roman Pasech-
nik, and Werner Porod (the latter not directly involved in this work), while I carried out the
numerical implementation. Felipe Freitas made significant contributions to the evolution algo-
rithm, which I then implemented. Additionally, I performed the Monte Carlo simulations and
subsequent data analysis with machine learning, under Felipe’s close supervision.

The initial draft of this paper was primarily authored by me, drawing from my Master’s thesis,
which had already been reviewed by António, Roman, and Felipe. All authors contributed to
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revising and refining the manuscript, with specific emphasis on different sections. António and
Roman primarily reviewed and edited Sections 1, 2, and 4, while Felipe focused on Sections 3
and 4. Throughout the project, multiple discussions were held, involving all co-authors.

Paper 2: Phenomenology at the large hadron collider with deep learning: the case
of vector-like quarks (Used for Chapter 2)

In this paper, we extend the phenomenological exploration of the E8 Grand Unified framework,
originally developed by António Morais, Roman Pasechnik, and Werner Porod (the latter not
involved in this work). While our previous focus was on VLL topologies, we now shift our
attention to the Vector-Like Quark (VLQ) states predicted by the GUT model. In the low-energy
EFT, two generations of down-type VLQs emerge, with masses expected to be around the TeV
scale. Our analysis focuses on pair production topologies at the LHC, with charged leptons and
light jets as final states. For this study, we introduce a novel network, HybridNet, which leverages
both kinematic features and abstract jet images for signal/background classification. We find
that HybridNet outperforms neural models that rely solely on kinematic data. Furthermore, our
results demonstrate the capability to exclude parameter space at the LHC even in the presence
of systematic uncertainties of order O(50%). The initial description of the low-energy EFT
was established based on Paper 1. The concept for HybridNet was initially proposed by Felipe
Freitas, while I was responsible for optimising its hyperparameters and applying it to our physics
case. I performed the Monte Carlo simulations and subsequent analysis with the HybridNet,
with Felipe provided an additional code for jet image extraction.

The first draft of the paper was entirely authored by me. Roman, António, and Felipe sub-
sequently reviewed and refined the manuscript. Several discussions were held throughout the
project, including virtual meetings via Zoom and in-person sessions during a collaborative visit
to Lund.

Paper 3: On interplay between flavour anomalies and neutrino properties (Used
for Chapter 3)

In this paper, we explore a different aspect of the E8 model, focusing on scalar LQs. The E8

framework predicts the existence of two generations of singlet- and doublet-type scalar LQs;
however, our analysis here is restricted to the one-generation case. The two-generation scenario
was initially investigated by Eduardo Santiago, a former Master’s student of António Morais. We
also note that Werner Porod has now joined our team for this project. Within this framework,
we introduce two new scalar-type LQs—an SU(2) singlet and an SU(2) doublet—into the SM
particle content. We demonstrate that the addition of these states is sufficient to account
for several key phenomena, including the anomalous magnetic moment of the muon, the W -
mass anomaly, neutrino mass and mixing via one-loop diagrams, B-physics observables, and
the RD,D∗ anomaly. While the original model was inspired by some of Eduardo’s work, it
has undergone significant revisions. Initially, the framework included right-handed neutrinos
and VLLs. However, following discussions between myself and António, we opted to remove
these states to simplify the model, as further analysis on my part revealed their redundancy.
Construction of the numerical code was conducted by me, which included the implementation of
a numerical routine for the inversion of the neutrino mass matrix and its integration with other
open-source packages, such as SPheno and flavio. Additionally, I developed a simple smearing
procedure that utilised valid points as inputs for new parameter scans. At António’s suggestion,
I also constructed a likelihood function to better quantify the quality of the sampled points.

Extensive discussions were held between António, Roman, Werner, and myself. Notably, sig-
nificant progress was made during Roman’s visit to Aveiro University, where we had plenty of
discussions on how to best optimise the parameter space scan based on relevant observables.
Additionally, Felipe made important contributions to the development of a first version of the
code responsible for plotting preferred textures from the generated data.

The first draft of the paper was authored by me, with all co-authors subsequently providing
edits and suggestions to refine the manuscript. Regular Zoom meetings were held to discuss the
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project’s progress. Regular in-person meetings took place between António and myself, as well
as with Roman during his visit to Aveiro.

Paper 4: Exploring mixed lepton-quark interactions in non-resonant leptoquark
production at the LHC (Used for Chapter 3)

Following the analysis presented in Paper 3, our focus now shifts to exploring the collider im-
plications of non-resonant t-channel LQ production. This production mode was selected after
extensive in-person discussions among the authors of this work. The t-channel offers the ad-
vantage of being less sensitive to the LQ mass, instead relying more heavily on the coupling
between LQs and the SM sector. Specifically, we investigate t-channel LQ production via the
Υµu Yukawa interaction, which enables the establishment of exclusion bounds for significantly
higher LQ masses compared to traditional search strategies that focus on resonant production
through the strong interaction. Since the model-building groundwork was established in Paper
3, our primary focus here is on the numerical implementation and subsequent analysis of the
model. I undertook this task, with guidance from António Onofre on various numerical and
technical details.

I authored the entire first draft of the paper, which was subsequently reviewed by António Onofre,
followed by corrections from António Morais and Roman. Although Werner Porod declined to be
listed as an author, he participated in initial meetings and provided feedback on the paper draft.
Multiple discussions were held among all project members, with additional meetings between
António Onofre and myself to address the more intricate aspects of the numerical analysis.

Paper 5: Gravitational waves from supercooled phase transitions in conformal
Majoron models (Used for Chapter 4)

In this paper, we explore the GW phenomenology associated with strongly supercooled FOPTs
in generic U(1) extensions of the SM, featuring classical scale invariance and a type-I seesaw
mechanism for neutrino mass generation. The initial ideas were first discussed at CERN between
Danny, António, and Roman, and later between Danny, Roman, and myself in Lund. All
analytical and numerical analyses were carried out by myself, with regular cross-checks by all
co-authors. As an additional validation of our code, we successfully reproduced the results of
[103] (4D EFT of a SU(2) conformal model), [104] (3D EFT of a SU(2) conformal model), and
[105] (4D EFT of a U(1) conformal model). In this context, I am thankful to Maciej Kierkla
and Dr. Bogumi+la Świeżewska from the University of Warsaw for their helpful assistance in
reproducing their results [103, 104], following both email and in-person discussions. I would also
like to thank Dr. Andreas Ekstedt for assistance with DRAlgo, as well as for providing a helpful
notebook for computing mixed Goldstone-vector functional determinants relevant to nucleation
rate calculations. This latter contribution, however, was ultimately not used in the final project.

Weekly Zoom meetings will all authors were held to assess the project’s progress. I authored the
entire first draft of the paper, which was later proofread by António and Roman, with Danny
going at it afterwards.

Paper 6: Supercooled phase transitions in conformal dark sectors explain
NANOGrav data (Used for Chapter 4)

This paper is a direct follow-up to Paper 5, where we once again investigate the GW phenomenol-
ogy of strongly supercooled FOPTs in conformal dark sectors. In contrast to the previous work,
we now focus on the case of low-scale transitions. The primary goal is to explain the observed
North American Nanohertz Observatory for Gravitational Waves (NANOGrav) signal, while
avoiding the challenges highlighted in [106]—specifically, ensuring that the FOPT completes
and that reheating does not raise the SGWB frequency beyond those observed by NANOGrav.
To achieve this, the model had to be slightly modified compared to Paper 5, as the previous
realisation is excluded if the Z′ masses are around the MeV scale—a point initially raised by the
referee during the first round of review. As this work is a direct continuation of Paper 5, the
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necessary numerical and analytical tools were already developed and could be readily applied to
the current scenario.

Weekly Zoom meetings with all authors were held to assess the project’s progress. The first
draft of the paper was written by myself and subsequently proofread by António and Roman,
with Danny reviewing it afterwards.

Paper 7: Primordial black holes and magnetic fields in conformal neutrino mass
models (Used for Chapter 4)

This paper is also a direct follow-up to paper 5, where look into additional early-Universe
phenomenology associated with FOPTs from conformal dark sectors, besides just GWs. Namely,
we study the production mechanism of PBHs and primordial magnetic fields, induced by the
strongly supercooled nature of the FOPT. In this work, Shyam Balaji from King’s College
London joined us due to his expertise on the topic and after some initial discussions between
Shyam and Roman at a workshop. The first steps in the numerical analysis were performed by
Shyam, namely the calculation of the PBH DM abundance and its mass. Eventually, I wrote
my own numerical code and was able to reproduce Shyam’s results. Later on in the project, we
decided to also study the phenomenology associated with the production of primordial magnetic
fields from FOPTs, after a Shyam made the proposal to add it to this paper. The numerical
implementation of this calculation was made by myself.

Throughout the duration of project weekly meetings over zoom were held to keep everyone aware
of the progress and provide suggestions/corrections. I also had several separate discussions with
Shyam regarding the numerical computations. The first draft of the manuscript was written by
myself, followed by contributions from Shyam. António, Roman, and Danny later reviewed and
revised the text.

Paper 8: Gravitational Waves from Dark Gauge Sector (Used for Chapter 5)

In this paper, we explore the GW and DM phenomenology of a non-Abelian vector-DM model,
whose interaction with the SM is mediated via the Higgs portal and a fermionic portal. The origi-
nal model was proposed by some of the co-authors in [107, 108]. This project was initiated follow-
ing discussions between Alexander “Sasha” Belyaev, Roman, and myself during a collaborative
visit to Lund, and later continued with further collaboration during a visit to Southampton.
Some analytical calculations of the model had already been performed in [107, 108], and numer-
ical codes for the computation of DM observables were provided by Sasha. The Mathematica
implementation of DRAlgo was carried out by myself, with cross-checks performed by Nakorn.
The interface between DRAlgo and CosmoTransitions was constructed by Mårten. I also pre-
pared the numerical codes for the calculation of GW observables, with Nakorn again assisting
in cross-checking the results. To facilitate the data generation process, Sasha provided me with
access to the IRIDIS cluster in Southampton.

Throughout the duration of the project, weekly Zoom meetings were held to ensure everyone
was informed about the progress and could provide feedback and suggestions. The first draft of
the paper was written by me, with Nakorn contributing in the model section. Roman, António,
and Mårten reviewed the manuscript and made the necessary revisions, with Sasha making the
final round of proofreading.
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One of the most appealing aspects of SUSY is its elegant resolution to the well-known hierarchy
problem. Among its key predictions is the existence of a SUSY partner for every known particle in
nature, each possessing an identical mass. However, despite extensive searches in current and previous
experiments—including those at the LHC—no such particles have been observed. This absence of
evidence suggests that SUSY cannot exist as an exact symmetry at phenomenologically relevant scales;
instead, it must be broken in a manner that significantly increases the masses of the superpartners
of SM particles. The exact scale of SUSY breaking remains unknown, but the lack of observations
at the LHC [109–114] indicates that it likely occurs well above the EW scale. Nevertheless, this lack
of evidence does not preclude SUSY from being a well-motivated framework for describing realistic
theories. This is exemplified by the model analysed in this thesis, as designed in [115–118]. While
SUSY may not manifest at low scales, and the effective theory can be treated similarly to a standard
non-SUSY model, its high-scale limit retains the features of SUSY with profound implications.

This model can be classified within the realm of GUTs that may arise from a single gauge group,
such as E8, or from a semi-simple product group. We denote this yet-to-be-defined unifying force
as GU. A fundamental property of this framework is that flavour is elevated to a gauge symmetry
within GU, treated on par with conventional gauge interactions. The model aims to address various
shortcomings of the SM, delving into fundamental questions such as the origin of gauge interactions
and the hierarchical structure of particle masses, often referred to as the flavour problem. As a
consequence of this unification scenario, NP in the form of VLFs may manifest at the TeV scale.
The emergence of light VLFs from other GUT models has been proposed in studies such as [119–
122]. One significant advantage of these fermions, along with their leptonic counterparts, is their
potential to explain anomalies observed in muon properties [120, 123, 124]. In this initial chapter,
we will particularly focus on this sector, as the potential discovery of VLLs and VLQs at the LHC
could provide important phenomenological insights into the high-energy theory and clues regarding
the overarching unification picture.

2.1 High-Energy limit

In this section, we present the formulation of the model at the high-energy scale, emphasising
essential properties necessary for a foundational understanding relevant to our numerical analysis.
For a more comprehensive description, readers are referred to [115–118, 125], with [118] being noted
as the most recent and comprehensive reference.

The fundamental concept of a GUT model involves embedding all SM gauge interactions, namely
SU(3)C × SU(2)L ×U(1)Y, into a larger unified group. An intriguing possibility is the E6 × SU(2)F ×
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E6 × SU(2)F ×U(1)F
M6
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Figure 2.1: The symmetry breaking scheme transitions from the original class of GU gauge symmetries
down to the strong and electromagnetic gauge groups, represented as SU(3)C ×U(1)EM. The various
terms between the different boxes, such as M6, M3, etc., represent the distinct mass scales involved
in this scheme, as discussed in [118]. The scale MU encodes the unknown details of the GU symmetry
breaking process.

U(1)F symmetry, which has been proposed as a GUT candidate in [117, 118]. Although the precise
connection and nature of GU have not yet been fully established, the primary low-scale properties
have been thoroughly elucidated and serve as the motivation for the present study.

Our model is designed to address several key issues encountered in the SM. It offers a fundamental
explanation for the unified origin of both strong and EW interactions, as well as for the observed
flavour structure in nature. In this framework, the Higgs and matter fields are unified into a single
superfield, imparting identical flavour structures to both the scalar and fermion sectors. This leads
to a constrained set of Yukawa interactions, primarily governed by two free parameters, Y1 and Y2.
These parameters dictate the masses of three generations of exotic VLQs as well as the masses of
the second and third generations of SM-like quarks. The masses of all other fermions, including first-
generation quarks and charged leptons, are radiatively generated, which naturally results in lighter
masses. Additionally, the CKM mixing matrix emerges naturally within this framework, requiring at
least three Higgs doublets to develop VEVs. Due to its unique characteristics, this model is named
SUSY Higgs-matter Unified Trinification (SHUT). It is important to note that the trinification group
arises as a subgroup of E6, which we consider below the scale M6, as depicted in Fig. 2.1.

As previously mentioned, the starting point of our model is the E6 gauge symmetry, which unifies
the strong and EW interactions and is extended by a family symmetry denoted as SU(2)F × U(1)F.
The sequence of steps leading to the formation of the SM gauge group is schematically depicted in
Fig. 2.1. The particle content of the SM and any NP that emerges at low-energy scales consists of
the states that remain light after successive symmetry breaking stages. In this framework, only the
second- and third-generation SM-like quarks, along with the masses of all three exotic VLQs, are
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generated at tree level. Their relative magnitudes are determined by two Yukawa couplings in the
theory, both arising from SUSY. To illustrate this, we consider the theory following the symmetry
breaking step denoted by M3 in Fig. 2.1, where the superpotential is given by [118]
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(2.1)

The parameters Y1 and Y2 denote the Yukawa couplings, and L/R indicates the SU(2)L/R doublet
superfields. Notably, χ represents a SU(2)L × SU(2)R bi-doublet containing the light Higgs sector,
while φ is a singlet that carries only family symmetry charges, often referred to as a flavon. Despite
the potential mixing allowed after successive symmetry breakings, the left- and right-handed leptons
are primarily embedded in "L and "R, respectively, while the SM-like quark sector resides in both qL
and qR. Importantly, this model addresses neutrino masses through the presence of six right-handed
states, which are split between "R and φ. Moreover, the SHUT model predicts the emergence of new
down-type SU(2)L singlet VLQs and SU(2)L doublet VLLs from the fermionic components of DL,R

and χ, respectively. This chapter focuses on the collider phenomenology of these vector-like states
and explores their potential implications for the high-scale framework. All exotic scalars are assumed
to decouple at the soft SUSY breaking scale, which lies beyond the detection capabilities of the LHC.

As previously mentioned, a distinctive feature of the SHUT model is that only the second and
third generation chiral quarks, along with the three generations of VLQs, acquire masses at tree-level.
To elaborate, we examine the superpotential given in Eq. (2.1). Following the penultimate breaking
stage depicted in Fig. 2.1, all six neutral scalars in φ̃i and "̃iR develop VEVs denoted as p, f , ω, and
si (for detailed information, refer to [118]). From these VEVs, mass terms for the VLQs arise from
terms like 〈φ̃〉DLDR and 〈"̃R〉DLqR, leading to the following expressions [118]
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Here, for simplicity, we have neglected the minor influence of the si VEVs. We adopt a notation
where the lightest VLQ corresponds to the D-quark. Similarly, the masses of the SM-like quarks arise
from terms such as 〈χ̃〉qLqR. Even in a general scenario with all six EW doublets in χ̃ acquiring
non-zero VEVs, the up and down quark masses remain zero. Furthermore, it has been demonstrated
in [117, 118] that achieving a proto-realistic depiction of the CKM matrix necessitates a minimum of
three light Higgs doublet VEVs, which enable the generation of quark masses as follows
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where ui and di represent the EWSB VEVs from Higgs doublets coupling to up-type and down-type
quarks in the i-th family. By simplifying and assuming p ≈ f ≈ ω, we derive the following ratios:

Y1

Y2
≈ mt

mc
≈ mb

ms
≈ mB

mD,S
∼ O(100) , (2.5)

indicating that this relation suggests the potential presence of up to two generations of VLQs within
reach of the LHC if ω and f are around 100 TeV. This fixes the magnitudes of Y1 and Y2, implying
that mass ratios in the VLQ sector mirror those found among their chiral counterparts. For both
SM-like leptons and VLLs, terms of the form 〈χ̃〉"L"R and 〈φ̃〉χχ are not allowed, implying that
their masses are zero at tree-level, similar to the first-generation quarks. However, below the second-
to-last symmetry breaking stage in Fig. 2.1, such operators become allowed, enabling their radiative
generation via loops involving internal heavy scalar and fermion propagators.
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Field SU(3)C SU(2)L U(1)Y # of generations
QL 3 2 1/3 3
L 1 2 %1 3
dR 3 1 %2/3 3
uR 3 1 4/3 3
eR 1 1 %2 3

Table 2.1: SM-like sector for the fermions and quarks.

Field SU(3)C SU(2)L U(1)Y # of generations
EL,R 1 2 %1 3
DL,R 3 1 %2/3 2
νR 1 1 0 6

Table 2.2: BSM sector for the fermions and quarks.

Field SU(3)C SU(2)L U(1)Y # of generations
φ 1 2 1 3

Table 2.3: Scalar sector.

2.1.1 Low-Energy effective limit

While a direct probe for the high energy limit of the SHUT model at, or above, the ω % f % p
scales is far beyond the reach of the LHC, exploring the corresponding NP signatures at the TeV-scale
can offer us solid indications about the structure of the model at higher scales. Furthermore, such an
analysis will provide an important piece of information about the low-scale properties of the model,
which, although not explored in this work, can become relevant for matching the low and the high
scale regimes of the theory. We consider in this section a possible low-energy scale limit of the SHUT
model whose gauge symmetry is given in the second to last box of Fig. 2.1. All the quantum numbers
for the gauge groups are shown in Tabs. 2.1, 2.2, and 2.3.

In this section, we consider a possible low-energy scale limit of the SHUT model, whose gauge
symmetry is given in the second-to-last box of Fig. 2.1. The BSM SU(2)L doublets are defined as

Ei
L,R =

[
ν′L,R
e′L,R

]i
, φa =

[
φ+a
φ0a

]i
(2.6)

where Ei
L,R belong to the χi bi-doublet superfields and a = 1, 2, 3 correspond to the number of Higgs

doublets. The SM fermionic doublets are defined in the usual way (see Eq. (1.3)), where we note that,
in the SHUT model, Qi

L originates from the fermionic components of the qi=1,2,3
L superfields and Li

from the lepton doublet components of "iL.
Let us now describe the low-energy scale version of the SHUT model, step by step. The quantum

numbers of the gauge bosons are not shown1 since they are identical to those in the SM. On the
other hand, the matter sector can be subdivided into two sub-sectors. The first sub-sector, shown
in Tab. 2.1, represents the SM-like fermions, from which ordinary matter emerges. The second sub-
sector, shown in Tab. 2.2, is where NP appears, including three new generations of VLLs, EL,R,
and two light generations of VLQs, denoted as DL,R. The BSM sector also provides a rich neutrino
content, including six left-handed states originating from the EL and ER SU(2)L doublets, and six
right-handed SM-singlet Majorana neutrinos, denoted as νR. These are embedded in three "iR SU(2)R
doublets and three φi flavons, as previously mentioned. Notably, the lightest of the right-handed
neutrinos, which we refer to as νBSM in the remainder of this article, can be sufficiently sterile to
serve as a viable DM candidate [126]. Although we do not perform DM studies in this chapter, we
will consider this scenario in our numerical analysis by setting its mass in the keV-MeV range and
assuming zero mixing with the SM-like neutrinos. In such a scenario, νBSM escapes detection and is

1While the model allows for additional vector bosons, these only become relevant at higher energy scales, which are
not particularly important for our discussion here.
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treated as Missing Transverse Energy (MET). While the scalar sector also introduces NP, we will not
further explore it in this thesis.

We can now introduce the relevant interaction terms for our analysis. We start with the low-scale
Yukawa Lagrangian, which reads as
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(2.7)

where Γ, ∆, Θ, and Π are 3 × 3 Yukawa matrices, Υ, Σ, and Ω are 3 × 6 matrices, and Y is a 3 × 2
matrix. Note that only Y , Γ, and ∆ contain entries whose leading contributions are proportional to
Y1 and Y2. The remaining ones are purely of radiative origin.

Unlike in the SM, the gauge symmetries here allow for the explicit construction of invariant bilinear
and mass terms
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ĒL

)i
(ER)

j +
1

2
(MνR)ij(ν̄R)

i(νR)
j+

+ (MLE)ij
(
L̄
)i
(ER)

j + (Ξ)ij
(
D̄L

)i
(dR)

j .
(2.8)

These arise from the vector-like nature of the involved fields, where SU(2)L transformations do not
distinguish between left and right chiralities. All such mass terms in (2.8) are generated at the ω-f -p
scales, thus larger than the EW scale. Note that the neutrino mass matrix MνR is generated once
the p, f , ω, and si VEVs are developed. However, contrary to all remaining bilinear and Yukawa
terms in the leptonic sector, its entries are generated by tree-level diagrams once the corresponding
operators become allowed (see [118] for details). Therefore, small loop factors will not suppress the
size of MνR , whose entries can be up to the order of the p, f , and ω scales. As a result, the neutrino
sector automatically contains a seesaw mechanism, providing an explanation for the smallness of SM
neutrino masses, as we discuss further below. The remaining Lagrangian terms (kinetic and gauge)
can be found in the App. A.

With the model fully defined, we finalise this section by presenting the fermion mass matrices in
the gauge eigenbasis, which are implemented in our numerical analysis. For the quarks, considering
the components of the QL SU(2)L doublets as in (2.6), the new Lagrangian is written as

Lq,SB =
va√
2
(Y a)ij

(
d̄L
)i(

D̄R

)j
+

va√
2
(Γa)ij

(
d̄L
)i(

d̄R
)j

+
va√
2
(∆a)ij(ūL)
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(2.9)

with va being the VEV of the respective Higgs doublet φa. The up-type quark mass matrix, written
in the basis {u1

L, u
2
L, u

3
L} ⊗ {u1
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2
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3
R}, takes the form
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The eigenvalues of [Mu] give the masses of the up-type quarks, whose leading contributions are pro-
portional to (2.3). A similar strategy can be applied to the down quark sector, where, in the basis
{d1L, d2L, d3L, D1

L, D
2
L} ⊗ {d1R, d2R, d3R, D1
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2
R}, we have

[Md] =





va√
2
Γa
11

va√
2
Γa
12

va√
2
Γa
13

va√
2
Y a
11

va√
2
Y a
12

va√
2
Γa
21

va√
2
Γa
22

va√
2
Γa
23

va√
2
Y a
21

va√
2
Y a
22

va√
2
Γa
31

va√
2
Γa
32

va√
2
Γa
33

va√
2
Y a
31

va√
2
Y a
32

Ξ11 Ξ21 Ξ31 (MD)11 (MD)12
Ξ12 Ξ22 Ξ32 (MD)21 (MD)22




. (2.11)

Unlike the up sector, here we have NP contributions. Besides the down, strange, and bottom quarks,
we also have two new VLQs, denoted as d4 and d52, defined such that md5 > md4 . The leading

2This rather simplistic nomenclature is used to facilitate the designation when doing numerical analysis, as this is
the name of the particle as defined in the UFO files. The designation in [117, 118] and above in Eq. (2.2) corresponds to
d4 ≡ D, d5 ≡ S.
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contributions to the down-type quark masses are proportional to Eqs. (2.2) and (2.4). Extending
this analysis to the lepton sector, we can write down the mass matrices for the charged leptons and
neutrinos. Starting with the charged leptons, in the basis {e′iL, eiL} ⊗ {e′jR, e

j
R}, we get
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and for the neutrinos, in the basis {νiL, ν′iL , ν′iR, ν
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, (2.13)

where i = 1, 2, 3 as usual and j = 1, . . . , 6. For charged leptons, besides the SM-like states, we also
have exotic VLLs denoted as e4, e5, and e63, defined such that me6 > me5 > me4 . The neutrino sector
is quite rich in new particles; besides the three SM-like ones, we have a total of twelve new states.
The numerical analysis will consider only the three lightest, keV-MeV scale BSM neutrinos, denoted
as ν4 ≡ νBSM, ν5, and ν6.

2.1.2 Physically viable benchmark scenarios

Before proceeding with the numerical analysis, we present potential benchmark scenarios for cou-
plings and masses that preserve the essential features arising from the unification framework, while
remaining consistent with observed phenomenological data. The main objective of this work is to
develop an analysis framework specifically tailored to study VLFs and to highlight the significance of
DL techniques in this context. This approach will allow us to propose robust signal events for direct
searches at the LHC and to evaluate whether the model under consideration can be effectively probed
for.

Vector-like leptons

As shown in [118], under certain approximations and before EWSB, the lepton mass matrix is
reduced to4

[ML] =





0 0 0 0 0 0
0 0 0 0 κ7ω κ5ω
0 0 0 0 κ6ω κ8ω
0 0 0 0 κ1p κ3f
0 0 0 κ2p 0 0
0 0 0 κ4f 0 0




, (2.14)

where the various κi terms are radiatively generated Yukawa couplings, thus expected to be smaller
than unity. The VLL masses are then

m2
e6 = p2κ22 + f2κ24 ,

m2
e5,e4 =

1

2

(
ω2Λ1 + p2κ21 + f2κ23 ±

[(
ω2Λ1 + p2κ1 + f2κ23

)2

% 4ω2
(
ω2Λ2 % 2fpΛ3 + p2Λ4 + f2Λ5

)]1/2
)
,

(2.15)

3Again, in accordance with [117, 118], we have e4 ≡ E, e5 ≡ M , e6 ≡ T .
4It is important to note that this does not represent a one-to-one correspondence between (2.14) and (2.12). One

should interpret (2.14) as a matrix obtained by following all symmetry breaking steps as seen in Fig. 2.1, while (2.12)
corresponds to the stage immediately after the ω, f , and p VEVs.
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where we defined Λ1 = κ25+κ
2
6+κ

2
7+κ

2
8, Λ2 = (κ5κ6%κ7κ6)2, Λ3 = (κ5κ7+κ6κ8)κ1κ3, Λ4 = (κ25+κ

2
8)κ

2
1,

and Λ5 = (κ26+κ
2
7)κ

2
3. The plus sign in (2.15) corresponds to e5 and the minus sign to e4. Considering

a scenario where ω ∼ f 1 p, a Taylor expansion of (2.15) leads to the simplified expressions

me6 ≈ pκ2 ,

me5 ≈ pκ1 ,

me4 ≈ ω
√
κ25 + κ28 .

(2.16)

Along the lines of what was discussed in [118], let us consider a set of possible solutions with

• κ2 ∼ O(10−2), κ1 ∼ O(10−3.5 % 10−2) and κ5,8 ∼ O(10−3 % 10−2),

• p ∼ O(500% 1000 TeV) and ω ∼ f ∼ O(100 TeV).

This benchmark scenario leads to the following mass ranges:

• me6 ∼ O(5% 10 TeV),

• me5 ∼ O(0.15% 10 TeV),

• me4 ∼ O(0.1% 1 TeV),

which we will use as a guiding principle for our numerical analysis. In particular, we see that for the
model under consideration e4 can be light enough to be probed at the LHC. On the other hand, e6
will always be rather heavy, and a potential observation at the LHC would likely be very challenging.
Regarding e5, we see that it can either be as heavy as e6 or as light as e4 depending on yet unexplored
model details. Based on this estimation, we will consider both possibilities in the numerical studies. In
addition, the Feynman rules involving fermion vertices are sensitive to elements of the mixing matrices
in the charged lepton (including VLLs) and neutrino sectors, defined by the bi-unitary transformations

Ue
L ·ML · Ue

R
† = mdiag

e ,

Uν ·mν · U †
ν = mdiag

ν .
(2.17)

Let us now discuss the phenomenological constraints applied to these matrices. First, for the
charged leptons, we consider the limit where the SM-like sector is flavour-diagonal. Therefore, in Ue

L
and Ue

R, we add a 3× 3 identity block and consider a limiting scenario where there is no mixing with
VLLs. While this may not be the case in general, a realistic scenario cannot strongly deviate from the
flavour alignment limit that we impose. For the VLL block, we consider a generic mixing with the
only restriction being that both Ue

L and Ue
R are unitary. To summarise, the lepton mixing matrices

used in the numerical analysis are given by

Ue
L,R =

[
13×3 03×3

03×3 (UVLL
L,R )3×3

]
, (2.18)

where UVLL
L,R · UVLL

L,R
†
= 13×3.

Heavy neutrinos

Let us now consider the neutrino sector. Before EWSB, the mass matrix is block diagonal,

Mν =

[
M̄9×9 0
0 M6×6

]
, (2.19)

where M̄ represents neutral components belonging to SU(2)L doublets, while M denotes SM singlets
corresponding to νR in Tab. 2.2. Starting with the M6×6 block, which corresponds to MνR in Eq. (2.8),
its components offer the larger contributions to the neutrino mass matrix. In this sector, hierarchies
among gauge eigenstates result from the relative sizes of the EW-preserving VEVs. On the other
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hand, the M̄ components are radiatively generated and share the same properties as the VLLs. After
the p, f , and ω VEVs, one can write

M̄ =





0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 κ7ω κ5ω
0 0 0 0 0 0 0 κ6ω κ8ω
0 0 0 0 0 0 0 κ1p κ3f
0 0 0 0 0 0 κ2p 0 0
0 0 0 0 0 0 κ4f 0 0
0 0 0 0 κ2p κ4f 0 0 0
0 κ7ω κ6ω κ1p 0 0 0 0 0
0 κ5ω κ8ω κ3f 0 0 0 0 0





(2.20)

with eigenvalues,

m2
ν1,2,3

= 0 , m2
ν4,5

= m2
e6 , m2

ν6,7
= m2

e5 , m2
ν8,9

= m2
e4 , (2.21)

such that the left-handed neutrino components, at this stage, share the same masses as their charged
lepton partners. In total, and before EWSB, we have three massless and twelve massive neutrinos (six
from the doublets and six from singlets). In the corresponding mass basis, if we identify the massive
states as µi (i = 1, . . . , 12), we can recast the neutrino mass matrix in a condensed notation as

mν =




03×3

vEW√
2

(yν)3×12

vEW√
2

(
yT
ν

)
12×3

(µN )12×12



 , (2.22)

where the contribution of EWSB VEVs was already included. Note that yν are the 3 × 12 Yukawa
matrices whose entries are all radiatively generated. While a more dedicated analysis is beyond the
scope of this thesis, this structure can potentially offer three sub-eV states as well as light keV-MeV
order sterile neutrinos as we will assume in our numerical studies.

For the neutrino sector, we also consider a limiting scenario where, for simplicity, the mixing
between the three light active neutrinos and the remaining twelve BSM states is zero. Once again, a
more generic case with flavour mixing is beyond the scope of our analysis and does not significantly
affect our main conclusions. Note, however, that mixing among light neutrinos is allowed and we fix
it to the PMNS matrix. For the remaining BSM 12 × 12 block, we recall that the mixing among
right-handed and left-handed components is radiatively generated and is thus likely small. Here, we
consider that those elements are always smaller than 10−3. Having said this, the full neutrino mixing
matrix reads

Uν =

[
(UPMNS)3×3 03×12

012×3 (UBSM
ν )12×12

]
, (2.23)

with

UBSM
ν =

[
(U1)6×6 (D1)6×6

(D1)
†
6×6 (U2)6×6

]
. (2.24)

We set the matrix elements in D1 to be of order O(10−3 % 10−8), while in U1,2 they are randomly
generated in a way that preserves unitarity and guarantees that e4 couples democratically to the
sterile neutrinos.

Vector-like quarks

In Ref. [118], various benchmark scenarios assuming three light Higgs doublets that yield a consis-
tent CKM mixing matrix were explored in detail. The presence of new VLQs results in an extended
3× 6 quark mixing matrix, defined as

VCKM = Uu
L · P · (Ud

L)
† =

[
V SM
CKM V VLQs

CKM

]
, (2.25)

where P is a projection operator defined as P =
[
13×3 | 03×3

]
. Here, V SM

CKM represents the CKM-like

quark mixing of the SM, while V VLQs
CKM contains the mixing between the down-type VLQs and up-type
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chiral quarks of the SM. Two of these VLQs are relatively light, with a certain hierarchy between
them, and are expected to emerge at a TeV energy scale. A third heavier VLQ appears beyond the
reach of current or near-future colliders. In this thesis, we explore the LHC discovery potential of the
lightest VLQ, denoted as D, ignoring its heavier counterparts for simplicity. Their masses are given
by

mD ∼ ωY2 , mS ∼ pY2 , mB ∼ pY1 , (2.26)

with 0.01 ∼ Y2 1 Y1 ∼ 1, where Y2 and Y1 are fixed by the charm and top quark masses, respectively
and ω ∼ 100 TeV. This results in the hierarchy mB 2 mS 2 mD, with the latter expected to emerge
not far above the TeV scale. As a particular benchmark scenario, inspired by the phenomenologically
relevant ranges found in Ref. [118], we adopt the following values for the vector-like D-quark mixing
elements in the extended CKM matrix

VuD . 5.1× 10−6 , VcD . 2.6× 10−5 , VtD . 0.016 . (2.27)

In our numerical analysis, we focus on topologies involving only light quark jets in the final states:
D → W+jets; thus, only VuD and VcD will be relevant. These will be fixed as above, while a numerical
scan will be performed over the VLQ mass mD within a phenomenologically acceptable range.

2.2 Vector-like fermions at the LHC: constraints and kinematic cuts

The generation of events in proton-proton collisions at the LHC follows the standard methods
employed by the particle physics community. First, the Lagrangian density is constructed utilising
the SARAH package [127], which can be used to derive interaction vertices between the fields, their
spectra, and mixing. The latter are then outputted into UFO [128] files that can be used in Monte
Carlo event generators. In particular, we use MadGraph [129] for the generation of hard-scattering
events and Pythia8 [70] for hadronisation/showering. Fast-simulation of the detector is implemented
using Delphes [130] (with the ATLAS default card), while the kinematic data extraction is done in
ROOT [131]. We generate 250k events for both VLQ and VLL production signals, as well as for the
backgrounds at a Centre-of-mass (CM) energy

√
s = 14 TeV, all at LO precision. We also employ the

parton distribution function NNPDF2.3 [132], which fixes the strong coupling constant, αs, and its
evolution.

2.2.1 Vector-like leptons at the LHC

While substantial theoretical work has already been done over the last decades [119, 120, 123, 133–
146], only recently have searches for exotic charged leptons started. The most recent analysis was
done by the CMS collaboration at the LHC in 2019 [147], where a search for VLLs coupling to taus
was performed5. In fact, one of the three topologies that we propose in our analysis is very similar to
the one in Fig. 1 of [147], and more in line with what we see in Fig. 30 of [151]. In the context of our
model, such a topology can be seen in Fig. 2.2, which, in what follows, will be referred to as “ZA”.

Recall that we are treating the lightest sterile BSM neutrinos as MET as long as their mass is
in the keV-MeV range. This implies that possible decays are kinematically forbidden, causing such
neutrinos to escape the detector. Note that we do not consider mixing between the VLLs and the
left-handed active neutrinos, as shown in Eq. (2.18), and therefore the decay V"" → ν"W is not present.

We also consider vector-boson fusion events, whose topology is shown in Fig. 2.3 and which we
shall refer to as “VBF”. Although VBF events are expected to have a smaller cross section, the
presence of two well-defined forward jets allows us to tag such events using the high transverse mass
of the forward jets. Due to the anticipated low cross section for the signal events compared to the
overwhelming cross section of the irreducible background, searching for such particles at the LHC
using only these two processes can become quite challenging. Therefore, we consider a third channel,
denoted as “VLBSM”, which involves only four internal vertices (VBF diagrams contain eight vertices,
while ZA diagrams contain six). This channel is illustrated in Fig. 2.4. Additionally, we employ DL
techniques inspired by previous works [152–154] and tailored to our analysis, to efficiently discriminate
between signal and background.

5This statement was true at the time this work was published. Since then, ATLAS and CMS conducted additional
searches see e.g. [148–150].
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γ/Z0

V̄""

V""

W+

W−

q̄

q
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µ+

ν̄e

e−
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Figure 2.2: LO Feynman diagram for the ZA topology. Here, q and q̄ correspond to quarks originating
from the colliding protons, V"" represents VLLs, and νBSM denotes the lightest BSM neutrino. We
consider leptonic decays for the W boson, with one decaying in an electron (e−) and the other in an
anti-muon (µ+).

Another possibility would be to consider ē4e4 pair production in ZA events, where the e4 par-
ticles leave charged tracks in the detector. This would provide a sizeable cross section and a clean
signal. However, preliminary numerical calculations have shown that e4 decays too quickly to leave
a detectable track in the detector. To estimate this, we calculate the probability of e4 travelling a
distance equal to or larger than x0. Using the expression from [155]

P (x0) = exp{%me4x0Γe4/|p|} , (2.28)

where Γe4 is the decay-width of e4 and p is the momentum. For example, with me4 = 1 TeV, we
have determined with MadGraph that Γe4 = 314 GeV. If we require the VLL to travel through a
few layers of the ATLAS Semiconductor Tracker, then x0 ≈ 370 mm. For a particle momentum of
|p| ∼ O(100 GeV), the probability of leaving a track in the Inner Detector is essentially zero. In
fact, even for a distance of x0 = 1 mm, well before the pixel detector, we find P (1 mm) = 0.043.
Thus, reconstruction of e4 must be done from its primary decay products. Consequently, we will only
consider the ZA, VBF, and VLBSM topologies in our analysis.

The main irreducible background for each signal channel is chosen as follows:

• For ZA topologies, we consider:

– tt̄ with fully leptonic final states,

– W+W− with fully leptonic final states,

– tt̄+ Z0, with Z0 decaying into a lepton/anti-lepton pair and tt̄ decaying fully leptonically,

– tt̄+ Z0, with Z0 decaying into neutrinos.

• For VBF topologies, we consider:

– W+W− with fully leptonic final states,

– tt̄+ (j, jj), where tops decay into leptons accompanied by either one or two light jets.

• For VLBSM topologies, we consider:

– Single lepton production pp → $ν" with zero, one, and two light jets.

Both the background and signal leptonic final states are chosen to be identical.
To facilitate signal detection and reduce background contamination, we consider final-state leptons

of different flavours. Specifically, we choose W+ decaying to µ+ and νµ, while for W− we consider
the e− + ν̄e channel. We also apply the following kinematic cut:

1. Charged leptons (e− and µ+) are required to have a transverse momentum pT > 25 GeV and
pseudorapidity |η| ≤ 5.

2. MET > 15 GeV.
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Figure 2.3: LO Feynman diagrams for the VBF topologies. The same nomenclature as seen in Fig. 2.2
applies here.
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Figure 2.4: LO Feynman diagrams for the VLBSM topologies. The same nomenclature as seen in
Fig. 2.2 applies here.

3. For events with jets, we use the Cambridge/Aachen jet clustering algorithm with ∆R = 1.0,
pT > 35 GeV and |η| ≤ 5.

Here, we defined the pseudorapidity as η = % ln(tan(θ/2)), where θ is the angle with respect to the
beam axis. Additionally, ∆R is defined as the Euclidean distance in the (η,φ) plane, i.e., ∆R(i, j) =√

∆Φ(i, j)2 + ∆η(i, j)2 with ∆Φ(i, j) = φj % φi (with φ corresponding to the azimuthal angle) and
∆η(i, j) = ηj%ηi. At this point, we can reconstruct all particles up to the VLLs with relative precision
using the information from the final-state visible particles, tracks, and calorimetric towers provided by
Delphes. It is important to note that in Delphes, we only have access to the total MET information
which is solely based on calorimetric cells and can be represented as MET = %

∑cell
i

7ET (i). However,
we can make use of this information and reprocess it in a more suitable manner. Our approach
involves using the generator-level information for the η, φ, and ET variables of the particles that will
later be treated as invisible. We then use the η × φ coordinates of the invisible particles to focus
on nearby calorimeter tower cells. Based on the fact that invisible particles should not deposit any
energy in the calorimeter, if neighbouring cells show activity or have energy deposition, the event
is discarded; otherwise, the event is recorded, particularly its η × φ position. The next step of our
procedure involves creating a list of the η × φ coordinates of inactive cells, dividing the total MET
of the event by the number of such inactive cells, and using the generator-level ET information from
the invisible particles as weights for each MET-bin. This allows us to identify which cells correspond
to the ν" coordinates and then to build the MET vectors, which will later be used to reconstruct the
W± bosons and estimate the angular distributions ∆R($, ν") and cos(θ",ν!). In essence, our method,
designed for use with real data, relies on a simple criterion: leptons need to be accompanied by MET
in neighbouring cells for W± events. Guided by Monte-Carlo generator information, the strategy is
to examine the calorimeter response and identify candidate events by assessing whether this criterion
is fulfilled.

Meanwhile, for the background, we cannot reconstruct such objects directly, which means we
cannot use observables such as pT (V""), M(V""), etc., to train our DL models. To address this, we
build a surrogate object to mimic the reconstructed V"" for each background channel. Specifically:

• For the backgrounds pp → tt̄+ j(jj) and pp → tt̄+Z0(Z0 → $+$−), the surrogate object for V""

is composed of the reconstructed W± bosons. The b-jets associated with the top quark decay
products, which are next to the W -boson, serve as proxies for the νBSM.
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• For the background pp → tt̄ + Z0(Z0 → ν"ν̄"), we use the reconstructed W bosons, while the
neutrinos coming from the Z0-boson decay play the role of νBSM.

• For the background pp → W+W−, we first reconstruct the W+ using the associated charged
lepton l+ and the missing vector associated with νl. To mimic νBSM, we use the missing vector
associated with ν̄l from the W− decay. Similarly, the object that mimics V̄"" is reconstructed in
the same way but considering the opposite charges.

The key feature of this method is that it allows us to clean the signal by completely removing
background events. Note that, due to the sizeable VLL decay widths, signal events can exhibit large
tails in distributions such as pT(e, µ,W ), as shown in Figs. B.1, B.2, B.3 and B.4. For sufficiently
large transverse momentum, say 400 GeV to be conservative, SM background processes are absent,
and any event is promptly identified as a signal by our DL tool. All observables are computed both
in the laboratory and in the W frame. The variables that we adopted here are shown in Tabs. 2.4
(for variables in the laboratory frame) and 2.5 (in the boosted frame)

2.2.2 Vector-like quarks at the LHC

First, it is instructive to analyse the current constraints from direct searches of down-type VLQs.
From the experimental side, among the well-known NP states, a VLQ is one of the most searched for
at the LHC. Since it is a coloured particle, its production rate is expected to be relatively high. In
this regard, typical lower bounds on the VLQ mass range from 1.4 TeV up to 2.0 TeV (see the latest
exclusion bounds, as of March 2023, in the summary plots of Ref. [156]). However, one must carefully
analyse the assumptions made in these analyses. First, the vast majority of current searches focus
on dominant couplings to the third generation of chiral quarks (see, e.g., Refs. [157–162]). Such an
assumption is not the most general, as there is no reason for the VLQ to not couple to lighter quarks.
Indeed, there have also been searches assuming dominant light-quark couplings—see, for instance,

Dimension-full Dimensionless

Lab.
frame

pT (e−), pT (µ+),pT (e4)
pT (ē4), me4 , mē4

MT (W−), MT (W+), MET

cos(θν̄ee), cos
(
θν̄µµ+

)
,

cos(θW−W+),
cos(∆φ), cos(∆θ),
ηe, ηµ+ , ηe4 , ηē4

∆R(e, ν̄e), ∆R(µ+, νµ+)

W−

frame
pT (e−), pT (e4)

cos(θν̄ee),
ηe, ηe4

W+

frame
pT (µ+), pT (ē4)

cos
(
θνµµ+

)
,

ηµ+ , ηē4
$′$̄′

frame
cos(∆φ), cos(∆θ)

Table 2.4: Kinematic (dimension-full) and angular (dimensionless) observables selected to study the
ZA and VBF channels. We include observables in four different frames of reference: laboratory frame
(top row), W− rest frame (second row), W+ rest frame (third row) and $′$̄′ frame. θi,j denotes the
polar angle between the respective particles from either the final state or reconstructed objects and
MT is transverse mass. e4 corresponds to a reconstructed VLF from final state leptons and MET. ∆θ
(∆φ) represents the polar (azimuthal) angle between the W− and W+ planes.

Dimension-full Dimensionless

Lab.
frame

pT (µ+),MT (W ),
pT (W ), MET

cos
(
θµ+

)
, cos

(
θν̄µµ+

)
,

cos(θW ), ηµ+ , ηW , φµ+

Table 2.5: Kinematic (dimension-full) and angular (dimensionless) observables selected to study the
VLBSM channel.
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Figure 2.5: One of the LO Feynman diagrams for the pair-production of a D-type VLQ. Here, g
corresponds to gluons from the initial colliding protons. The D-quark decays into a light jet j =
u, ū, c, c̄ and a W boson, with one of the W ’s further decaying via a leptonic channel, producing one
charged lepton ($− = e−, µ−) and the corresponding neutrino (ν̄e, ν̄µ), and the other decaying via a
hadronic channel into light jets. In the hadronic W decay, both the up- and down-type SM quarks
are considered.

Refs. [163, 164]. In Ref. [163], in particular, a search for pair production of heavy VLQs has been
performed, with their subsequent decays into light jets, that can go via either neutral (D → Z0q)
or charged (D → Wq) currents. This work excludes the VLQs with masses below 690 GeV at 95%
Confidence Level (CL). Such a constraint is quite relevant since the same topology will be used in
our analysis below. In the second work [164], the same VLQ decay modes into light jets have been
considered, but in single VLQ production channels. For the neutral D → Z0q decay channel, the
VLQ mass has been constrained to be below 760 GeV, whereas a tighter lower bound of 900 GeV is
obtained in the charged D → Wq decay channel. These constraints, however, are not relevant for
the particular Benchmark point (BP) that we have shown in the previous section. For example, we
have calculated the production cross-section in MadGraph for single production of the VLQ (using the
BP shown in Eq. (2.27)), for which we obtained σ = 1.678 × 10−4 pb for a mass of 800 GeV, which
is consistent with the cross-section limits in Ref. [164]. For the sake of consistency, in this work, we
consider the VLQ mass to be greater than 800 GeV. We have verified that for the D → Wt channel,
this particular BP yields a cross-section of 0.067 pb, compatible with the upper 95% CL limit in [165],
where σ ≈ 0.07 pb and where it is assumed that the sum of the decay Branching Ratios (BRs) to Z0b,
hb, and Wt is one, as opposed to our scenario where BR(D → Wt) + BR(D → Wq) ≈ 1.

As mentioned before, the chosen topology of the signal is equivalent to that of Ref. [163], with
VLQ pair-production undergoing via gluon fusion. An example of the LO Feynman diagram, with the
contribution from the gluon triple vertex, is shown in Fig. 2.5. All tree-level graphs that contribute
to the matrix element are automatically included at the level of event generation in MadGraph. The
signal is characterised by one charged lepton (either an electron or a muon) and MET, both arising
from the decay of a W− boson. Additionally, four jets from first and second-generation quarks are
present, with two of these arising from the decay of one W boson and the other two originating from
the decays of the heavy VLQ states. Due to the presence of multiple jets, the matching and merging to
the original partons is important. For this, we rely on the automatic matching procedure of MadGraph,
which employs the kT-MLM scheme [166]. For tagging the jets, we consider the following procedure.
First, for each event, we begin by picking all jets and ordering them by their pT value. From this list,
we subsequently impose the kinematic constraints, namely |η(j)| < 2.5 and pT (j) > 25 GeV. From
the surviving list, we check whether the jets are tagged as coming from a b quark. If the jet is not
tagged as b, then it is accepted; otherwise, it is discarded. If there are fewer than 4 jets that obey
these constraints, then the event is discarded. We do not consider any tau tagging information when
selecting valid jet candidates.

The main irreducible backgrounds for this topology include:

• Pair-production of top quarks, tt̄, with one of the W bosons decaying fully leptonically, whereas
the other one decays into two light jets;

• Diboson production plus two light jets. In this case, one of the vector bosons decays into two
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light jets whereas the other one (W boson) decays into a charged lepton and a neutrino;

• V + jets, with V either a W or a Z0 boson. While for the former one considers the decay into a
charged lepton and its corresponding neutrino, for the latter case we consider the fully leptonic
decay channel (muon or electron modes).

Since the Monte Carlo simulations are done at LO, we must reweight our events based on higher-
order corrections available in the literature. In particular, we consider approximate N3LO corrections
for tt̄ [167], Next-to-Leading-Order (NLO) corrections for W + jets [168] and WW + jets [169], and
Next-to-Next-Leading-Order (NNLO) corrections to Z0 + jets [170].

We will also consider simple selection criteria to help discriminate the signal events from the
background. In particular, we consider that

pT ($
±) > 25 GeV ,

MET > 20 GeV ,

|η($±)| ≤ 2.5 ,

With this, we extract all relevant kinematic and angular information about the final states’ configura-
tions, such as the transverse momentum, pseudo-rapidity, and mass distributions of pairs of produced
particles. Low-level observables include the transverse momenta, energy, pseudo-rapidity, and the az-
imuthal angle of the four jets (j1, j2, j3, and j4) with the charged leptons, as well as MET. The jets are
ordered with respect to their total transverse momenta, that is, j1 is the leading jet with the highest
pT and j4 is that with the lowest pT . Additionally, observables reconstructed from the combination
of various objects are also considered. All variables used are shown in Tab 2.6. The corresponding
distributions are shown in App. C, namely for dimensionless observables they are shown in Fig. C.1
whereas the dimensionful ones are shown in Fig. C.2.

2.3 Deep learning methodologies

In this section, we describe the construction of our Neural Network (NN) models and the best
architectures we found to accurately separate and identify signal events from their respective back-
grounds. For the unfamiliar reader, NNs, and by extension DL algorithms, are rooted in the universal
approximation theorem, which essentially states that a given NN with a certain number of hidden
layers and a finite number of hidden units, a.k.a neurons, can approximate any arbitrary continuous
function on compact subsets of Rn [171]. This function can describe a hyperdimensional plane that
separates samples from distinct classes (classification problems) or predicts new samples based on
previous ones (regression problems). However, the universal approximation theorem does not tell us
how deep the NN should be, nor the number of hidden units needed to better approximate the desired

Dimension-full Dimensionless

VLQ production

pT ($−), E($−), pT (j1),
E(j1), pT (j2), E(j2),
pT (j3), E(j3), pT (j4),
E(j4), MET ,MT (W ),

M(Wjj), MD(MET, $−, j1),
MD(j2, j3, j4), MD(MET, $−, j2),

MD(j1, j3, j4), M(j1, j2), M(j1, j3),
M(j1, j4), M(j2, j3), M(j2, j4), M(j3, j4)

η($−), η(j1), η(j2),
η(j3), η(j4), φ($−),
φ(j1), φ(j2), φ(j3),
φ(j4), cos

(
θ"−,ν̄!

)
,

cos
(
θ"−,j1

)
,cos

(
θ"−,j2

)
,

cos
(
θ"−,j3

)
,cos

(
θ"−,j4

)
,

cos(θj1,j2),cos(θj1,j3),
cos(θj1,j4),cos(θj2,j3),
cos(θj2,j4),cos(θj3,j4)

∆R(j1, $−), ∆R(j2, $−),
∆R(j3, $−), ∆R(j4, $−),
∆R(j1, j2), ∆R(j1, j3),
∆R(j1, j4), ∆R(j2, j3),
∆R(j2, j4), ∆R(j3, j4),
∆Φ(j1, $−), ∆Φ(j2, $−),
∆Φ(j3, $−), ∆Φ(j4, $−),
∆Φ(j1, j2), ∆Φ(j1, j3),
∆Φ(j1, j4), ∆Φ(j2, j3),
∆Φ(j2, j4), ∆Φ(j3, j4)

Table 2.6: Final state kinematic and angular distributions selected for the DL analysis for double
production of the down-type VLQ. All observables are calculated in the laboratory frame. We define
j1 as the leading jet (greatest transverse momentum) and j4 as the sub-leading light jet (lowest
transverse momentum). E is the energy. Mass distributions are reconstructed from the observables
inside parentheses, e.g., M(j1, j2) ≡ M(jµ1 + jµ2 ), where jµ are four-momentum vectors.
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arbitrary function. This challenge must be addressed when identifying optimal solutions and finding
superior designs for NNs.

The main goal of our NN model is to classify the signal channels defined in the previous sections
over each respective background. This procedure is often referred to as classification. For optimal
performance, it is essential to determine the appropriate architecture, including the number of layers,
the number of neurons in each layer, and other hyperparameters. An appropriate choice of these
parameters can lead to models capable of making highly accurate predictions, which, in the context
of high energy physics, can potentially lead to significant discoveries using the available data. The
problem of selecting the correct parameters is referred to as hyperparameter optimization. There are
many methods to search for the best combinations of parameters, including a brute force approach
that tests each possible combination until the optimal NN model is found. However, such a method
is very time-consuming. A more efficient procedure involves using an evolutionary algorithm search
[153, 154].

2.3.1 Pure kinematic data approach (VLL analysis)

For the analysis of the VLL events, our optimisation approach using the evolutionary algorithm
focuses only in optimising a linear NN which takes as input tabular datasets containing the kinematic
distributions. For this, we define the following set of hyperparameters for our analysis:

• Number of hidden layers: 1 to 5;

• Number of neurons in each layer: 256, 512, 1024, or 2048;

• Kernel initialiser: ’normal’, ’he normal’ or ’he uniform’;

• L2 regularization penalty: 10−3, 10−5 or 10−7;

• Activation function: ’relu’, ’elu’, ’tanh’ or ’sigmoid’;

• Optimiser: ’adam’, ’sgd’, ’adamax’ or ’nadam’.

Our evolutionary algorithm is initialised by building a set of ten NNs using Keras [172] and TensorFlow
[173]. The hyperparameters are randomly chosen from the list above. Each NN is trained for 200
epochs, and once the training phase is complete, we select the top five NNs that have shown better
performance to “breed” new NNs for the next iteration. These NNs are initialised with the hyper-
parameters of the selected ones and treated as “parent traits” while randomly including new ones as
mutations. To control overfitting, we have set a 20% probability of a random mutation occurring.
We then construct a new population set and repeat the training/evaluation process five times, across
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Figure 2.6: Flowchart representative of all iterative steps involved in the genetic algorithm that we
employ in this work.
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five generations, until finally retrieving the best NN architecture. A schematic representation of this
algorithm is highlighted in Fig. 2.6

Another important aspect of the evolutionary algorithm is the fitness function, which helps the
algorithm select the best architectures based on a predefined metric. In our case, we use two fitness
functions: one where the best models are ranked according to their accuracy on the test set, and a
second one that ranks the models according to their Asimov significance defined as [174]

ZA =

[
2

(
(s+ b) ln

(
(s+ b)(b+ σ2

b )

b2 + (s+ b)σ2
b

)
% b2

σ2
b

ln

(
1 +

σ2
bs

b(b+ σ2
b )

))]1/2
, (2.29)

with s and b being the number of signal and background events, respectively, and σ2
b being the variance

of background events. We include a similar procedure to that described in [175] and incorporate the
necessary modifications for the training methodology into our evolutionary algorithm. Although the
main “body” of our NN is adjusted during training, some characteristics of the model construction
are universal to all NN models. We summarise these as follows:

• As input data, the NN receives a standard normalised vector, i.e., it has a mean of 0 and a
standard deviation of 1. Data sets from all observables are extracted from the ROOT detector
output. This data set is then reshuffled and divided into a training set (80% of the data) and a
test set (20% of the data). To avoid overfitting, we use cross-validation with a five-fold scheme
during the training of the NN.

• We employ a cyclic learning rate during the training phase with an initial value of 0.01 and a
maximum value of 0.1.

• In the output layer, the data is transformed into a vector with entries between 0 and 1 (which
correspond to probabilities) in the format (S,Bj), where S is the signal and Bj correspond to
different backgrounds. The index j runs over the number of backgrounds chosen for a given
signal. For example, in the ZA analysis, we consider 4 distinct backgrounds (j = 4). Thus, the
output vector would be (S,B1, B2, B3, B4).

• Batch size of 32 768 entries.

• We impose a total limit of 200 epochs with a patience of 5 epochs and a validation loss monitor,
i.e., if the loss value on the test/validation set does not change for 5 epochs, the training is
resumed and all metrics are computed and stored to be passed to the evolutionary algorithm.

• To select the NN models with better accuracy, we use the binary cross-entropy loss, while for
selecting models that maximise the Asimov significance.

Another important aspect to note is that our data is unbalanced, meaning we have more data
points for some classes we are analysing (in some cases, with a ratio of s/b ≈ 1.83). This imbalance
results from the event selection criteria imposed for the signal and background. Unbalanced data can
lead to models with lower predictive power for significantly outnumbered classes. To address this, we
use the Synthetic Minority Oversampling Technique [176] to create synthetic entries for the minority
classes in our training dataset. It is important to note that we do not apply any re-sampling technique
to the test dataset. This method is faster and more efficient than generating additional Monte Carlo
events and processing them through subsequent hadronisation and detector effects.

2.3.2 Kinematic + image data approach (VLQ analysis)

For the analysis of the VLQ events, we use the combination of both image and tabular datasets.
The network, which we refer to as Hybrid Net, will consider both data types in the classification of
background and signal classes. The image datasets will be trained using a convolutional model, while
the kinematic data will be trained through a linear sequential model. We then combine the predictions
of both models.

Jet images, first introduced in Refs. [177, 178], are constructed by mapping particle hits in the
detector onto a grid in the (η,φ) plane, where the intensity of each pixel is directly proportional
to the energy deposited by the particles. These methods, however, can be quite inefficient because
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(a) Signal event (b) tt̄ event (c) WW+ jets event

Figure 2.7: Example of an abstract jet image in the (η,φ) plane. Green polygons represent photons,
red circles represent charged particles, and blue hexagons indicate neutral hadrons. The radius of
the polygons is proportional to the energy deposited by the particle in the calorimeter tower. This
image depicts an event from a proton-proton collision at

√
s = 14 TeV, with subsequent VLQ double

production (to the left) and the corresponding background events (tt̄ in the middle and WW+ jets
on the right).

a typical jet image contains many blank pixels, making it computationally inefficient when passing
through convolutional layers during the training phase. In this work we consider abstract jet images
as first discussed in Ref. [154]. In this approach, besides associating each pixel with the energy of a
particle, we also map characteristics of the particles into various geometrical shapes, e.g. if a particle
is charged, we map it to a circle. In this scenario, the radius of the polygons is directly proportional to
the particle energy. This method provides additional features for the neural model to learn. Examples
of these types of images can be seen in Fig. 2.7.

To construct such images, we impose the following conditions:

• Charged particles hitting the detector are mapped into red circles, with a radius given by r =
ln [pT /GeV];

• Neutral hadrons are mapped into blue hexagons, with a radius given by r = ln [ET /GeV], where
ET is the transverse energy;

• Photons are mapped into green diamonds, with the radius determined by the same formula as
for neutral hadrons.

The resulting images are then stored in .png format, with a pixel size of 224 × 224. Both hadrons
and photons are restricted to the kinematic ranges of |η| ≤ 5.0 and |φ| ≤ π.

We utilise both image and tabular information. The images are processed through a convolu-
tional network, while the corresponding kinematic information is handled by a linear model. We then
combine the results by summing the predictions from both networks to obtain the final output. Hyper-
parameter optimization aimed at maximising statistical significance is performed using evolutionary
algorithms, as described in previous section. In this thesis, linear networks are optimised as described
in the previous section, while the convolutional network for images is fixed to a ResNet-34 architecture
[179]. Here, both the linear and convolutional components constructed using PyTorch [180]. For the
convolutional component, we also utilise FastAI [181], which uses PyTorch as its backend.

2.4 Results

2.4.1 Vector-like leptons

We commence by examining the results for VLLs. To frame our discussion, we introduce a specific
BP, chosen based on the analysis detailed in Sec. 2.1.2. It is important to note that the analysis
methodology remains unaffected by this choice of parameters. Subsequently, we examine events in-
volving a light VLL (e4) in conjunction with the lightest BSM neutrino (ν4), which is treated as MET,
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with the masses specified as

me4 = 677 GeV , mν4 = 216 keV . (2.30)

The decay width is automatically calculated by MadGraph under the narrow width approximation.
While the masses of heavier neutrinos are not crucial for the ZA and VLBSM events, they play a
significant role in the VBF case, as these neutrinos appear as intermediate states. Thus, we set their
masses as

mν5 = 0.138 GeV , mν6 = 36.7 GeV , mν7 = 2140 GeV , mν8 = 2537 GeV ,

mν9 = 3035 GeV , mν10,11 = me4 , mν12,13 = me5 , mν14,15 = me6 ,
(2.31)

with
me5 = 3258 GeV , me6 = 4240 GeV . (2.32)

The BSM couplings are primarily determined by the mixing matrices discussed in Sec. 2.1.2. For the
VLLs, we use

UVLL
L =




%0.162% 0.381i %0.683% 0.321i 0.318 + i0.379
%0.315% 0.089i %0.341 + 0.225i %0.746% 0.411i
0.844% 0.0970i %0.035 + 0.498i %0.105% 0.134i



 ,

UVLL
R =




%0.186% 0.490i %0.266% 0.462i %0.654 + i0.113
0.389% 0.153i %0.750% 0.366i 0.306% 0.186i
0.640% 0.375i 0.035 + 0.133i %0.497% 0.429i



 ,

(2.33)

and for the neutrinos, we adopt6

U1 =





%0.490 %0.408 %0.081 %0.192 0.568 0.476
0.491 %0.745 0.436 %0.063 0.014 %0.10
0.098 %0.109 %0.511 %0.337 0.385 %0.675
%0.445 0.003 0.455 0.511 0.278 %0.506
%0.553 %0.267 0.073 %0.434 %0.614 %0.227
0.068 0.443 0.574 %0.630 0.270 %0.029




,

U2 =





%0.413 0.166 0.360 %0.313 0.270 0.708
0.304 %0.082 0.292 %0.630 %0.647 0.017
%0.053 0.842 0.374 0.062 %0.033 %0.379
%0.080 0.145 %0.040 0.597 %0.643 0.449
%0.837 %0.259 0.064 %0.062 %0.282 %0.380
0.163 %0.411 0.800 0.376 0.121 %0.095




.

(2.34)

It is important to emphasise that the numerical values provided above were randomly generated but
comply with the theoretical requirements discussed in Sec. 2.1.2.

The cross sections for both signal and background events are estimated by MadGraph for our BP
as

ZA: σ = 4.40× 10−4 ± 2.62× 10−7 fb ,

VBF: σ = 8.96× 10−4 ± 5.88× 10−7 fb ,

VLBSM: σ = 7.70× 10−2 ± 4.33× 10−5 fb ,

tt̄ : σ = 6720.00± 3.01 fb ,

tt̄+ j : σ = 7850.00± 5.06 fb ,

tt̄+ jj : σ = 5990.00± 3.70 fb ,

tt̄+ Z0($+$−) : σ = 5.36× 10−1 ± 3.81× 10−4 fb ,

tt̄+ Z0(ν̄"ν") : σ = 1.06± 6.95× 10−4 fb ,

W+W− : σ = 839.00± 0.55 fb ,

pp → $ν" : σ = 10309100± 5400 fb ,

pp → $ν" + j : σ = 2943600± 2100 fb ,

pp → $ν" + jj : σ = 1233200± 700 fb ,
6The numerical values for D1 are small, O(10−3 − 10−8), and are omitted for brevity. The dominant contributions

arise from U1 and U2.
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where the error corresponds an estimation of the statistical uncertainty. As can be observed, the
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Figure 2.8: ROC curves and predicted confidence scores for each signal, for a light VLL with mass
me4 = 677 GeV and an integrated luminosity of L = 3000 fb−1. Signal events are depicted by red
dashed curves. The AUC functions as a measure of classification accuracy. These distributions are
derived from an implementation of an evolutionary algorithm designed to maximise the accuracy
metric.

primary challenge lies in the overwhelming background from tt̄ events, whose cross-section signif-
icantly surpasses those of the ZA and VBF channels. Additionally, the cross-section for pp →
$ν" + (0, 1 and 2) jets exceeds that of the VLBSM channel by at least eight orders of magnitude.
Although each diagram in Fig. 2.3 carries a greater suppression factor due to the presence of more in-
teraction vertices and internal propagators, it ultimately contributes more to the overall cross-section.
In Fig. 2.2, for instance, e4 is the sole intermediate state, resulting in fewer possible combinations.
In contrast, Fig. 2.3 involves contributions from all BSM neutrinos to the ν′BSM propagator, leading
to a greater number of potential VBF processes. Moreover, two of the BSM neutrinos in ν′BSM are
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Figure 2.9: The same as in Fig. 2.8 but now computed for an evolutive algorithm that maximises the
Asimov significance.

relatively light, with masses around 100 keV (for ν4) and 100 MeV (for ν5), which independently pro-
vide enhancement factors of at least 6 and 3 orders of magnitude, respectively, compared to massive
EW-scale (or higher) propagators.

We first start with the ZA/VBF signal and background topologies, whose distributions are shown
in App. B, in particular Figs. B.2, B.3 and B.4. Here, we see that we can reconstruct the top,
W , and e4 masses within the expected range, provided there is a clear distinction between them.
We observe a significant separation between signal events and background, particularly in the ∆R
distributions. For the signal events, ∆Re−ν̄e

and ∆Rµ+νµ
exhibit peaks near zero, which are well

separated from the background events, indicating particle trajectories perpendicular to the beam axis,
which helps distinguish them from some background channels like tt̄ and W+W−. Although there are
notable differences in some variables, others, especially angular variables like cos(θ), are dominated
by background. Similar observations are made for the VLBSM channel (see Fig. B.1). Here, pseudo-
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Figure 2.10: Significance as a function of the NN scores for each signal topology for a light VLL with
mass me4 = 677 GeV and an integrated luminosity of L = 3000 fb−1. For plots (a), (d) and (g) we
showcase the adapted Asimov significance where backgrounds are known with an error of up to 1%, for
(b), (e) and (h) the naive significance s/

√
s+ b and for (c), (f) and (i) the Asimov significance. Plots

are computed following an implementation of an evolutive algorithm that maximises the accuracy
metric.

rapidity distributions provide a good signal-to-background separation, whereas angular distributions
are more affected by background interference. A key distinction between the VLBSM topology and
the previous two lies in the number of features. Although the VLBSM signal, characterised by fewer
internal propagators and only a single lepton in the final state, yields cross-sections larger than those
of VBF and ZA events, it offers fewer distinct variables for analysis. Moreover, the VLBSM topology
and its associated backgrounds do not permit a direct one-to-one correspondence with variables such
as VLL invariant mass distributions, nor do they include the azimuthal and polar angles cos(∆φ) and
cos(∆θ), which are absent in VLBSM events. The relevant distributions are shown in Fig. B.1.

In general, kinematic distributions such as transverse momentum and MET provide some degree
of separation between signal and background events. Background events tend to accumulate at lower
energies compared to signals. Specifically, transverse momentum distributions show an accumulation
of events at pT < 200 GeV, and MET is concentrated in the region MET < 200 GeV. In contrast,
signal events accumulate in the high-energy region with pT /MET > 300 GeV.

However, it is crucial to recognise that experimental information is typically limited to what are
known as low-level observables. These observables usually involve counting the number of hits or events
recorded by a detector. In contrast, a high-level approach integrates data from multiple detectors to
create more complex and sophisticated observables, such as those explored in this thesis. Utilising a
broad range of observables, including those in the W frame, will serve as an important step in the
analysis. This approach enables the construction of a comprehensive dataset for DL studies, which
facilitates faster training and improved overall accuracy, even when dealing with lower cross-sections.
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Figure 2.11: The same as in Fig. 2.10 but for an evolutive algorithm that maximises the Asimov
significance.

For the benchmark scenario discussed (see Eqs. (2.30)-(2.34)), the architecture that maximises Asi-
mov significance for each topology is detailed in Tabs. D.1, D.2, and D.3. Conversely, the architecture
that maximises accuracy for each topology is shown in Tabs. D.4, D.5, and D.6. To quantitatively
evaluate our NN models, we use Receiver Operating Characteristic (ROC) curves, which measure
the classification performance of the NN. Fig. 2.8 displays the results for the models with the best
accuracy, while Fig. 2.9 shows the models with the highest Asimov significance. As observed, models
that achieve better accuracy are capable of distinguishing signal events from background with nearly
100% efficiency. Specifically, the signal efficiencies are approximately εS = 1, with accuracy rates
of 97% for ZA, 100% for VBF, and 98% for VLBSM channels. However, high significance does not
always correlate with high accuracy. Indeed, for NN architectures that maximise Asimov significance,
the accuracy is often significantly lower. A notable example is the VLBSM channel, which has the
lowest accuracy with an Area Under the Curve (AUC) value of 0.32. The predicted confidence scores
are illustrated in the right panels of Fig. 2.8. It is important to note that the NN assigns different
scores to each prediction. For instance, in Fig. 2.8(a), a NN score of 1.0 could indicate either a signal
event or a W+W− background event.

The significance of signal events is often considered by experimental physicists as the most crucial
measure for claiming a discovery or excluding a NP candidate. To evaluate this, we compute the
significance for all proposed channels, with results displayed in Figs. 2.10 and 2.11. In the former,
we maximise the accuracy metric, while in the latter, the Asimov significance is maximised. For
thoroughness, we evaluate significance using three distinct statistics:

1. First, we consider what we refer to as naive significance. This is computed by counting the
number of background (b) and signal (s) events using the well-known formula s/

√
s+ b.

2. The second metric is the plain Asimov significance, denoted as ZA, which is defined in Eq. (2.29).
This measure is generally the most conservative in our analysis, assuming that the background
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is known with a 1% uncertainty.

3. Finally, we consider the Asimov significance with background uncertainty much smaller than
1%, referred to as Z(< 1%). In our studies, we use a background uncertainty of 10−3 %. This
measure typically provides the most favourable results but requires that all physics backgrounds
are well-controlled by the experiment. We anticipate that such precision will become feasible for
the ATLAS and CMS collaborations as they accumulate more data and experience. Note that
in the limit of vanishing background uncertainty, this measure approaches the naive significance
formula.

We then analyse these three significance measures in the context of NN scores, focusing on the
High-Luminosity LHC (HL-LHC) scenario with L = 3000 fb−1. From the results, we observe a general
trend across all channels: Z(< 1%) > s/

√
s+ b > ZA. For the VLBSM channel, it is important to

note that we did not select the highest significance identified by our algorithm. This is because
there are regions in the NN parameter space where only signal events are present. For instance, in
Fig. 2.10(g), we see that NN scores around 0.80 correspond to a significance exceeding 10σ. However,
for a more realistic assessment, we require the NN to account for both signal and background events.
This is not an issue for the ZA and VBF channels, where the highest significance is found in regions
where both signal and background events are consistently present.

Under the assumption that all signal topologies represent independent events, the combined sig-
nificance can be defined as the sum of the individual significances

σC = σZA + σVBF + σVLBSM . (2.35)

From the results in Fig. 2.10, when prioritising an evolutionary algorithm designed to maximise
accuracy, we obtain

• Z(< 1%): σC = 13.71σ,

• s/
√
s+ b: σC = 0.55σ,

• ZA: σC = 0.04σ.

Conversely, if we focus on maximising the Asimov significance, the results shown in Fig. 2.11 yield:

• Z(< 1%): σC = 10.93σ,

• s/
√
s+ b: σC = 6.16σ,

• ZA: σC = 0.33σ.

In both cases, the combined significance from the Z(< 1%) measure surpasses the 5σ threshold.
However, this metric assumes that all backgrounds are extremely well controlled. Notably, we ob-
tain s/

√
s+ b = 6.16σ, which strengthens the case for probing VLLs with masses around 700 GeV

potentially before the end of the HL-LHC runs. Furthermore, an evolutionary algorithm aimed at
maximising the Asimov significance provides overall better results. It is important to note that the
combined (or even individual) significance increases with luminosity, highlighting the advantage of
high-luminosity experiments in the long term.

The results for a single point are already quite promising. To enhance our analysis, we will
investigate how varying the mass of the lightest two VLLs and the lightest BSM neutrino affects the

Mass of e4
s/
√
s+ b Z(< 1%) ZA

ZA VBF VLBSM ZA VBF VLBSM ZA VBF VLBSM
200 GeV 4.01 9.4× 10−3 0.31 12.18 2.83 12.95 2.05 2.47× 10−3 1.41
486 GeV 0.95 1.51 6.66× 10−3 2.59 2.13 7.83 0.12 4.6× 10−4 2.15× 10−4

677 GeV 0.53 3.15× 10−3 3.32× 10−3 1.21 1.82 10.68 0.040 1.18× 10−3 1.97× 10−3

868 GeV 0.26 0.93 6.18× 10−4 0.52 1.32 6.60 0.01 0.30 2.47× 10−4

1250 GeV 0.05 4.37× 10−4 1.20× 10−4 0.17 0.59 4.90 4.28× 10−4 2.05× 10−4 2.65× 10−3

Table 2.7: Signal significance for an evolutive algorithm that maximises accuracy metric. All signifi-
cances are computed for L = 3000 fb−1.
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Figure 2.12: Total production and decay cross section (in femtobarn) as a function of e4 (left) and e5
masses (right). While on the left panel me5 = 3.2 TeV, on the right one we have me4 = 200 GeV.

significance. Specifically, we are interested in determining under what conditions we can achieve or
exceed a 5σ significance to justify direct VLL searches at the LHC. We will repeat the numerical
procedure with the following variations:

1. Varying the mass of the lightest VLL, me4 , between 200 GeV and 1.25 TeV while keeping mν4

fixed as in Eq. (2.30).

2. Keeping me4 fixed as in Eq. (2.30) and varying mν4 between 100 keV and 100 MeV.

3. Varying the masses of the two lightest VLLs such that me4 < me5 .

4. The same as in the first case, but with varying luminosity.

For a fixed luminosity of L = 3000 fb−1 we study the signal significance calculated for the VLL
masses me4 = 200, 486, 868 and 1250 GeV. First, we consider an evolutive algorithm that maximises
the accuracy metric showing our results in Tab. 2.7. We have repeated the same procedure for
me4 = 200 and 486 GeV considering an evolutive algorithm that maximises the Asimov significance.
Our results can be found in Tab. 2.8.

From the aforementioned tables, we observe that for heavy VLL scenarios with me4 = 1.25 TeV,
the combined significance for all event signals drops to values near zero, indicating that such channels
can be particularly challenging for direct searches at the LHC. However, if the background is well
under control, the Z(< 1%) statistic provides a combined significance of 5.66σ. Notably, the largest
contribution to this combined significance comes from the VLBSM channel, which accounts for 4.9σ.
This suggests that detecting heavy VLLs with masses in the TeV range is feasible only if the pp →
$ν" + (0j, j, jj) backgrounds are known with high precision. The rapid decrease in significance for
larger masses is attributed to the equally rapid decrease in cross-section with increasing mass, as
depicted in Fig. 2.12, left panel. A small significance is also obtained for the heavier VLLs, e5 and e6,
whose masses lie beyond O(3 TeV) and out of the reach of the HL-LHC.

However, recall that all three signal events represent independent variables, meaning that we
can evaluate a global significance as the sum of the individual significances from each process. This
implies that incorporating additional event signals could enhance this global significance. In particular,
channels involving jets from W decays to quarks are relevant due to the larger expected number of
events. The W decay width to light jets has a BR of approximately 67.4%, compared to 10.86%
for leptons [155]. For the case where the accuracy metric is maximised, the combined significance for
me4 = 200 GeV is: Z(< 1%): 27.16σ, ZA: 3.46σ, and naive significance: 4.33σ. When maximising the
Asimov metric, the combined significance for the same BP (me4 = 200 GeV) is: Z(< 1%): 27.71σ,

Mass of e4
s/
√
s+ b Z(< 1%) ZA

ZA VBF VLBSM ZA VBF VLBSM ZA VBF VLBSM
200 GeV 6.10 2.00 12.65 12.18 2.83 12.70 4.44 0.145 4.28
486 GeV 1.77 1.50 11.26 2.60 2.13 8.62 0.30 0.53 0.20
677 GeV 0.86 1.28 4.02 1.21 1.82 7.90 0.11 0.187 0.015

Table 2.8: Signal significance for an evolutive algorithm that maximises Asimov significance metric.
All significances are computed for L = 3000 fb−1.
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me4 = 200 GeV
me5 = 200 GeV

me4 = 200 GeV
me5 = 250 GeV

me4 = 200 GeV
me5 = 300 GeV

e5 → Wν4 0.5082513 0.5069336 0.5063337
e5 → Wν5 0.3111182 0.3119451 0.3123246
e5 → Wν6 0.1806305 0.1811213 0.1813417

Table 2.9: BRs of e5 decaying into W and BSM neutrinos for three different e5 masses and fixed
me4 = 200 GeV

ZA: 8.57σ, and naive significance: 20.75σ. These results, particularly for the naive significance,
indicate that a light VLL characteristic of our model is expected to be significantly detectable during
high-luminosity runs at the LHC and can be probed well before the end of the LHC program.

In general, we observe that as the mass of e4 increases, the overall significance decreases, as
discussed previously. This decrease is more rapid for the ZA channel compared to the VBF and
VLBSM channels. Specifically, for VBF signals, the maximum significance in Z(< 1%) is 2.83σ for
me4 = 200 GeV, and this value is consistent across both the Asimov and accuracy metrics. Conversely,
for ZA and VLBSM channels with maximised accuracy, a VLL mass of 200 GeV yields a significance
of 12.18σ for ZA events and 12.95σ for VLBSM events (see Tab. 2.7). When optimising for the Asimov
metric, the naive significance can reach up to 6.10σ for ZA events and 12.65σ for VLBSM events (see
Tab. 2.8).

For completeness, we present the results in Fig. 2.13, which demonstrate that fixingme4 = 200 GeV
and varying the mass of the sterile neutrino mν4 , where mν4 < mν5 , yields negligible effects on the
significance. This holds for values of mν4 within the range of 100 keV to 100 MeV. Although our
analysis is quite general, the specific mass scales for ν4 are particularly relevant given the seesaw
mechanism for neutrino masses and the radiative origin of Yukawa interactions in the low-scale SHUT
model.

Given that lighter VLLs are more promising for future investigations at the LHC, we will focus on
the mass range [200, 700] GeV for both e4 and e5, ensuring that me4 < me5 . This range is motivated
by our discussion in Sec. 2.1.2 just below Eq. (2.16), where it was indicated that having two light
VLLs below 1 TeV along with a heavier one around 5 TeV is a viable scenario. We will first set the
mass of e4 to 200 GeV, as this configuration yields the highest significance, according to Tabs. 2.7 and
2.8. Additionally, we will consider the BSM neutrino to be fixed to mass in Eq. (2.30). The results
of these scans are illustrated in Fig. 2.14, which displays the significance contours for e4 as a function
of me4 and me5 . One can immediately see that varying the mass of e5 has a very marginal impact
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Figure 2.13: Significance as a function of the neutrino’s mass for a luminosity of L = 3000 fb−1, for a
fixed VLL mass me4 = 200 GeV. The significance is computed following an evolutive algorithm that
maximises the Asimov metric.
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Figure 2.14: Significance contour plots for (a) Z(< 1%), (b) s/
√
s+ b and (c) ZA for a e4 ZA signal

at a luminosity of L = 3000 fb−1. The significance is computed with an evolutive algorithm that
maximises the Asimov metric.

on the significance of e4, indicating that it is largely independent of me5 . This observation can be
understood from the e5 → Wνi decay BR shown in Tab. 2.9.

In fact, we observe that the overall BRs do not suffer significant alterations with the varying e5
mass, and as such, the computed e4 production and decay cross-section remains very much the same.
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Figure 2.15: Significance as a function of luminosity for different statistics and topologies, resulting
from an evolutive algorithm that maximises accuracy. The lightest VLL has a mass of 200 GeV, while
the second lightest has a mass of 3.2 TeV. The x-axis is in logarithmic scale for all plots. Green
curves represent VBF signal events, red curves correspond to ZA signals, and blue curves illustrate
VLBSM topologies. The top plot depicts the Asimov significance with backgrounds exactly known
and a systematic uncertainty of 1%. The middle plot shows the naive significance (σ = s/

√
s+ b),

and the bottom plot represents the Asimov significance with backgrounds not exactly known. The
combined significance for L = 300 fb−1 and L = 3000 fb−1 is defined as σC = σVBF + σZA + σVLBSM.
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Therefore we do not expect visible changes in the significance.

Until now, all results have been calculated for a luminosity of L = 3000 fb−1. However, the LHC
is expected to achieve such luminosities between 2026 and 2030 [182]. Thus, it is also important to
investigate how the significance varies at lower luminosities, specifically for 300 fb−1, which is targeted
for delivery during Run III, which is currently on-going. Accordingly, we present in Figs. 2.15 and
2.16 how the significance depends on the projected luminosities when accuracy is maximised. Results
for the scenario where the Asimov significance is maximised are depicted in Figs. 2.17, 2.18, and 2.19.

Examining Figs. 2.15 and 2.16, we observe that for L = 300 fb−1, achieving a signal significance
at or above the 5σ level is feasible only for a light VLL with a mass of 200 GeV. Specifically, the
combined significance reaches 8.84σ for Z(< 1%). This indicates that if the backgrounds described in
Sec. 2.2.1 are known with high precision, it may be possible to exclude a VLL with a mass of 200 GeV,
potentially even before the conclusion of Run III.
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Figure 2.16: The same as in Fig. 2.15 but for a lightest VLL mass m = 1250 GeV.
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Figure 2.17: The same as in Fig. 2.15 but for an evolutive algorithm that maximises the Asimov
significance.
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Figure 2.18: The same as in Fig. 2.17 but for a lightest VLL mass m = 486 GeV.

For heavy VLLs, the Z(< 1%) significance does not exceed 1.78σ for me4 = 1.25 TeV, with
VLBSM signals contributing the most. Given these results, observing such heavy states would require
a high-luminosity run. Since we are simulating proton-proton collisions at

√
s = 14 TeV, the likelihood

of VLL pair production decreases significantly with increasing mass, meaning these heavy states are
expected to become visible only in high-luminosity runs or at higher-energy colliders.

These results underscore that lighter states are more favourable for probing during Run III of
the LHC. This is particularly evident when using an evolutive algorithm that maximises the Asimov
significance. In Figs. 2.17, 2.18, and 2.19, we observe significances well above 5σ for a VLL of 200
GeV at L = 300 fb−1 across all three statistics. Therefore, a 200 GeV VLL characteristic of our model
can be probed during the LHC Run III. For a VLL with a mass of 486 GeV, we achieve significances
of 4.25σ for Z(< 1%) and 4.64σ for s/

√
s+ b. While these do not meet the 5σ threshold, they still

indicate significant deviations from pure SM processes. The addition of new signals, such as those
involving jets, is expected to provide the necessary boost to reach 5σ. Similar reasoning applies to a
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Figure 2.19: The same as in Fig. 2.17 but for a lightest VLL mass m = 677 GeV.



2.4. RESULTS 45

VLL with a mass of 677 GeV, where we find a combined significance of 3.45σ.

2.4.2 Vector-like quarks

Next, we turn our attention to the VLQs. Similarly to our approach with the VLLs, we begin by
presenting the results for a specific, fixed VLQ mass. For the lightest D-type VLQ with a mass of
800 GeV, we apply the selection criteria outlined earlier. Tab. 2.10 provides the LO cross-sections for
the signal, alongside the corresponding higher-order rates for the backgrounds. It also indicates the
total expected number of events for both Run III and HL-LHC. The variation in the post-selection
cross-section as a function of VLQ mass is depicted in Fig. 2.20, where dashed lines represent the
projected sensitivity for future LHC runs. Specifically, for the benchmark values of VLQ-light quark
mixing elements specified in Eq. (2.27), the Run III phase of the LHC could potentially probe D-type
VLQs up to 1.9 TeV, while HL-LHC might exclude VLQs up to 2.37 TeV. These approximate limits
are derived under the assumption of negligible experimental errors and should be considered as a
guideline for the mass scale at which VLQs might be detected. In cases where only a single event is
observed, background systematics could entirely obscure the signal.

To assess the network’s performance, Fig. 2.21 presents the ROC curves for three distinct scenarios:
classification using only kinematic data (top panel), classification using only jet images (middle panel),
and classification incorporating both (bottom panel). The AUC is noted within the labels of the curves.
It is evident that the combination of jet images and kinematic data yields the highest discriminating
power and accuracy, confirming the enhanced performance of the hybrid network. Indeed, our results
show that the kinematic data alone performs the worst, while classification using jet images alone
provides the best results. The high accuracy indicates an effective separation between signal and
background classes. This conclusion is further supported by the predicted confidence scores shown
on the left side of Fig. 2.21, where the model successfully distinguishes signal classes (predominantly
yielding scores around one in the convolutional NN) from background classes (predominantly yielding
scores around zero). Although the separation is not flawless, with some overlap between background
and signal remains in certain regions of the convolutional NN parameter space, the hybrid network’s
scores, which combine both kinematic and image data, will be used for all subsequent data analyses.

The histograms of the kinematic and angular observables utilised by the NN are presented in
App. C. It can be observed that the angular distributions for the signal are generally overshadowed
by the backgrounds, with the signal closely mirroring the background patterns, except for the pseudo-
rapidity distributions. Notably, the signal exhibits a prominent peak at η ∼ 0, while the backgrounds
are more broadly distributed across the entire allowed range, |η| ≤ 2.5. In contrast, the kinematic
variables provide the most significant discriminating power, with distributions peaking in regions
where SM backgrounds are less prevalent. This is consistently seen across all transverse momentum,
energy, and MET distributions. Similarly, the mass distributions peak in higher invariant mass regions
compared to those of the SM backgrounds.

Each individual event corresponds to specific values of the physical observables, which are trans-
ferred into the tabular data, with each event also having an associated jet image. A combination
of both is utilised in the classification process, after which the statistical significance is computed
using the validation dataset. For the VLQ analysis, we will now only present the results based on the
Asimov estimate, as previously defined in Eq. (2.29). This metric is evaluated under three scenarios:
with systematic uncertainties of σb = 15%, σb = 25%, and a more conservative scenario of σb = 50%.
The first two scenarios represent the most realistic conditions.

σ (before cuts, in fb) σ (after cuts, in fb) Events at run-III Events at HL-LHC
VLQ 800 GeV 1.402 1.063 318 3189
WW + jets 1.24× 105 7.72× 103 2.316× 106 2.316× 107

W + jets 7.95× 108 3.46× 105 1.038× 108 1.038× 109

Z0 + jets 6.33× 107 5.70× 103 1.71× 106 1.71× 107

tt̄ 9.89× 105 1.83× 105 5.49× 107 5.49× 108

Table 2.10: Predicted total cross section (in fb) for both the signal and each respective background,
before and after the cut selection. In the last two columns we indicate the overall number of expected
events for the analysis, calculated as N = σL, for run-III and the HL phase of the LHC.
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Figure 2.20: The production cross-section (in femtobarn) as a function of the VLQ mass (in GeV). Two
horizontal dashed lines are shown, one for the run-III target luminosity and the other for HL-LHC,
which represent the minimal cross section for which a single event can be produced, i.e. Nexp = σL = 1
for the dashed lines. The area filled in grey represents the region where neither the HL-LHC or run-III
LHC have the required sensitivity to detect the D-VLQ for the chosen benchmark (2.27). The y-axis
is shown in logarithmic scale.

Considering the HL phase of the LHC, which is expected to achieve an integrated luminosity of
L = 3000 fb−1, we can determine the median significance for the considered metrics as a function of
the NN score, as illustrated in Fig. 2.22. The maximal significances for each metric are found to be:

• ZA(σb = 15%) = 16.89σ,

• ZA(σb = 25%) = 10.33σ,

• ZA(σb = 50%) = 5.21σ,

indicating that significances greater than 5σ are achieved for all levels of systematic uncertainty, even
in the most conservative case of 50%. Such a strong signal for VLQs at HL-LHC is anticipated, as
VLQs are coloured particles, and their production is enhanced at hadron colliders. It is also important
to analyse the impact at other luminosities, particularly for the Run-III phase of the LHC, which is
expected to deliver L = 300 fb−1 of data. In Fig. 2.23, we plot the statistical significance as a function
of the luminosity from different values of the systematic errors. The maximal significances obtained
for the Run-III luminosity are as follows:

• ZA(σb = 15%) = 13.76σ,

• ZA(σb = 25%) = 9.45σ,

• ZA(σb = 50%) = 5.08σ,

These results indicate that the significance remains above 5σ for all considered systematic uncertain-
ties, suggesting that VLQ production can also be probed during Run-III.

It is also pertinent to analyse the impact at other luminosities, particularly for Run-III of the LHC,
which is expected to deliver L = 300 fb−1 of data. In Fig. 2.23, we plot the statistical significance
as a function of the systematic errors. The maximal significances obtained for the Run-III luminosity
are as follows:

• ZA(σb = 15%) = 13.76σ,

• ZA(σb = 25%) = 9.45σ,
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Figure 2.21: Performance results for the Hybrid network. On each panel, we plot the ROC on the
left-hand side and, on the right, – the predicted confidence score for our samples. In the top panel, the
results are shown for classification with only kinematic data, in the middle panel we have the results
only for classification with the jet images, and at the bottom, the results when both data types were
part of the training. The signal is indicated with a dashed blue line, while the WW+jets background
– in red, the W+jets – in green, Z0+jets – in orange and tt̄ – in purple.

• ZA(σb = 50%) = 5.08σ,

These results show that the significance remains above 5σ for all considered systematic uncertainties,



48 CHAPTER 2. PHENOMENOLOGY OF VECTOR-LIKE FERMIONS

Figure 2.22: The statistical significance for a hypothetical discovery of VLQs as a function of the NN
score for different values of the systematic uncertainties considered in this work. The VLQ mass is
800 GeV, and the collider luminosity is L = 3000 fb−1. The significance is computed following the
implementation of the evolutionary algorithm. From left to right, we have σb = 15%, σb = 25% and
σb = 50%.
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Figure 2.23: The statistical significance as a function of the luminosity for three different values of
the systematic uncertainties for pair-production of 800 GeV D-VLQs. The green curve corresponds
to σb = 50%, the red curve to σb = 25% and the blue line to σb = 15%. The two vertical dashed lines
mark the run-III luminosity (300 fb−1) and the HL-LHC luminosity (3000 fb−1). Both the y-axis and
x-axis are shown in logarithmic scale.

indicating that VLQ production can also be effectively probed during Run-III.

To further complement these results, we extend the analysis by performing a numerical scan over
the VLQ mass, up to the detectability limit of the HL-LHC, which corresponds to a VLQ mass
of around 2.2 TeV. For these additional mass points, we employed the same network architecture
used for the 800 GeV benchmark, with the results summarised in Tab. 2.11. The key finding is
that a 5σ significance is achieved for VLQ masses up to 800 GeV. Specifically, for a VLQ mass
of 1.2 TeV, the highest significance obtained at HL-LHC is 1.64σ. For higher masses, achieving a
significance above the discovery threshold requires tighter control of background systematics. For
instance, assuming systematic uncertainty at the percent level during the HL-LHC, a significance
of ZA = 17.82σ could be reached for a 1.2 TeV VLQ, while a 1.7 TeV VLQ could achieve up to
ZA = 3.68σ. These results highlight the increasing importance of controlling systematic uncertainties
for larger VLQ masses, emphasising the need for our experimental colleagues to rigorously study and
understand these uncertainties in support of the LHC physics program. Over time, improvements in
systematic uncertainties are expected, which could potentially allow for the probing of VLQ masses
above 800 GeV within the scenario discussed in this thesis. This outlook could be further enhanced
by combining various production channels, such as single-production and pair-production channels,
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Benchmarks 800 GeV 1200 GeV 1700 GeV 2200 GeV

ZA(σb = 15%)
300 fb−1 ZA(σb = 25%)

ZA(σb = 50%)

13.76σ 1.23σ 0.06σ %
9.45σ 0.89σ 0.04σ %
5.08σ 0.49σ 0.02σ %

ZA(σb = 15%)
1000 fb−1 ZA(σb = 25%)

ZA(σb = 50%)

15.99σ 1.51σ 0.07σ %
10.11σ 0.98σ 0.05σ %
5.18σ 0.51σ 0.02σ %

ZA(σb = 15)%
3000 fb−1 ZA(σb = 25)%

ZA(σb = 50)%

16.89σ 1.64σ 0.08σ 0.014σ
10.33σ 1.01σ 0.05σ 0.0071σ
5.21σ 0.51σ 0.02σ 0.0036σ

Table 2.11: The statistical significance for different values of the systematics considered in this work,
across various VLQ masses and collider luminosities, is summarised. Scenarios that meet the 5σ
threshold for potential exclusion (or hypothetical discovery) are highlighted in boldface. Points
marked with “–” indicate cases where the cross-section is insufficient to produce even a single event
at the corresponding luminosity.

particularly those involving decays into top quarks, which may also be relevant for the model under
consideration.

2.5 Summary and conclusions

In this chapter, we have explored the collider phenomenology associated with SU(2)L-doublet
VLLs and singlet VLQs at the LHC, with a focus on Run III and beyond. The properties of these
exotic fermions are framed within a unification-based model where strong and EW interactions are
unified with a local family symmetry. A primary objective of this model is to offer a potential solution
to the flavour problem, including a mechanism for neutrino mass generation. This low-scale theory
naturally predicts new TeV-scale VLLs and VLQs as a consequence of the unification of Higgs and
matter within common representations, sharing the same gauge and flavour quantum numbers.

We conducted Monte Carlo simulations utilising DL techniques to estimate the statistical signif-
icance of a potential VLL/VLQ discovery in future LHC runs. For the VLL case, simple NNs were
developed using tabular kinematic datasets, incorporating an evolutionary algorithm that optimises
either the accuracy metric or the Asimov significance. For VLQ detection prospects, we employed a
Hybrid Net that integrates both kinematic tabular data and detector jet images as inputs for classifica-
tion, finding that combining these data types enhances accuracy compared to using each individually.

We proposed three distinct signatures for VLLs in our model, searchable at the LHC in the ZA,
VBF, and VLBSM channels with purely leptonic final states. We analysed three types of statistical
significances: the Asimov significance ZA, a modified version Z(< 1%), and the well-known naive
significance s/

√
s+ b. For a luminosity of 3000 fb−1, a CM energy

√
s = 14 TeV, a VLL mass

me4 = 200 GeV, we obtained a combined significance of 27.71σ for Z(< 1%), 20.75σ for s/
√
s+ b,

and 8.87σ for ZA, using a NN optimised with the Asimov significance. For the same conditions but
optimising for accuracy, we found a combined significance of 27.96σ for Z(< 1%), 4.33σ for s/

√
s+ b,

and 3.46σ for ZA. In this mass range, the ZA and VLBSM channels dominate the contributions.
We also considered relatively light BSM neutrinos with masses around O(100 keV) and showed that
varying the lightest BSM neutrino mass up to O(100 MeV) has no impact on the significance. As
expected, the luminosity significantly affects the significance, with a 5σ detection possible for L =
300 fb−1, indicating that a 200 GeV VLL, as predicted by our model, could be probed in LHC Run-III.
However, for larger VLL masses, particularly me4 = 1.25 TeV, a combined 5σ significance in fully
leptonic channels requires L = 3000 fb−1 at the HL-LHC, achieving a combined significance of 5.66σ
if background uncertainties are well controlled. For all cases studied, the significance declines rapidly
for VLL masses above 1 TeV. Therefore, VLLs in the mass range ∼ [200, 500] GeV could potentially
be discovered or excluded before the end of Run III.
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For the VLQ analysis, we focused on possible collider signatures via pair-production topologies,
with subsequent VLQ decay into lighter chiral quarks. This topology leads to a final state with a
single charged lepton, light jets, and a neutrino, which is experimentally convenient at the LHC.
Using the Hybrid Net approach, we found that down-type VLQs with masses up to 800 GeV could be
excluded in the decay channels to light quarks both in Run-III and in the HL-LHC. Specifically, at
L = 3000 fb−1, VLQs at this mass scale can be excluded with a statistical significance of ZA = 16.89σ,
assuming systematic uncertainties of σb = 15%. For the same point, we found ZA = 13.76σ for Run-
III luminosity. However, for heavier VLQs decaying to light quarks, the statistical significance falls
below the discovery threshold, and exclusion bounds cannot be established for this channel. Instead,
better control over systematic uncertainties is required to probe higher masses in the light quarks
channel.

Based on the model under consideration, the detection of VLLs and VLQs in upcoming LHC
runs would provide crucial insights to test our model and offer hints about high-scale dynamics. For
instance, if the NP scale above the EW scale, defined by the p, f , and ω VEVs, is around 100 TeV,
then the e4 mass, as given in (2.16), would require the radiatively generated Yukawa couplings κ5,8
to be approximately O(10−2.7). The leading contributions to the two lightest VLQ masses are well
understood and are proportional to the Yukawa coupling Y2 ∼ O(10−2). This relationship would
allow us to fix the ω ∼ f and p scales, establishing a direct link to the scale where larger symmetries
are broken. In our current framework, we have chosen a basis where the SM lepton sector does
not mix with other BSM fermions. However, a more complete approach should account for small
deviations from this limit while respecting flavour physics constraints. Finally, the presence of keV-
MeV scale neutrinos may offer a potential DM candidate if, within a more general neutrino mixing
basis, they are sufficiently stable. In the long term, these phenomenological studies will help refine
our understanding of the viable parameter space regions, aiding in the direct matching between the
low-scale and high-scale regimes of the theory.
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A common prediction of unification frameworks, whether from the E8 framework analysed in this
thesis or from other forms of GUT models, is the presence of LQs. LQs are bosonic particles (which
can either be of vector or scalar nature) that are charged under the colour group, and therefore, act
as a interacting mediator between lepton and quark fields. Different possible representations of the
LQ can exist, depending on how the field is charged under the SM gauge group. Based on the groups
of the SM, a finite number of different LQs exist and they are summarised in Tab. 3.1.

As it was noted in [117, 118], only a subset of all possible representations of the LQs are present
in a viable low-energy EFT of the E8 model, which correspond to S1 and R̃2. Once the Higgs
undergoes EWSB, these fields mix with one another and give rise to three new physical sates, one
with 2/3e electric charge and two with electric charge of 1/3e, with |e| being the electron charge. The
introduction of these new states, if light enough, will have implications in low-energy phenomenology
and may become helpful in tackling certain anomalous results. Specifically, the anomalous magnetic
moment of the muon [183, 184] and hints of Lepton Flavour Universality (LFU) violation in B meson
decays, such as RD(∗) [185–190], defined as

RD(∗) ≡
BR

(
B̄ → D(∗)τ ν̄τ

)

BR
(
B̄ → D(∗)lν̄l

) , with l = µ, e, (3.1)

Field ISO(1,3) SU(3)C SU(2)L U(1)Y
R2 1 3 2 7/6
R̃2 1 3 2 1/6
S1 1 3̄ 1 1/3
S̃1 1 3̄ 1 4/3
S3 1 3̄ 3 1/3
U1 4 3 1 2/3
Ũ1 4 3 1 5/3
V2 4 3̄ 2 5/6
Ṽ2 4 3̄ 2 -1/6
U3 4 3 3 2/3

Table 3.1: All possible LQ representations based on the symmetries of the SM. They can either be
classed as scalar fields (R2, R̃2, S1, S̃1 and S3) or as vector fields (U1, Ũ1, V2, Ṽ2 and U3).
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Additionally, tensions arise regarding decays of the B0/Bs mesons into a pair of muons, showing a
2.3σ deviation from the SM prediction [191]. Furthermore, a recent precision measurement of the W
mass by CDF-II indicates a 7.0σ deviation from the SM prediction [192], with potential NP effects
parametrised in a modification to the oblique T parameter [193]. Addressing these anomalies has
garnered extensive attention in the literature (see, e.g., [194–208]), but often treated independently
rather than concurrently resolved in the same model. Notably, in a recent article [209], B-physics
anomalies and the anomalous magnetic moment of the muon were simultaneously accommodated
within an economical framework solely featuring a LQ and a charged scalar singlet. Furthermore, LQ
models offer a tantalising possibility for explaining neutrino properties, as discussed in [210–216], where
a minimal two-LQ scenario featuring weak-singlet S1 and the doublet R̃2 offers the simplest known
framework for radiative neutrino mass generation, corresponding to exact same states as predicted
within the original E8 framework. However, a comprehensive analysis of such an economical setting
in light of current flavour anomalies remains absent. Moreover, although minimal models can pose
challenges in fitting experimental data, they also offer a chance for precise and testable predictions. In
this thesis, inspired by the original GUT model. we will perform a comprehensive investigation wherein
B-physics, the muon anomalous magnetic moment, and the CDF-IIW mass anomalies are concurrently
addressed alongside neutrino masses and mixing, while ensuring Lepton Flavour Violation (LFV) is
kept under control.

3.1 Low-energy effective model

With this in mind, and based on the symmetries of Tab. 3.1, the most general and renormalisable
Yukawa Lagrangian density is written as

LYuk = Θij

(
L̄c
)i
Qj

LS1 + Υij(ē
c
R)

iuj
RS

†
1 + ΩijL̄

idjRR̃
†
2 + Λij

(
Q̄c

L

)i
Qj

LS1 + Ξij

(
d̄cR
)i
uj
RS1 + h.c. , (3.2)

where the SU(2) doublet is defined as (R̃2)T = [R2/3, R1/3]. All Yukawa couplings shown here are
generic complex 3 × 3 matrices. For simplicity of the presentation, we have also omitted SU(2)
contractions. Here we adopt the notation where in the LQ couplings, the first index refers to the
lepton and the second refers to the quark. There is a quite striking problem with the current form
of the Lagrangian (3.2), particularly coming from the last two terms. Indeed, already at tree level,
the down quark can decay into a up quark through a virtual S1 via these couplings, which directly
implies that the proton can decay1. Obviously, efficient generation of proton decay is not something
one wishes to have. Fortunately, this is a non-issue within the E8 GUT model.

As it was shown in [117, 118], following the breaking of E6 to the trinification group [SU(3)]3, an
accidental Abelian group, U(1)W×U(1)B, is generated, inducing an effective parity symmetry defined
as

PB = (%1)2W+2S = (%1)3B+2S , (3.3)

where S is the spin of the particle and W and B are the charges of the corresponding U(1) Abelian
symmetries. The presence of this symmetry is relevant since it exactly forbids di-quark couplings Λ
and Ξ, protecting the proton from decaying. The corresponding U(1)W ×U(1)B charges that give rise
to PB are shown in Tab. 3 of [117]. For completeness of information, it is also shown here in Tab. 3.2.
The corresponding Z2 charges can then be calculated using Eq. (3.3).

With the introduction of new scalar fields, naturally, the potential gets expanded in comparison
with that of the SM. For the purpose of our analysis, the only relevant terms for our discussion are
the following2

V ⊃ % µ2
h|H|2 + µ2

S |S1|2 + µ2
R|R̃2|2 + λh(H†H)2 + gHR(H†H)(R̃†

2R̃2) + g′HR(H†R̃2)(R̃
†
2H)+

gHS(H†H)(S†
1S1) +

(
a1R̃2S1H† + h.c.

)
.

(3.4)

Since colour is a conserved symmetry of nature, the LQ fields can not have a VEV at zero temperature,
hence only the Higgs field is responsible for symmetry breaking. Once the EW symmetry is broken

1While the scalar potential is yet to be discussed, it is also relevant to mention here that naively one expects the
possibility for proton decay mediated by Higgs, through a potential term HR3, however, since we only consider one LQ
in our setup, anti-symmetry of the SU(3) indices forbids this interaction [217–219].

2To guarantee that the potential is always bounded from below, all scalar quartic couplings are positive.
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S1 R̃2 QL L dR uR eR H
U(1)W %1/2 %1/2 %1/2 +1 %1/2 %1/2 +1 +1

U(1)B %1/3 +1/3 +1/3 0 %1/3 %1/3 0 0
PB %1 %1 +1 %1 +1 +1 %1 +1

Table 3.2: U(1)W ×U(1)B Abelian charges as well as the corresponding PB for each of the fields
considered in this thesis, as indicated in [117, 118]. S1 and R̃2 are the new LQ fields, whereas the
remaining are all SM fields.

by the Higgs field VEV, v ∼ 246 GeV, one of the components of the R̃2 doublet mixes with the S1

field, through the presence of the trilinear coupling a1, resulting in two physical LQs with an electrical
charge of 1/3e, where e is the electron’s electric charge. The other component R̃2 does not mix and

the physical state has a 2/3e charge. In what follows, we have defined the 1/3e states as S1/3
1 and

S2/3
2 , while the 2/3 one is defined as S2/3. The mass matrix for the 1/3e fields can be written as

M2
LQ1/3 =




µ2
S +

gHSv2

2

va1√
2

va1√
2

µ2
R +

Gv2

2



 (3.5)

where we have assumed that a1 is real and G = (gHR + g′HR). The eigenvalues can be analytically
determined which result in the following tree-level masses

m2
S1/3
1

=
1

4

(
2µ2

R + 2µ2
S + (G+ gHS)

2 %
√

(2µ2
R % 2µ2

S + (G% gHS)v2)2 + 8|a1|2v2
)
,

m2
S1/3
2

=
1

4

(
2µ2

R + 2µ2
S + (G+ gHS)

2 +
√

(2µ2
R % 2µ2

S + (G% gHS)v2)2 + 8|a1|2v2
)
.

(3.6)

Since we have a 2× 2 mass matrix, it can be diagonalised by a single mixing angle, θ. In terms of the

masses of the eigenfields S1/3
1 and S1/3

2 , we can write the mixing angle as

sin 2θ =

√
2va1

m2
S1/3
1

%m2
S1/3
2

. (3.7)

On the other hand, the 2/3e LQ does not mix and its mass can be read directly from the Lagrangian,

m2
S2/3 = µ2

R +
gHRv2

2
. (3.8)

Since we have very simple expressions for the masses of the LQ fields, we can invert the aforementioned
equations such that we can use the physical masses as input parameters in the numerical scan. Solving
the system of equations (3.6) with respect to µS and µR, we obtain

µ2
S =

1

2

(
m2

S1/3
1

+m2
S1/3
2

% gHSv
2 +

√
(m2

S1/3
1

%m2
S1/3
2

)2 % 2a12v2
)
,

µ2
R =

1

2

(
m2

S1/3
1

+m2
S1/3
2

% (gHR + g′HR)v
2 %

√
(m2

S1/3
1

%m2
S1/3
2

)2 % 2a12v2
)
,

(3.9)

such that input parameters are m2
S1/3
1

, m2
S1/3
2

, gHS , gHR, g′HR and a1. Note that the mass of the

(2/3)e LQ is not given as input and is determined from gHR and the calculated value of µ2
R. This

is, in principle, not an issue. As one can note from both equations (3.5) and (3.6), in the limit of
low mixing (a1 → 0) the 2/3e is approximately degenerate with the heaviest 1/3e, differing only by
a factor of g′HR, and as such, for the majority of cases, the mass of the 2/3e should be close to one
of our inputs. On the other hand, if the mixing is big, then we should obtain a bigger mass splitting,

but still we do not expect massive deviations from the mass input value of S1/3
1 .
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A similar analysis can be conducted in both the quark and lepton sectors. In the gauge basis, the
up and down quark mass matrices can be cast as

Mu =
v√
2




(Yu)11 (Yu)12 (Yu)13
(Yu)21 (Yu)22 (Yu)23
(Yu)31 (Yu)32 (Yu)33



 , Md =
v√
2




(Yd)11 (Yd)12 (Yd)13
(Yd)21 (Yd)22 (Yd)23
(Yd)31 (Yd)32 (Yd)33



 , (3.10)

where Yu and Yd are Yukawa couplings from the operators (Yu)ijQ̄
i
Lu

j
RH̃ and (Yd)ijQ̄

i
Ld

j
RH, respec-

tively. The diagonalisation results in the mass of the quarks as

Mdiag
u = Uu

LMu(U
u
R)

†, Mdiag
d = Ud

LMd(U
d
R)

†, (3.11)

with the CKM matrix VCKM = (Uu
L )

†Ud
L. For simplicity of the numerical analysis, the up sector will

be made diagonal, such that the CKM is generated from the down sector, that is, VCKM ≡ Ud
L. The

charged lepton matrix can be written as

Me =
v√
2





(Ye)11 (Ye)12 (Ye)13

(Ye)21 (Ye)22 (Ye)23

(Ye)31 (Ye)32 (Ye)32



 (3.12)

where Ye is a Yukawa coupling for the interaction term (Ye)ijL̄
iejRH, and can be diagonalised in a

similar fashion as in the quarks, i.e. Mdiag
e = Ue

LMe(Ue
R)

†. For the numerical analysis that follows,
we consider the diagonal basis, such that Ue

R = Ue
L = I3×3 and therefore, the entirety of the PMNS

matrix is located in the neutrino sector. Similarly to the LQs, these mass relations can be inverted
such that the fermion masses are reproduced by

Yd =

√
2

v
V †
CKMMdiag

d Ud
R, Yu =

√
2

v
Mdiag

u , Ye =

√
2

v
Mdiag

e . (3.13)

3.2 Neutrino masses and mixing

Since there is no right-handed states in the model, tree-level masses can not be generated and
require loop corrections for a consistent neutrino phenomenology to appear. Indeed, the presence of
new LQs leads to one loop diagrams that generate neutrino masses. The diagram is generated through
the mixing between the S1 and R̃2 doublet, via the term a1R̃2S1H† in Eq. (3.4). The diagram reads
[210–214, 216],

(Mν)ij = νL,i

H

dL,m d∗R,n
νL,j

S1/3
1 S1/3

2

Mmn
D

(3.14)

To extract the mass formula, we first begin by discussing the relevant interactions at the level of
the physical basis, generated through the Yukawa interactions between the LQs and the fermion fields,
via the Θ and Ω couplings in Eq. (3.2). Considering only the neutrino interactions, in the gauge basis,
they read as

Lν = Θij(ν̄
c
L)

idjLS1 + Ωij ν̄
i
Ld

j
RR

1/3 † + h.c. . (3.15)

The Yukawa couplings need to be rotated to the mass basis, namely Θij → (VCKM)ikΘkj and Ωij →
Ωij . To not make the notation heavy, we suppress the CKM matrix in the formulas below, leaving
them implicit in the definition of Θ. The (1/3e) LQs mix, and therefore one has to rotate the LQs to
the mass basis. As noted in the main text, the mixing is parametrised by a single angle,

S1 = cos θS1/3
1 + sin θS1/3

2 ,

R1/3 = % sin θS1/3
1 + cos θS1/3

2 .
(3.16)
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Substituting Eq. (3.16) in Eq. (3.15), and then making use of known relations involving the chiral
projectors PL,R ≡ (1∓ Γ5)/2, where Γ5 = iΓ0Γ1Γ2Γ3, we write that

LT = ν̄i
[
Ω∗

ij sin θPR % Θij cos θPL

]
djS

1/3
1 % ν̄i

[
Ω∗

ij cos θPR + Θij sin θPL

]
djS

1/3
2 . (3.17)

The fermionic one-loop mass comes the self-energy %iΣij(/p), whose entries are generated by the
diagram in Eq. (3.14). Do note that this diagram is interpreted as sum of 4 contributions to the mass
matrix. Namely,

νL dL dR νL

S1 R̃2

H

Θin Ωjn

a1

=
ν d

(1)

S1/3
1

ν
+

ν d̄
(2)

ν

S1/3∗
1

+

ν d
(2)

S1/3
2

ν
+

ν d̄
(4)

ν

S1/3∗
2

(3.18)

where the arrows indicate charge flow. With this in mind, taking p to be the external four-momentum
of the neutrinos ν and k the internal four-momentum of the down quarks d, then each of the four
contributions is given as

(1) : Nc

∑

n

∫
d4k

(2π)4

[
Ω∗

in sin θPR % Θin cos θPL

][
Ωjn sin θPL % Θ∗

jn cos θPR

]

(/k +mdn)

k2 %m2
dn

1

(k % p)2 %m2
S1/3
1

(3.19)

(2) : Nc

∑

n

∫
d4k

(2π)4

[
Ωin sin θPL % Θ∗

in cos θPR

][
Ω∗

jn sin θPR % Θjn cos θPL

]

(/k +mdn)

k2 %m2
dn

1

(k % p)2 %m2
S1/3
1

(3.20)

(3) : Nc

∑

n

∫
d4k

(2π)4

[
Ω∗

in cos θPR % Θin sin θPL

][
Ωjn cos θPL % Θ∗

jn sin θPR

]

(/k +mdn)

k2 %m2
dn

1

(k % p)2 %m2
S1/3
2

(3.21)

(4) : Nc

∑

n

∫
d4k

(2π)4

[
Ωin cos(θ)PL % Θ∗

in sin θPR

][
Ω∗

jn cos θPR % Θin sin θPL

]

(/k +mdn)

k2 %m2
dn

1

(k % p)2 %m2
S1/3
2

,
(3.22)

where Nc is the number of colours with Nc = 3 and we sum over the 3 generations of down-type
quarks, n = 1, 2, 3. The total contribution is finite and corresponds to the sum of all 4 integrals,
%iΣij(/p) = (1)+ (2)+ (3)+ (4). In the limit of zero outgoing momenta, p → 0, the total contribution
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reads as3

% iΣij(0) =
3 sin 2θ

2

∑

n

(ΘjnΩin + ΘinΩjn)

∫
d4k

(2π)4
(/k +mdn)

k2 %m2
dn

 1

(k % p)2 %m2
S1/3
2

% 1

(k % p)2 %m2
S1/3
1



⇔

⇔ % iΣij(0) = %3i sin 2θ

32π2

∑

n

mdn(ΘjnΩin + ΘinΩjn)





m2
S1/3
2

ln
m2

dn

m2

S
1/3
2

m2
S1/3
2

%m2
dn

%
m2

S1/3
1

ln
m2

dn

m2

S
1/3
1

m2
S1/3
1

%m2
dn



.

(3.23)

The mass of neutrinos is determined as (Mν)ij = Σij(0). Using also Eq. (3.7) to rewrite the mixing
angle θ as a function of the cubic coupling and the Higgs VEV, we have

(M")ij =
3va1

16
√
2π2(m2

S1/3
1

%m2
S1/3
2

)

∑

n

mdn(ΘjnΩin + ΘinΩjn)F(m2
S1/3
1

,m2
S1/3
2

,m2
dn
), (3.24)

where we have introduced the loop function F , defined as

F(x, y, z) =




y ln
(y
z

)

y % z
%

x ln
(x
z

)

x% z



. (3.25)

Here, we note that in the limit of degenerate LQs and/or a zero mixing, results in massless neutrinos.
Additionally, since the LQs have a mass in the TeV range, in the limit of mLQ 2 md, the expression
(3.24) can be simplified further, resulting in

(Mν)ij =
3

16π2(m2
S1/3
2

%m2
S1/3
1

)

va1√
2
ln

(
m2

S2

m2
S1

)∑

n,m

(md)n(VCKM)nm(ΘimΩjn + ΘjmΩin), (3.26)

where we have now reintroduced the CKM matrix into the formula. It is this expression that it is
used in the numerical analysis of the model.

3.3 Setting up the problem: Flavour anomalies

Understanding the impact of the NP predicted by the E8 SHUT framework is one of the main
objectives of this thesis, and therefore it is of relevance to understand how this field content impacts
the predictions of current observations, and in the applicable cases, how it can be made to improve/-
explain shortcomings of the SM. In this regard, we focus our attention on four main observables: the
anomalous magnetic moment of the muon, the flavour universality ratio RD,D∗ , neutrino masses and
mixing, as well as the W -mass anomaly. We do note that, for the later, no independent verification
of this anomaly has been made, hence, a healthy dose of scepticism is advised. On the same note, the
muon anomaly is also not consensual if lattice results from the BMW collaboration [221] are taken at
face value, which have now been independently verified by different lattice groups [222, 223].

3.3.1 Anomalous magnetic moment of the muon

The anomalous magnetic moment of leptons represents a deviation from the classical g = 2 pre-
diction of Dirac’s theory, sourced by loop corrections to the electromagnetic vertex. Within the SM,
these corrections can be reliably computed in quantum electrodynamics and in weak processes involv-
ing massive vector and Higgs bosons. However, QCD corrections are typically the largest source of
uncertainties, coming from the hadronic vacuum polarisation and hadronic light-by-light loop-induced
diagrams, since a first principles’ calculation is arduous and requires sophisticated computational tech-
niques. Combining the latter contributions leads to the SM prediction [33, 34, 49–61, 224–229]. The

3This integral was analytically evaluated using Package-X [220].
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Figure 3.1: One-loop Feynman diagrams that contribute to the anomalous magnetic moment of the
muon, involving the new LQs. In the left, we show the contribution from the 1/3e LQs, while in the
right we show the contribution from the 2/3e LQ.

precision measurement of a" ≡ (g % 2)"/2 is the goal of several experimental efforts, and not only for
the electron ($ = e) but also for other particles such as the muon ($ = µ). The latter has gained a par-
ticular interest due to a combined result from the Brookhaven National Laboratory (BNL) [230] and
the Fermi National Laboratory (FNAL) [183, 184], showing a 5.0σ deviation from the SM prediction
as






aFNAL
µ = (116 592 055± 24)× 10−11

aBNL
µ = (116 592 089± 63)× 10−11

a2023µ = (116 592 059± 22)× 10−11

, aSMµ = (116 591 810± 43)× 10−11 , (3.27)

with a2023µ representing the world average as of 2023. Here we note that the SM theoretical result aSMµ
is primarily driven by the R-ratio approach, which relies on data-driven methods [229]. The results
obtained in this approach are not in agreement with those obtained by the lattice QCD community
[221–223]. Given that the most recent FNAL result reaches a discrepancy between the SM prediction
in [229] and the experimental value at the 5σ level, the importance of clarifying the correct SM
theoretical calculation becomes rather significant for the community.

The usage of scalar LQs to address the anomalous magnetic moment of the muon is not a novel
idea (for earlier studies see, for example, [212, 231–234]). As was discussed in previous works, the
dominant contributions to aµ arise from chirality flipping of the internal fermionic propagators. The
latter in turn leads to a correction that scales as aµ ∝ mqi/mµ, where mqi and mµ denote the SM
quarks and muon masses respectively. This makes the top contribution the most important. At one-
loop level, the relevant contributions in our model are shown in Fig. 3.1, where it must be noted there
are additional graphs where the photon is attached to the quark propagators.

With this in mind, we write each individual contribution of the anomalous magnetic moment as
[212]
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(
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36π2m2
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(

m2
d
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)
,

(3.28)

where mµ is the muon mass, mt the top mass and d = d, s, b. The loop functions are defined as [212]

A(x) =
7% 8x+ x2 + 2(2 + x) lnx

(1% x)3
,

B(x) = 1 + 4x% 5x2 + 2x(2 + x) lnx

(1% x)4
,

C(x) = x(5% 4x% x2 + (2 + 4x) lnx)

(1% x)4
.

(3.29)
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ū, d̄
Θ Θ

S1/3
1,2

ν̄τ τ

b

d̄
c
d̄

Θ Υ

Figure 3.2: On the left, we show the additional contribution from the LQ to the transition B → K+ν̄ν,
while on the right we show the model’s impact on the B → D(∗)τ ν̄τ decay.

From these expressions, we can note that only the contributions from the 1/3e LQs are dominant, since
they are proportional to mt, whereas the 2/3e contribution is proportional to m2

µ. For scenarios where
the mixing is small (i.e. a1 → 0), then only the first eigenstate contributes, since the contribution of
the second one scales with sin2 θ. Additionally, due to the overall minus sign for the 1/3e contributions,
either Θµt or Υµt must be negative. Note that presence of diagrams such as the ones of Fig. 3.1 also
imply that LFV graphs exist (it amounts to replacing the on-shell muons with any other combination
of leptons), leading to transitions such as e.g. µ → eγ or τ → µγ. Therefore, sizeable chirality flipping
contributions proportional to e.g. ΘetΥµt or ΘτtΥet can efficiently generate large contributions to
tightly constrained LFV observables and must be taken into account when finding viable parameter
space.

3.3.2 RD,D∗ flavour anomaly

In recent years an intriguing set of anomalies has emerged, showing deviations from LFU predicted
by the SM. The experiments conducted at BaBar [185, 186], Belle [187–189] and LHCb [190] concerned
tree-level decays of B mesons to final states with a τ lepton, specifically

RD(∗) ≡
BR

(
B → D(∗)τ ν̄τ

)

BR
(
B → D(∗)lν̄l

) , with l = µ, e, (3.30)

with D(∗) an excited state of the D meson. This ratio is exceeding the SM predictions consistently
across the different experiments. The way the SM deems these processes to happen is via a W− boson
exchange. The following are the averages of these results as well as the SM prediction [235],

RD = 0.340± 0.027 (stat)± 0.013 (syst), RD,SM = 0.299± 0.003 (3.31)

RD∗ = 0.295± 0.011 (stat)± 0.008 (syst), RD∗,SM = 0.258± 0.005 (3.32)

measured with a dilepton invariant mass squared between 0 < q2 < 10 GeV2, showing a discrepancy
of 1.4σ and 2.5σ, respectively, when compared to the values predicted by the SM. Here, the SM/BSM
prediction is taken from flavio package [236], which in turn uses formulas from [237, 238].

Within the context of the LQ model, this tension can be alleviated through a tree-level exchange
of the two 1/3e LQs, as shown in Fig. 3.2. Similarly to aµ, how much each of them contribute to
this observable is dependent on the size of a1. Here, we note that the S2/3 does not contribute this
observable. The same Yukawa matrices Θ and Υ that played a role in aµ are also present here, albeit
through distinct matrix elements4. As noted in [239], RD and RD∗ are impacted by different operators,
namely, the RD transition is dominated by scalar operator (c̄bL)(τ̄Rντ ), which in turns implies that this
observable is enhanced by real couplings, while the RD∗ transition is primarily driven by the pseudo-
scalar operator (c̄γ5bL)(τ̄Rντ ) which prefers imaginary couplings. Hence, a complex parametrisation of
both Θ and Υ allows for a easier fit to both observables. Simultaneously, the Rνν

K,K∗ observable, which

is defined as the ratio between the NP BR(B+(0) → K∗+(0)νν) and the corresponding SM prediction,
is also induced at tree-level via the virtual exchange of the same LQs, through the Θ Yukawa couplings.

4We do note, however, that the down-quark sector is non-diagonal and therefore contributions from various entries
of the Θ will play a role. Although, due to the hierarchical nature of the CKM, this elements will be less vital.
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In turn, maximising RD∗ can also result in larger contributions to Rνν
K,K∗ , in particular, if Θ contains

additional sizeable entries. Here, we note that a recent measurement by the Belle II Collaboration
[240] points towards a deviation of the B+(0) → K∗+(0)νν BR. Given that both are impacted by Θ,
this suggests good prospects for accommodating the new result. However, our numerical analysis was
performed before this announcement and therefore one has considered a Rνν

K,K∗ to be SM-like.

3.3.3 CDF W mass anomaly

A recent measurement by the CDF collaboration seemed to indicate that a substantial tension
between experimental value of the W mass, mW , and the corresponding SM prediction [192], amount-
ing to a 7σ deviation, well above the threshold for discovery. However, no independent measurement
with such level of precision5 has so far been made and previous measurements [242, 243] pointed
towards a consistent description of the SM. Either way, combining the CDF result with the previous
measurements leads to a tension of 3.7σ [244], which is still bellow the discovery threshold.

Corrections to the W -mass can be parametrised in deviations of the EW precision observables S,
T and U [193], particularly, the T parameter. While only the T parameter is impacted, the other
parameters are relevant to also take into account since they are strongly correlated with each other.
Alterations to the T parameter can be expressed in terms of corrections the self-energy of the W
boson as

ΠWW (0) =

S2/3

S1/3
1,2

W W
+

W W

S1/3
1,2 , S

2/3

, (3.33)

such that the T parameter scale as [245]

T ∼ 1

αM2
W

ln

(
mS2/3

m
S1/3
a

)(
mS2/3

m
S1/3
a

% 1

)−1

, (3.34)

where α ∼ 1/137 is the fine-structure constant. Hence, for non-zero T required by the CDF exper-
iment, we must have that mS2/3 6= m

S1/3
a

. Following the discussion above, the degeneracy between

the doublet components can be lifted either by having a non-zero mixing a1 (which is always true,
since a non-zero value is needed for a viable neutrino description), or a non-zero value for the quartic
coupling g′HR.

3.3.4 Constraints on the parameter space

While we briefly touched on potential constraints on the parameter space when discussing the
key observables, there exist a plethora of other constraints that must be taken into account. Here,
we shall discuss only the stringiest ones, while the full list of observables considered are shown in
Tab. 3.5. First, we begin by stressing that we have not assumed any flavour ansatz (e.g. [209]) on our
matrices, which means that we take Θ, Ω and Υ as generic 3× 3 complex matrices. Of course, while
assuming such textures would simplify the analysis, since no symmetry is present in the Lagrangian
that generates these zeros, by Renormalisation group (RG) evolution, these couplings would end up
being generated at one-loop level anyway. Indeed, Θ and Ω need to have a generic structure if one
wishes to explain neutrino physics6.

Besides constraints from LFV such as µ → eγ, which are generated through topologies identical
to those of Fig. 3.1, there are also constraints coming from LFV decays of the Z0 boson such as e.g.
Z0 → µτ , where our model’s main contributions are displayed in Fig. 3.5. Not only that, we also

5After the paper was published and while writing this thesis, CMS reported its own result [241] which claims to
achieve the same level of precision as the CDF measurement. CMS reports a value consistent with the SM prediction.

6While most elements need to be non-zero, it is possible to have some zero entries, as long as at least two neutrinos
remain massive. In this thesis, we have not explored what are the minimal textures that still lead to viable neutrino
phenomenology.
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Figure 3.3: Dominant one-loop box contributions to CP-sensitive meson mixing constraints (first two
diagrams) and the dominant tree-level graph that contributes to the Kaon decays (third graph).

Figure 3.4: Box and tree-level diagrams responsible for generating the LQ contributions to RK,K∗ and
Bs/B0 → µ+µ− processes.

need to worry about the flavour conserving cases as those are very well measured at Large Electron-
Positron collider (LEP) [246] and tightly constrain the LQ couplings. For this, we have considered the
full one-loop expressions as determined by P. Arnan et. al [247]. Higgs LFV decays are also relevant
and are considered in the analysis. The diagrams are identical to those shown in Fig. 3.5 by replacing
Z0 with the Higgs.

Besides LFVs, due to the complex parametrisation of the couplings, strong constraints also come
from CP-sensitive observables as well as from Quark Flavour Violation (QFV). In the former, the
Electrical Dipole Moments (EDMs) of the charged leptons form a strong constraint on the allowed
sizes of the imaginary parts of the Yukawas couplings. Contributions to these observables come at
one-loop level via the diagrams shown in Fig. 3.1, with the only difference being that the EDMs are
proportional to the imaginary part of Yukawa couplings, and not the real part as in the anomalous
magnetic moment. QFV’s also strongly constraint the allowed couplings, in particular for the Ω and Θ
matrices. The main constraints come from meson mixing observables (∆Md, ∆Ms, εk and ε′/ε) which
are sensitive to the additional sources of CP violation from the Yukawa sector. These observables
are impacted through one-loop box diagrams involving the exchange of virtual LQ states, with some
examples seen in Fig. 3.3. Besides this, fully leptonic rare Kaon decays such as e.g. K0

L → µ+µ−

or semi-leptonic ones such as K+ → π0µ+ν are particularly important. These decays can be written
as function of Wilson coefficients of the semi-leptonic operators (L̄γµL)(Q̄LγµQL) (for the full list of
relevant operators see Tab.1 of [248]), which are generated already at tree-level for our LQ model,
via the last diagram shown in Fig. 3.37. Additionally, under a generic parametrisation of the LQ
Yukawa couplings, channels involving the first/second generations of quarks and leptons may induce
additional 1-loop corrections that can have an impact on current measurements from atomic parity
violation [250, 251].

Additional constraints arise from B-physics, particularly for BR(Bs/B0 → µ+µ−) as well as the
LFU observable RK,K∗ . The b → s$$ observables are influenced by both tree-level and box diagrams in-
volving the virtual exchange of the S LQ as depicted in Fig. 3.4. These phenomena can be parametrised
in terms of the Wilson operators, where O"

9 ∝ Cbs""
9 (s̄γµPLb)($̄γµ$) and O"

10 ∝ Cbs""
10 (s̄γµPLb)($̄γµγ5$)

for diagrams (b) and (c), and O′"
9 ∝ C ′bs""

9 (s̄γµPRb)($̄γµ$) and O′"
10 ∝ C ′bs""

10 (s̄γµPRb)($̄γµγ5$) for
diagrams (a), (d), and (e). Here, the C-factors denote the Wilson coefficients, and $ = e, µ.

And finally, LQs have not been detected at collider experiments, putting constraints on the cou-
plings and their masses. Given that these states have colour charge, the stringiest collider constraints
come from the LHC, putting the LQ mass to be above the TeV scale, or more concretely above 1.5 TeV
[252–255], which we take as a lower bound in the numerical analysis.

7We note that in the original paper [249], the third diagram shown in Fig. 3.3 is wrong and it has been corrected
here. There is no impact on the results, as all relevant diagrams are calculated through automatised algorithms and are
only shown here for clarity of presentation.



3.4. NUMERICAL METHODOLOGY 61

Z0

uR

S1/3
1,2

uR

$R

$R

Υ

Υ

Z0

uL

S1/3
1,2

uL

$L

$L

Θ

Θ

Z0

dR

S2/3

dR

$L

$L

Ω

Ω

Figure 3.5: Some of the one-loop contributions from the model’s LQs to the flavour conserving and
non-conserving decays Z0 → $$′. There exists additional wave contributions to the one-loop amplitude
(see e.g. [247]) as well as similar diagrams to those shown Fig. 3.1, which are not shown here but are
taken into account in the numerical calculations.

3.4 Numerical methodology

We conducted a parameter space scan considering a wide range of observables as listed in Tab. 3.5.
Experimental limits were obtained from the latest Particle Data Group review [256]. For a compre-
hensive analysis involving numerous observables, we implemented the model in SARAH [127], where
interaction vertices and one-loop contributions relevant to these observables were determined. Outputs
were then generated for numerical evaluation in SPheno [257], which calculated the particle spectrum
and the necessary Wilson coefficients for use in flavio [236]. SPheno computes the Wilson coefficients
in the Weak Effective Theory basis, with LFV coefficients evaluated at the Z0 mass scale (µ = 91 GeV)
and QFV coefficients at the top mass scale (µ = 160 GeV). Since the LQ mass scale significantly
exceeds the scale of the observables analysed, RG running is performed in flavio through an interface
with the wilson [258] package. With these considerations, we constructed the χ2 function [191]

χ2 = (Oexp %Oth)
T(Σth +Σexp)

−1(Oexp %Oth) (3.35)

utilising the observables outlined in Tab. 3.5. We note that the methodology employed to compute
each observable considered in this study is specified in the first column of Tabs. 3.6 and 3.7. In
Eq (3.35), Oexp and Oth denote vectors of experimental values and model predictions, respectively.
Σexp represents the experimental covariance, while Σth stands for the theoretical covariance. Both
covariance matrices can be determined using well-established formulas

Σth = σthρthσth, Σexp = σexpρexpσexp, (3.36)

where σth (σexp) are diagonal matrices with entries representing the 1σ theoretical (experimental)
errors, and ρth (ρexp) are the corresponding theoretical (experimental) correlation matrices. Experi-
mental uncertainties are obtained from relevant literature, while experimental correlations are sourced
from available data; those that are unavailable are disregarded. The various uncertainties and corre-
lations have been taken from the references listed in Tab. 3.5.

For theoretical uncertainties we have used flavio [236], utilising the function flavio.np uncertainty
for each observable of interest. This computation also accounts for potential hadronic uncertainties
affecting observables sensitive to them. Theoretical correlations can be computed from the entire
dataset using standard statistical methods. In our case, we utilised Pearson’s algorithm implemented
through the pandas package [259].

With these considerations, we perform an inclusive logarithmic scan over the various parameters
within the ranges indicated in Tab. 3.3.

After identifying valid solutions within the initial random scan, we utilise these points as seeds
for subsequent runs to find new solutions. This involves perturbing around the valid couplings/-
masses to discover additional consistent points. It is worth noting that not all Θ and Ω Yukawa

m
S1/3
1

, m
S1/3
2

(TeV) gHS , gHR, g′HR |Υ|, |Θ|, |Ω| a1 (GeV)

[1.5, 10]
[
10−8, 4π

] [
10−8,

√
4π
] [

10−8, 100
]

Table 3.3: Ranges used for the free parameters during the numerical scan. The values for the masses
of the SM fields and corresponding mixings were varied within the allowed experimental ranges.
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Figure 3.6: The preferred sizes for each of the LQ Yukawa couplings (a) Ω; (b) Θ; (c) Υ are depicted.
The absolute value of each coupling is represented by the radius of the corresponding circle, while
the colour gradation indicates the frequency of such magnitudes in the scan. Darker shades signify
more preferred sizes, as determined by the probability P(X) = N(X)/Ntot, where N(X) represents
the number of points with order X in our data.

couplings are free parameters; some are calculated through the inversion procedure of the neu-
trino mass matrix. Detailed demonstrations of how to numerically implement the inversion proce-
dure for neutrinos/quarks/charged leptons and LQs can be found on the GitHub page (https://
github.com/Mrazi09/LQ-flavour-project), specifically in the auxiliary jupyter notebooks named
Neutrino inversion.ipynb and Read neutrino.ipynb, respectively.

Our parameter space scans consider three cases: a) Both aµ and mW consistent with the SM,
b) Only mW consistent with the SM, and c) Neither aµ nor mW consistent with the SM prediction.
In all three scenarios, we account for LFU deviations in RD,D∗ while also maintaining control over
the remaining constraints (see Tab. 3.5). We utilise quark and charged lepton masses, as well as the
CKM and PMNS mixing matrices, as input parameters, allowing them to vary within their two sigma
uncertainty. Concerning neutrino masses, we focus on a scenario with normal ordering and three
massive states.

3.5 Numerical results from the flavour analysis

Using our χ2 analysis, we summarise the obtained results in Tab. 3.4, presenting the χ2 values
and the masses of the LQs for each scenario. If we assume that both the mass of the W boson and
the anomalous magnetic moment of the muon exhibit SM-like behaviour, denoted as scenario a), then
the best-fit point obtained from the scan is

Υ =




%7.27× 10−7 + 4.37× 10−7i 1.17× 10−3 % 8.72× 10−4i %2.58× 10−8 % 7.65× 10−8i
1.86× 10−6 + 1.40× 10−7i %8.78× 10−8 + 6.04× 10−8i %2.99× 10−3 % 0.012i
%7.74× 10−8 % 2.70× 10−7i %0.47 + 2.30i 7.76× 10−4 + 2.68× 10−4i



 ,

Ω =




4.83× 10−3 + 0.099i %0.011 + 0.017i 7.48× 10−6 % 1.34× 10−5i

2.24× 10−6 + 5.57× 10−7i 6.50× 10−7 % 6.58× 10−7i 6.55× 10−7 % 1.70× 10−7i
%0.23 + 0.13i %8.03× 10−4 % 1.71× 10−3i %1.70× 10−6 % 7.62× 10−7i



 ,

Θ =




4.86× 10−3 % 9.27× 10−4i 5.83× 10−8 + 1.05× 10−8i %1.82× 10−8 + 3.98× 10−7i
%1.23× 10−4 + 2.24× 10−4i 1.60× 10−8 % 4.83× 10−8i 0.62 + 0.16i

0.013% 0.013i 1.65× 10−3 % 4.84× 10−3i 0.17 + 1.84i



 ,

(3.37)

with the mixing parameter a1 = 36.72 GeV, this point corresponds to the blue diamond in the scatter
plots of Fig. 3.7. However, if we assume the W boson mass to adopt the SM value while the muon aµ
anomaly necessitates a NP explanation, denoted as scenario b), the following best-fit point is obtained
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Υ =




%2.32× 10−7 + 6.39× 10−7i 6.77× 10−7 + 5.52× 10−6i %9.08× 10−9 % 6.36× 10−8i
5.26× 10−4 % 2.49× 10−3i %6.06× 10−8 + 1.78× 10−7i %0.013% 7.89× 10−3i
%6.79× 10−8 % 2.81× 10−7i %0.32 + 2.62i 1.03× 10−3 + 2.88× 10−4i



 ,

Ω =




0.045 + 0.19i %1.55× 10−3 % 2.84× 10−3i %2.44× 10−6 + 2.45× 10−6i

5.39× 10−6 + 3.39× 10−7i 4.24× 10−6 % 5.81× 10−7i 1.88× 10−6 % 1.63× 10−7i
6.60× 10−3 + 6.78× 10−3i %3.44× 10−3 % 0.015i %3.41× 10−6 + 3.16× 10−6i



 ,

Θ =




6.83× 10−4 % 2.64× 10−3i 1.08× 10−7 % 1.83× 10−7i 1.05× 10−6 + 8.80× 10−8i
%6.09× 10−5 + 3.34× 10−4i %2.28× 10−8 + 2.00× 10−8i 0.40 + 0.035i

0.024% 6.98× 10−3i %0.030% 0.061i 0.24 + 2.04i





(3.38)

and a1 = 9.85 GeV. This point corresponds to the cyan diamond in the scatter plots of Fig. 3.7.
Finally, if we consider that both the W boson mass and aµ necessitate a NP explanation, designated
as scenario c), then the best-fit point is

Υ =




%5.90× 10−7 + 8.26× 10−7i 4.84× 10−6 + 4.70× 10−8i %1.35× 10−8 % 3.26× 10−8i
3.19× 10−4 % 2.55× 10−3i %3.34× 10−8 + 1.45× 10−7i %7.59× 10−3 % 0.012i
%1.52× 10−7 % 9.06× 10−8i %0.15 + 2.51i 3.00× 10−4 + 4.21× 10−4i



 ,

Ω =




0.057 + 0.15i %3.2× 10−3 + 3.44× 10−4i %5.83× 10−7 % 6.36× 10−8i

3.49× 10−6 + 2.24× 10−7i 2.34× 10−6 % 3.97× 10−7i 1.35× 10−6 % 1.34× 10−7i
%0.025% 4.25× 10−3i %8.79× 10−3 % 0.017i 1.72× 10−6 + 7.29× 10−6i



 ,

Θ =




1.35× 10−3 % 2.98× 10−3i 1.44× 10−7 % 9.32× 10−8i 7.89× 10−7 + 2.15× 10−7i
%5.44× 10−5 + 2.73× 10−4i %1.59× 10−8 + 1.96× 10−8i 0.58 + 0.058i

0.022 + 5.76× 10−3i %0.017% 0.028i 0.41 + 2.09i



 ,

(3.39)

with a1 = 6.69 GeV. This point correspond to the red diamond in the scatter plots of Fig. 3.7. These
benchmarks were determined by minimising the χ2 function in Eq. (3.35), whose input observables are
showcased in Tab. 3.5. In Tabs. 3.6 and 3.7 we indicate the predictions for the observables for each of
the benchmark scenarios. It is noteworthy that in all three cases, the model predictions offer a superior
fit compared to the SM limit. The main results from our numerical scan are highlighted in Figs. 3.6
and 3.7. In Fig. 3.6, we demonstrate the preferred scales that effectively address the studied anomalies
while remaining consistent with neutrino physics and flavour constraints. Darker shades provide more
conclusive estimates, while lighter ones allow for some dispersion. This information, coupled with
the best-fit points, holds significance in proposing searches for LQs at colliders. Notably, considering
Θµt ∼ O(1), the µ+µ− → tt̄ t-channel S1/3 LQ exchange emerges as a compelling benchmark scenario,
suggesting a potential physics case for future muon colliders. Regarding the S2/3 LQ, its couplings
to d-quarks can reach considerable magnitudes, such as Ωed ∼ Ωτd ∼ O(10−1). This could be
sufficiently large for testing at the LHC in the t-channel LQ exchange for ee, ττ , and eτ pair production.
Additionally, such LQs can be sought after at upcoming hadronic machines like the High-Energy LHC
or the Future Circular Collider (FCC). Particularly, for the best-fit point (3.39), the future 50 TeV
FCC-eh collider presents an opportunity for the s-channel process ed → S2/3 → tµ.

In Fig. 3.7, we illustrate that the data for all displayed observables align well with our model.
Specifically, the three best-fit points are marked as coloured polygons, with blue, cyan, and red
denoting scenarios a), b), and c) respectively. Panel (a) illustrates the simultaneous reconciliation of
RD,D∗ and Rνν

K , as also depicted in panel (f). Panel (c) reveals a linear correlation between RK,K∗

observables, consistent with previous literature [191, 260]. Furthermore, Bs,0 → µµ is well-fitted with
a strong correlation with RK,K∗ , as expected. In panel (d), we observe that the combination of Υµt

and Θµt serves as the dominant source contributing to aµ, given that these couplings induce chirality

χ2/d.o.f χ2,SM/d.o.f (m
S1/3
1

,m
S1/3
2

,mS2/3) TeV

Scenario a) 1.16 1.26 (1.53 , 7.02 , 7.00)
Scenario b) 1.17 1.66 (1.58 , 4.50 , 4.52)
Scenario c) 1.37 2.46 (1.63 , 3.30 , 3.35)

Table 3.4: The χ2/d.o.f for the obtained best-fit points (first column) and for the SM limit (second
column) with d.o.f = 45 are presented. The LQ masses (in TeV) are indicated in the third column.
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Figure 3.7: Scatter plots of selected observables analysed in this work. In (a) we plot the RD∗ as
a function of RD with Rνν

K in the colour scale. In (b), the branching ratios of B0 → µ−µ+ and
Bs → µ−µ+, with RK [1.1; 6.0] in the colour scale. In (c) we plot RK∗ vs. RK with BR(Bs → µµ)
in the colour scale. In (d) the product of the real and imaginary parts of ΥµtΘµt are shown with aµ
in the colour gradation. In (e) the T̂ parameter as function of the logarithm of the mass difference

between the masses of S1/3
1 and S2/3 is presented, where the colour scale represents the LQ mixing

angle and in (f) we show BR(h → µτ) versus BR(h → eτ) with log10BR(τ → µµµ) in the colour axis.
Areas of phenomenological interest lie inside the contours. For the T̂ parameter, we show the areas
of interest for both NP and SM-like cases. The relevant range for aµ lies within (251 ± 59) × 10−11,
BR(h → µτ) < 2.5 × 10−3, BR(h → µτ) < 4.7 × 10−3, Rνν

K < 4.35 and BR(τ → µµµ) < 2.1 × 10−8.
The best fit points are marked with a blue square (scenario a), a cyan circle (scenario b) and a red
diamond (scenario c).

flipping of the top quark in the internal propagator. Panel (e) illustrates how the T̂ parameter depends
on the mass difference between the LQs originating from the doublet. The colour indicates the LQ

mixing, with the majority of the generated points indicating that S1/3
1 essentially represents the S

singlet, as highlighted by the yellow and green regions.
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Observable Experimental measurement

(g % 2)µ (251± 59)× 10−11 [183]

T̂ (0.88± 0.14)× 10−3 [193]

RK [1.1, 6.0] 0.949+0.042+0.022
−0.041−0.022 [261]

RK∗ [1.1, 6.0] 1.027+0.072+0.027
−0.068−0.026 [261]

RK [0.1, 1.1] 0.994+0.090+0.029
−0.082−0.027 [261]

RK∗ [0.1, 1.1] 0.927+0.093+0.036
−0.087−0.035 [261]

RD 0.340± 0.027± 0.013 [262]

RD∗ 0.295± 0.011± 0.008 [262]

BR(h → eµ) < 6.1× 10−5 [95% CL] [256]

BR(h → eτ) < 4.7× 10−3 [95% CL] [256]

BR(h → µτ) < 2.5× 10−3 [95% CL] [256]

BR(µ → eγ) < 4.2× 10−13 [90% CL] [256]

BR(µ → eee) < 1.0× 10−12 [90% CL] [256]

BR(τ → eγ) < 3.3× 10−8 [90% CL] [256]

BR(τ → µγ) < 4.4× 10−8 [90% CL] [256]

BR(τ → eee) < 2.7× 10−8 [90% CL] [256]

BR(τ → eµµ) < 2.7× 10−8 [90% CL] [256]

BR(τ → µee) < 1.5× 10−8 [90% CL] [256]

BR(τ → µµµ) < 2.1× 10−8 [90% CL] [256]

BR(Z → µe) < 7.5× 10−7 [95% CL] [256]

BR(Z → τe) < 9.8× 10−6 [95% CL] [256]

BR(Z → µτ) < 1.2× 10−5 [95% CL] [256]

BR(τ → πe) < 8.0× 10−8 [90% CL] [256]

BR(τ → πµ) < 1.1× 10−7 [90% CL] [256]

BR(τ → φe) < 3.1× 10−8 [90% CL] [256]

BR(τ → φµ) < 8.4× 10−8 [90% CL] [256]

BR(τ → ρe) < 1.8× 10−8 [90% CL] [256]

BR(τ → ρµ) < 1.2× 10−8 [90% CL] [256]

de < 1.1× 10−29 e.cm [90% CL] [256]

dµ < 1.8× 10−19 e.cm [95% CL] [256]

dτ < (1.15± 1.70)× 10−17 e.cm [95% CL] [263]

BR(B0 → µµ) (0.56± 0.70)× 10−10 [191]

BR(Bs → µµ) (2.93± 0.35)× 10−9 [191]

R(B → χsγ) 1.009± 0.075

Rνν
K < 4.65 [95% CL] [264]

Rνν
K∗ < 3.22 [95% CL] [264]

|Re δgeR| ≤ 2.9× 10−4 [246, 265]

|Re δgeL| ≤ 3.0× 10−4 [246, 265]

|Re δgµR| ≤ 1.3× 10−3 [246, 265]

|Re δgµL| ≤ 1.1× 10−3 [246, 265]

|Re δgτR| ≤ 6.2× 10−4 [246, 265]

|Re δgτL| ≤ 5.8× 10−4 [246, 265]

R(εk) 1.234± 0.144

R(∆Md) 0.838± 0.109

R(∆Ms) 0.935± 0.054

R(Re(ε′/ε)) 0.868± 0.496

QW (p+) 0.0719± 0.045

QW (Cs133) %72.82± 0.42

Observable Experimental measurement

FL(B+ → Kµµ) 0.34± 0.10± 0.06 [266]

S3(B+ → Kµµ) 0.14+0.15+0.02
−0.14−0.02 [266]

S4(B+ → Kµµ) %0.04+0.17+0.04
−0.16−0.04 [266]

S5(B+ → Kµµ) 0.24+0.12+0.04
−0.15−0.04 [266]

AFB(B+ → Kµµ) %0.05± 0.12± 0.03 [266]

S7(B+ → Kµµ) %0.01+0.19+0.01
−0.17−0.01 [266]

S8(B+ → Kµµ) 0.21+0.22+0.05
−0.20−0.05 [266]

S9(B+ → Kµµ) 0.28+0.25+0.06
−0.12−0.06 [266]

P1(B+ → Kµµ) 0.44+0.38+0.11
−0.40−0.11 [266]

P2(B+ → Kµµ) %0.05± 0.12± 0.03 [266]

P3(B+ → Kµµ) %0.42+0.20+0.05
−0.21−0.05 [266]

P ′
4(B

+ → Kµµ) %0.092+0.36+0.12
−0.35−0.12 [266]

P ′
5(B

+ → Kµµ) 0.51+0.30+0.12
−0.28−0.12 [266]

P ′
6(B

+ → Kµµ) %0.02+0.40+0.06
−0.34−0.06 [266]

P ′
8(B

+ → Kµµ) %0.45+0.50+0.09
−0.39−0.09 [266]

FL(B0 → Kµµ) 0.255± 0.032± 0.007 [267]

S3(B0 → Kµµ) 0.034± 0.044± 0.003 [267]

S4(B0 → Kµµ) 0.059± 0.050± 0.004 [267]

S5(B0 → Kµµ) 0.227± 0.041± 0.008 [267]

AFB(B0 → Kµµ) %0.004± 0.040± 0.004 [267]

S7(B0 → Kµµ) 0.006± 0.042± 0.002 [267]

S8(B0 → Kµµ) %0.003± 0.051± 0.001 [267]

S9(B0 → Kµµ) %0.055± 0.041± 0.002 [267]

P1(B0 → Kµµ) 0.090± 0.119± 0.009 [267]

P2(B0 → Kµµ) %0.003± 0.038± 0.003 [267]

P3(B0 → Kµµ) %0.073± 0.057± 0.003 [267]

P ′
4(B

0 → Kµµ) %0.135± 0.118± 0.003[267]

P ′
5(B

0 → Kµµ) %0.521± 0.095± 0.024 [267]

P ′
6(B

0 → Kµµ) %0.015± 0.094± 0.007 [267]

P ′
8(B

0 → Kµµ) %0.007± 0.122± 0.002 [267]

R(K+ → π0µ+ν) 0.989± 0.016

R(K+ → π0e+ν) 0.988± 0.014

R(K0
L → π+µ−ν) 0.997± 0.011

R(K0
L → π+e−ν) 0.991± 0.029

R(K0
S → π±e∓ν) 0.982± 0.015

R(K0
L → µ+µ−) 0.918± 0.158

R(K0
L → e+e−) 1.000± 0.598

BR(K0
L → e∓µ±) < 4.7× 10−12 [90% CL] [256]

BR(K0
S → µ+µ−) < 8.0× 10−10 [90% CL] [256]

BR(K0
S → e+e−) < 9.0× 10−12 [90% CL] [256]

R(K+ → µ+ν) 1.008± 0.015

R(K+ → e+ν) 1.014± 0.016

R(K+ → π+νν) 1.840± 1.202

BR(K0
L → π0νν) < 3.0× 10−9 [90% CL] [256]

Table 3.5: Set of observables used as input for the χ2 function, as well as the experimental measured
value. The observables FL, AFB , Si, Pi and P ′

i are relative to the [0.10, 0.98] GeV2 q2 bins. Observ-
ables starting with “R” are defined as the ratio between the experimental value for the observable,
taken from [256] and the SM prediction, determined in flavio. The total uncertainty is taken by
error propagation, taking into account both the experimental and theoretical errors, with the latter
determined also in flavio.



66 CHAPTER 3. PHENOMENOLOGY OF SCALAR LEPTOQUARKS

Observable Theoretical prediction: (3.37) Theoretical prediction: (3.38) Theoretical prediction: (3.39)

aµ (sph) %5.891× 10−11 2.649× 10−9 1.879× 10−9

T̂ (sph) 0.0002702 0.0001631 0.0009105

RK [1.1, 6.0] (fla) 1.006 1.006 1.006

RK∗[1.1, 6.0] (fla) 1.000 1.001 1.001

RK [0.1, 1.1] (fla) 0.9987 0.9984 0.999

RK∗[0.1, 1.1] (fla) 1.006 1.006 1.006

RD (fla) 0.3508 0.3434 0.334

RD∗ (fla) 0.2776 0.2875 0.283

BR(h → eµ) (sph) 3.008× 10−18 9.692× 10−19 5.98× 10−19

BR(h → eτ) (sph) 2.435× 10−17 2.086× 10−17 5.931× 10−18

BR(h → µτ) (sph) 6.072× 10−7 1.039× 10−6 9.904× 10−7

BR(µ → eγ) (fla) 3.074× 10−16 2.916× 10−15 1.44× 10−15

BR(µ → eee) (fla) 2.456× 10−18 1.953× 10−17 9.509× 10−18

BR(τ → eγ) (fla) 1.925× 10−17 1.17× 10−17 1.479× 10−17

BR(τ → µγ) (fla) 6.713× 10−9 3.294× 10−9 4.864× 10−9

BR(τ → eee) (sph) 2.611× 10−14 5.161× 10−15 3.055× 10−15

BR(τ → eµµ) (sph) 1.779× 10−14 3.516× 10−15 2.089× 10−15

BR(τ → µee) (sph) 5.824× 10−27 3.924× 10−28 3.579× 10−28

BR(Z → µe) (sph) 7.003× 10−21 9.718× 10−21 1.074× 10−20

BR(Z → τe) (sph) 1.265× 10−15 2.605× 10−16 1.007× 10−16

BR(Z → µτ) (sph) 4.873× 10−8 2.244× 10−8 4.64× 10−8

BR(τ → πe) (fla) 3.94× 10−12 1.173× 10−13 1.631× 10−12

BR(τ → πµ) (fla) 1.401× 10−22 7.932× 10−22 3.776× 10−22

BR(τ → φe) (fla) 1.349× 10−16 3.556× 10−16 1.534× 10−15

BR(τ → φµ) (fla) 1.869× 10−12 9.174× 10−13 1.354× 10−12

BR(τ → ρe) (fla) 8.828× 10−12 2.743× 10−13 4.809× 10−12

BR(τ → ρµ) (fla) 1.688× 10−11 8.282× 10−12 1.223× 10−11

de (sph) 3.283× 10−33 2.75× 10−32 7.79× 10−33

dµ (sph) 1.248× 10−22 5.388× 10−23 1.094× 10−22

dτ (sph) 2.446× 10−23 1.638× 10−23 1.999× 10−24

BR(B0 → µµ) (fla) 1.139× 10−10 1.14× 10−10 1.148× 10−10

BR(Bs → µµ) (fla) 3.673× 10−9 3.685× 10−9 3.679× 10−9

R(B → χsγ) (fla) 1.000 1.000 1.000

Rνν
K (fla) 1.793 1.227 1.476

Rνν
K∗ (fla) 1.793 1.227 1.476

|Re δgeR| (ind) 4.902× 10−8 %8.815× 10−8 7.09× 10−8

|Re δgeL| (ind) 6.788× 10−9 5.207× 10−8 6.277× 10−8

|Re δgµR| (ind) 3.891× 10−9 6.56× 10−7 1.456× 10−7

|Re δgµL| (ind) 0.002152 0.002661 0.002322

|Re δgτR| (ind) 0.0005011 0.0005977 0.0005954

|Re δgτL| (ind) 3.732× 10−8 1.049× 10−8 6.595× 10−9

R(εk) (fla) 1.135 1.326 1.107

R(∆Md) (fla) 0.9361 0.7878 1.08

R(∆Ms) (fla) 0.8263 1.01 0.9117

R(Re(ε′/ε)) (fla) 1.177 1.013 1.425

QW (p+) (ind) 0.071 0.071 0.071

QW (Cs133) (ind) %73.33 %73.33 %73.33

Table 3.6: Theoretical predictions for the each of the benchmarks. In the first column we indicate
how each observable is computed, with fla being flavio, sph being SPheno and ind indicates that
is based in our own implementation.
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Observable Theoretical prediction: (3.37) Theoretical prediction: (3.38) Theoretical prediction: (3.39)

φs (fla) %0.0092 %0.00296 %0.0585

ACP (B0 → K∗0µµ) (fla) 0.000167 0.000172 0.000187

ACP (B+ → K+µµ) (fla) 0.001771 0.001774 0.001791

ACP (B → χs+dγ) (fla) 3.603× 10−7 7.202× 10−7 6.588× 10−8

FL(B+ → Kµµ) (fla) 0.3041 0.304 0.3042

S3(B+ → Kµµ) (fla) 0.01081 0.0108 0.01081

S4(B+ → Kµµ) (fla) 0.08939 0.08907 0.08927

S5(B+ → Kµµ) (fla) 0.2591 0.2597 0.2593

AFB(B+ → Kµµ) (fla) %0.097 %0.09717 %0.09707

S7(B+ → Kµµ) (fla) %0.0179 %0.01793 %0.01792

S8(B+ → Kµµ) (fla) %0.01217 %0.01215 %0.01216

S9(B+ → Kµµ) (fla) %0.0007138 %0.0007131 %0.0007135

P1(B+ → Kµµ) (fla) 0.04543 0.04538 0.04541

P2(B+ → Kµµ) (fla) %0.1359 %0.1361 %0.136

P3(B+ → Kµµ) (fla) 0.0015 0.001498 0.001499

P ′
4(B

+ → Kµµ) (fla) 0.235 0.2341 0.2346

P ′
5(B

+ → Kµµ) (fla) 0.6811 0.6826 0.6816

P ′
6(B

+ → Kµµ) (fla) %0.04706 %0.04713 %0.04709

P ′
8(B

+ → Kµµ) (fla) %0.03198 %0.03193 %0.03196

FL(B0 → Kµµ) (fla) 0.2972 0.2971 0.2973

S3(B0 → Kµµ) (fla) 0.01083 0.01082 0.01082

S4(B0 → Kµµ) (fla) 0.09582 0.09549 0.0957

S5(B0 → Kµµ) (fla) 0.2605 0.2611 0.2608

AFB(B0 → Kµµ) (fla) %0.09668 %0.09686 %0.09675

S7(B0 → Kµµ) (fla) %0.02056 %0.02059 %0.02057

S8(B0 → Kµµ) (fla) %0.002203 %0.002182 %0.002197

S9(B0 → Kµµ) (fla) %0.0006991 %0.0006985 %0.0006988

P1(B0 → Kµµ) (fla) 0.04449 0.04444 0.04447

P2(B0 → Kµµ) (fla) %0.1324 %0.1326 %0.1325

P3(B0 → Kµµ) (fla) 0.001436 0.001434 0.001436

P ′
4(B

0 → Kµµ) (fla) 0.2519 0.2511 0.2516

P ′
5(B

0 → Kµµ) (fla) 0.685 0.6864 0.6855

P ′
6(B

0 → Kµµ) (fla) %0.05405 %0.05413 %0.05408

P ′
8(B

0 → Kµµ) (fla) %0.005791 %0.005738 %0.005776

Cbsµµ
9 (fla) 0.02261 0.0142 0.02012

Cbsµµ
10 (fla) 0.0009718 %0.00568 %0.002634

C ′bsµµ
9 (fla) 1.007× 10−7 3.501× 10−8 6.651× 10−8

C ′bsµµ
10 (fla) %1.007× 10−7 %3.496× 10−8 %6.645× 10−8

Cbsee
9 (fla) %1.714× 10−6 %1.652× 10−7 %5.143× 10−7

Cbsee
10 (fla) 1.561× 10−6 1.379× 10−7 4.929× 10−7

R(K+ → π0µ+ν) (fla) 1.000 1.000 1.000

R(K+ → π0e+ν) (fla) 1.000 1.000 1.000

R(K0
L → π+µ−ν) (fla) 1.000 1.000 1.000

R(K0
L → π+e−ν) (fla) 1.000 1.000 1.000

R(K0
S → π±e∓ν) (fla) 1.000 1.000 1.000

R(K0
L → µ+µ−) (fla) 1.001 1.000 1.000

R(K0
L → e+e−) (fla) 0.9472 1.058 1.021

BR(K0
L → e∓µ±) (fla) 4.822× 10−14 6.372× 10−16 3.13× 10−15

BR(K0
S → µ+µ−) (fla) 5.168× 10−12 5.172× 10−12 5.169× 10−12

BR(K0
S → e+e−) (fla) 1.684× 10−16 1.637× 10−16 1.762× 10−16

R(K+ → µ+ν) (fla) 1.000 1.000 1.000

R(K+ → e+ν) (fla) 1.000 1.000 1.000

R(K+ → π+νν) (fla) 1.261 0.8588 1.939

BR(K0
L → π0νν) (fla) 2.573× 10−10 4.059× 10−11 2.184× 10−10

Table 3.7: Theoretical predictions for the each of the benchmarks. In the first column we indicate
how each observable is computed, with fla being flavio. The computation of φs observable is not
available in the current version of flavio and needs to be added. The necessary functions for the
implementation can be found in the GitHub page.
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Figure 3.8: Allowed constraints for the LQ Yukawa couplings based on the current LHC data, es-
tablished for a benchmark LQ mass of 1.5 TeV. These limits are derived from experimental data
encompassing both single and pair production searches, as well as from recasts of supersymmetric
analyses. Additionally, constraints from atomic parity violation are considered, although they are
only applicable for couplings between the electron and up/down quarks. These limits are adapted
from Ref. [268].

3.6 Non-resonant production of LQs at the LHC

Now that we have demonstrated the compatibility of neutrino properties, flavour observables, W
mass, and other pertinent phenomenological constraints within this simple LQ framework, the natural
progression is to then ask about their observability, whether at colliders or elsewhere. This question is
particularly intriguing given that a significant portion of the parameter space leads to very high masses
(exceeding 10 TeV), rendering their direct detection even more challenging. Indeed, the majority of
existing LQ searches conducted at the LHC primarily focus on resonant pair-production channels,
followed by the subsequent decay of the LQs. However, the production of pairs of heavy particles
diminishes rapidly with increasing mass for a fixed CM energy. Consequently, this scaling with LQ
mass implies that the analysis quickly loses discriminating power as the mass approaches the TeV
scale. Specifically, based on the current status at the LHC, we have lower bounds of 1.5 TeV for scalar
LQs and 2.0 TeV for vector LQs [252, 254, 269–277]. These searches are driven, in part, by the fact
that LQs are coloured particles, with a preferred production in hadron-hadron collisions via the fusion
of quarks and gluons. Furthermore, these searches have been spurred by recent anomalous findings
in the flavour sector, such as the RD,D∗ anomaly [185–190], as well as anomalous results in B-meson
decays in the muon channel [266, 267, 278]. Indeed, the exploration of LQ phenomenology remains a
vibrant area of research in the quest for NP at hadron colliders.

Non-resonant production, involving a virtual exchange of LQ in the t-channel, exhibits reduced
sensitivity to mass, with the cross-section scaling proportionally to λ2, where λ represents the LQ

LQ

u

u

µ+

µ−

Υ

Υ

Figure 3.9: Topology for the non-resonant production of scalar LQs with a muon pair in the final
state. The initial state uū is any allowed combination of up-type quarks coming from the colliding
protons.
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Scalar Decay Mass (GeV) Comments Refs.

S1/3

S1/3 → t"/bν [300, 1440]
" = e, µ. BR-dependent exclusions

also provided. Vector LQs also studied.
[269]

S1/3 → tτ/bν
[400, 1250]
[200, 800]

BR-dependent exclusions also
provided. Vector LQs studied in [252].

[252]
[270]

S1/3 → t" [900, 1470]
" = e, µ. BR-dependent
exclusions also provided.

[271]

S1/3 → ue/νd [200, 1435]
BR-dependent exclusions also provided.

Assumes 1st-generation LQ.
[272]

S2/3

S2/3 → uνe [1000, 2000]
Single production with coupling dependent
exclusions. Assumes 1st-generation LQ.

[273]

S2/3 → µs [800, 1500]
Exclusions depend on the mass of a
DM particle. 2nd-generation LQ.

[274]

S2/3 → bτ
[250, 1020]
[200, 740]

BR-dependent exclusions also
provided. Assumes 3rd-generation LQ.
Single production is considered in [275]

[254]
[275]

S2/3 → tν/b" [300, 1390]
" = e, µ. BR-dependent exclusions also
provided. Vector LQs also studied.

[269]

S2/3 → tν/bτ

[980, 1730]
[400, 1260]
[400, 1220]
[400, 1240]
[200, 800]

BR-dependent exclusions also
provided. Assumes 3rd-generation LQ.

[276]
[277]
[253]
[282]
[270]

S

S → q" [400, 1800]
" = e, µ and q = u, d, c, s, b.

BR-dependent exclusions also provided.
[283]

bs̄ → "+"− < 2400
" = e, µ. Constraints on four-fermion current.
Constraint in terms of mass/coupling ratio.

[284]

S → τν
< 5900

democratic
LQ exchange in the t− channel. Constraints
strongly depend on couplings (see Tab. 1)

[285]

S → µj [200, 1530]
j is a light jet (up or down). BR

dependent constraints also provided
[286]

Table 3.8: A summary of the latest searches conducted in recent years by both the ATLAS and CMS
experiments at the LHC for scalar-type LQs. S1/3 denotes a LQ with a charge of 1/3e, while S2/3

represents a LQ with a charge of 2/3e. We use S to refer to searches where the electric charge of the
LQ is either not relevant or not specified.

Yukawa coupling to the fermions engaged in the process8. Furthermore, the examination of reactions
involving virtual LQ states propagating in the t-channel presents an enticing avenue to extensively ex-
plore the model parameter space across a broader phase space region [279–281], concurrently imposing
constraints on the couplings of the LQs to the SM states.

For this reason, in this thesis, we delve into the collider implications of the simplest and most
straightforward 2 → 2 process involving scalar LQs in the t-channel and resulting in the µ+µ− final
state (whose topology is shown Fig. 3.9), motivated by experimental considerations. While, due to
generic structure of the Yukawa matrices, final states such as e+e−, µ+µ−, and τ+τ− also exist;
however, our focus in this thesis is on the muon channel, as a case study. It is also pertinent to
mention the presence of flavour off-diagonal channels, such as µ±e∓, τ±µ∓, or τ±e∓, which are all
viable targets for exploration, with a lot of parameter space yet to be fully explored. While not
discussed here, the collider investigation of these final states would enable us to probe the entirety of
LQ-quark-lepton Yukawa textures.

The most recent experimental searches are summarised in Tab. 3.8. From here, we observe that
searches involving third-generation fermions (tau, bottom, and top) appear to be predominant across
both ATLAS and CMS [253, 254, 270, 275–277, 282]. Indeed, flavour anomalies in the muon sector
seem to favour high values for the couplings between the second and third generations. However, a vast
majority of these searches rely on an assumption regarding LQ-generation coupling patterns, where

8It is worth noting that even in pair-production processes, the coupling dependence persists and becomes significant
when it reaches approximately O(1), owing to the presence of an additional t-channel contribution (refer to, for instance,
diagram PP-5 in Fig. 1 of [268]).
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a given LQ species couples exclusively to fermions of the same generation (e.g., a first-generation LQ
couples only to the electron and the up/down quarks, while the second generation couples only to the
muon and the charm/strange quarks). This assumption is no longer considered generic enough for
models discussed nowadays. Nonetheless, it is worth noting that more recent searches at ATLAS are
now exploring mixed transition patterns, focusing on 2nd/3rd generation transitions [269, 271, 283,
284]. In addition, most searches appear to target pair-production channels, which, in principle, are
model-independent, as the corresponding cross-section rates depend on the strong coupling constant,
the LQ mass, and the BRs. The BRs, however, can be controlled via a free parameter (β), such that
the coupling between leptons and quarks (neutrinos and quarks) is given by

√
βλ (

√
1% βλ), where

λ is a coupling constant.

3.7 Numerical methodology

To investigate the process depicted in Fig. 3.9, we developed a specific UFOmodel [128] for the signal
using the SARAH package [127]. The UFO model was then integrated with the Monte Carlo generator
MadGraph [129] to compute LO matrix elements for the signal. For detailed information on the signal
UFO model (LQ model py3), please refer to https://github.com/Mrazi09/LQ_collider_project.

The background process rates beyond LO are well-known in the literature, and thus, we re-weight
our events based on the established values [167, 169, 170, 287]. However, for the signal, we rely
on the LO cross-section provided by MadGraph. Various masses of the LQ fields are examined in
this study, and for each parameter point, we compute the total decay width in MadGraph, assuming
the narrow-width approximation. Given that all possible decay modes may exist, depending on the
coupling-to-mass ratio, the decay width may exceed the mass, which indicates breakdown of the
narrow-width approximation. In our subsequent numerical analysis, we exclusively examine points
where the total decay width is consistently smaller than the mass. In practice, the signal process can
be readily generated through the following sequence of MadGraph commands

>> ./bin/mg5_aMC
>> import model LQ_UFO_py3
>> define p = u u˜ d d˜ s s˜ c c˜ b b˜ g
>> generate p p > mu- mu+ $$ a z h
>> output LQ_T_channel
>> launch

In the 4th line (where we added the string $$ a z h to eliminate contributions from the SM part
to the amplitude), we neglect interference terms with the SM, which is a valid approximation for
the mass scales considered in this work (above 1.5 TeV) [268, 288]. For benchmark scenarios with
masses between 1.5 and 3.5 TeV, we estimate that the contributions from interference terms result
in changes to the total cross section on the order of a few percent, which should not heavily impact
the main results here. Indeed, as noted in [289], interference terms altering the total cross-section
by around 10% correspond to changes of a few events. Additionally, not all kinematic distributions
may be sensitive to the interference terms, and therefore their effects may be obscured. However,
it is important to note that this is not a generic statement. In some previous works [290–293], the
interference between the t%channel and Z0/γ SM contributions can play a significant role in the
exclusion limits, depending on the phase-space region. Particularly, they can dominate the exclusion
bounds for high values of the coupling-to-mass ratios. The most recent versions of MadGraph are
written in python3, while older versions are in python2. Therefore, we have made both versions of
the UFO files available on GitHub at https://github.com/Mrazi09/LQ_collider_project, in the
folders LQ UFO py2 (for python2) and LQ UFO py3 (for python3). Additionally, MadGraph parameter
space cards for the benchmark scenarios are also provided on the GitHub page, in the folder named
Benchmark cards. For reference, we used version 3.4.1 of MadGraph.

We generated a total of 10K events for the signal and 1M events for the main backgrounds (tt̄,
Z0 + jets, and VV+ jets, where V = Z0,W±). In all generated samples, leptons were required to have
transverse momenta pT ≥ 25 GeV and pseudo-rapidity η ≤ 2.5, at the generator level. All generated
collisions (backgrounds and signal) were simulated at a CM energy of

√
s = 13.6 TeV, using the

NNPDF2.3 parton distribution function [132]. We fixed the top quark mass to Mt = 173 GeV and
the W± (Z0) boson mass to MW± = 80.4 GeV (MZ0 = 91.2 GeV). All other quarks are assumed to
be massless. Muons are treated as stable particles with zero mass.
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Figure 3.10: Normalised kinematic and angular distributions for various masses of the lightest LQ
field with 30 bins each. The light LQ masses shown in the legend and are used merely to illustrate
the mass dependence of the distributions. Equivalent distributions exist for the anti-muon.

It is noteworthy that varying mass scales significantly impact kinematic distributions. In Fig. 3.10,
we illustrate the energy, pT (measured in both CM and laboratory frames), and the pseudo-rapidity of
muons, along with the polar angle difference, pseudo-rapidity difference, and the invariant mass of the
generated di-muon system for different LQ masses (while keeping the couplings and mixings constant).
Additionally, we present the b4 angular distribution, introduced in the context of tt̄h searches [294],
which is defined as:

b4(i, j) =
(pfz,i · p

f
z,j)∣∣∣pf

i

∣∣∣
∣∣∣pf

j

∣∣∣
, (3.40)

where pf is a three-momentum vector for i, j = µ+, µ− (without any index overlap), and pfz,i is the
total momentum along the z direction. This observable is calculated exclusively in the laboratory
reference frame. For muons, the pT and energy in both the CM and laboratory frames, as well as the
dilepton invariant mass, show an increase in events in the lower region when the mass is around 100
GeV, while longer tails are observed in the TeV mass range of LQs. This behaviour is also evident in
certain angular distributions, particularly the ∆θ(µ+, µ−) and ∆η(µ+, µ−), which exhibit longer tails
with increasing mass. Conversely, the muon η distribution does not display any significant structure
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Figure 3.11: The total production cross-section (σ) in femtobarns (fb) is plotted as a function of the
mass of the lightest LQ in GeV. The colour axis represents the mass of the second-lightest LQ, also in
GeV. Horizontal dashed lines indicate the cross-sections corresponding to at least one event at run-III
and the HL-LHC phase, as a visual guide. Note that the total cross-section presented here is computed
at generator level using MadGraph. BPs used in our analysis are marked with cyan diamonds and an
alphanumerical label.

dependence on the mass. The b4 angular distribution is also noteworthy, as lower masses lead to a
concentration of events at higher values of the variable. Thus, besides standard kinematic variables,
angular distributions can provide additional insights into the LQ mass, with the advantage of being
less susceptible to experimental uncertainties compared to other kinematic distributions.

3.7.1 Benchmark points

Based on the methodology of the previous sections, where the latest B-physics flavour observables
(RD,D∗ , RK,K∗ , etc.), the anomalous magnetic moment of the muon (g% 2), and neutrino masses and
mixings are taking into account, we computed the total cross-section for the process pp → µ+µ−. The
results are displayed in Fig. 3.11.

We observe that a substantial region of the parameter space can be explored within the predicted
sensitivity ranges for future LHC runs (both the ongoing run-III and the high luminosity phase,

HL-LHC). Specifically, Fig. 3.11 indicates that masses of the lightest LQ S1/3
1 up to 8 TeV can poten-

tially be probed during run-III in the considered model. It is important to note that no background
estimates have been considered here, so the limits shown are qualitative and serve as guidelines for the
potential mass scales where the LQ can be investigated. The colour axis in Fig. 3.11 represents the
mass of the second-lightest 1/3e LQ. No evident correlation is found between this mass and the total
cross-section, which is primarily driven by the contribution of the lightest state. A similar conclusion
can be drawn for the 2/3e LQ. This is directly related to the values chosen for the coupling parameter
a1 between the Higgs field and the LQs (see Eq. (3.4)), where we have considered a low value for the
trilinear term. This choice results in low mixing between the LQs (see Eq. (3.7)). Therefore, from
this point onwards, when referring to the mass of the LQ, we are always referring to the mass of the
lightest LQ state. The numerical values for each benchmark read as9

Benchmark 1 (B1):

Υ =




%9.95× 10−7 + 3.20× 10−7i 6.14× 10−4 % 1.50× 10−3i %2.35× 10−7 % 1.62× 10−7i

0.79 + 0.14i %1.87× 10−8 + 6.76× 10−8i %0.57 + 1.50i
%2.18× 10−8 % 4.35× 10−8i %7.35× 10−3 % 0.012i 7.21× 10−4 + 6.52× 10−4i





9We also stress that MadGraph parameter cards for these benchmarks are already available in the GitHub page, as
well as both python2 and python3 UFO files.
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Θ =




%8.53× 10−4 % 3.70× 10−3i %3.40× 10−7 + 4.33× 10−8i 3.17× 10−8 % 6.36× 10−7i
%2.19× 10−4 + 3.97× 10−4i %6.82× 10−7 % 5.32× 10−8i 1.38 + 0.24i

0.030% 0.034i 5.57× 10−3 % 6.05× 10−3i 0.48 + 0.95i





Ω =




%3.79× 10−3 + 0.028i 0.064% 0.034i %0.028% 0.087i

8.42× 10−7 + 1.55× 10−8i 6.21× 10−6 % 7.70× 10−8i %5.54× 10−7 % 1.24× 10−6i
0.011 + 0.022i %0.056 + 0.063i %5.90× 10−3 % 0.13i





m
S1/3
1

= 1519.21 GeV, m
S1/3
2

= 4908.94 GeV, mS2/3 = 4900.67 GeV

a1 = 3.31 GeV, sin 2θ = %2.15× 10−7

Benchmark 2 (B2):

Υ =




%6.39× 10−7 + 1.03× 10−6i 2.90× 10−3 % 3.13× 10−3i %3.91× 10−8 % 4.70× 10−8i

0.31 + 0.97i %4.56× 10−8 + 1.35× 10−7i %0.011% 0.027i
%4.81× 10−7 % 2.01× 10−7i %0.68 + 1.76i 9.52× 10−4 + 4.28× 10−4i





Θ =




4.53× 10−3 % 4.27× 10−3i 4.36× 10−7 + 5.85× 10−7i %8.55× 10−8 % 2.12× 10−8i
%2.19× 10−4 + 1.21× 10−4i 8.16× 10−7 % 1.67× 10−7i 0.88 + 0.078i

0.040 + 0.020i 5.26× 10−3 + 0.012i 0.40 + 0.78i





Ω =




6.28× 10−3 + 7.27× 10−3i 4.64× 10−3 + 0.018i %0.031% 0.042i
6.98× 10−7 + 3.19× 10−8i 8.69× 10−6 % 6.50× 10−8i %3.69× 10−7 % 7.44× 10−7i
5.67× 10−4 + 5.24× 10−3i 9.97× 10−3 % 7.93× 10−3i %7.52× 10−3 % 0.020i





m
S1/3
1

= 2421.98 GeV, m
S1/3
2

= 4177.55 GeV, mS2/3 = 4162.26 GeV

a1 = 8.09 GeV, sin 2θ = %9.88× 10−7

Benchmark 3 (B3):

Υ =




%1.06× 10−6 + 7.87× 10−7i 9.16× 10−4 % 4.37× 10−3i %2.15× 10−8 % 2.32× 10−8i

1.13 + 0.27i %2.18× 10−8 + 4.24× 10−8i %4.92× 10−3 % 8.93× 10−3i
%2.36× 10−7 % 1.42× 10−7i %0.65 + 1.56i 7.15× 10−4 + 3.86× 10−4i





Θ =




%3.99× 10−3 % 0.013i 1.26× 10−7 + 3.10× 10−8i %1.84× 10−7 + 3.10× 10−7i

%1.35× 10−4 + 3.20× 10−4i %2.99× 10−8 % 2.92× 10−8i 1.63 + 0.12i
0.029% 0.034i 5.96× 10−3 % 2.27× 10−3i 0.30 + 0.67i





Ω =




%8.35× 10−3 + 0.014i 0.059 + 0.018i %0.037% 0.067i

1.46× 10−6 + 1.20× 10−8i 4.54× 10−6 % 5.20× 10−8i %6.70× 10−7 % 6.81× 10−7i
%8.62× 10−3 + 6.60× 10−3i 0.11 + 0.096i %0.092% 0.13i





m
S1/3
1

= 3413.44 GeV, m
S1/3
2

= 8300.16 GeV, mS2/3 = 8281.75 GeV

a1 = 7.82 GeV, sin 2θ = %1.93× 10−7

Benchmark 4 (B4):

Υ =




%8.15× 10−7 + 7.12× 10−7i 7.22× 10−4 % 1.49× 10−3i %1.20× 10−8 % 8.08× 10−8i

1.04 + 0.42i %4.55× 10−8 + 8.49× 10−8i %5.86× 10−3 % 9.22× 10−3i
%1.66× 10−7 % 9.23× 10−8i %0.43 + 0.93i 6.27× 10−4 + 3.71× 10−4i





Θ =




6.68× 10−3 % 0.011i 7.92× 10−7 + 6.24× 10−8i 3.66× 10−7 % 3.73× 10−7i

%1.81× 10−4 + 1.55× 10−4i 8.59× 10−7 + 1.43× 10−8i 2.01 + 0.23i
0.068 + 0.051i 7.82× 10−3 + 0.031i 0.92 + 0.71i




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Ω =




7.95× 10−3 + 0.014i %6.49× 10−3 + 0.018i %0.026% 0.068i

6.93× 10−7 + 2.00× 10−8i 9.01× 10−6 % 7.30× 10−8i %3.08× 10−7 % 1.08× 10−6i
%1.72× 10−3 % 1.93× 10−3i 0.028% 0.071i %0.014 + 0.060i





m
S1/3
1

= 4407.59 GeV, m
S1/3
2

= 5094.50 GeV, mS2/3 = 5075.82 GeV

a1 = 4.94 GeV, sin 2θ = %1.07× 10−6

Benchmark 5 (B5):

Υ =




%4.51× 10−7 + 3.35× 10−7i 1.31× 10−3 % 3.07× 10−3i %2.54× 10−8 % 3.62× 10−8i

0.70 + 0.77i %4.21× 10−8 + 4.38× 10−8i %0.017% 0.025i
%1.17× 10−7 % 1.85× 10−7i %0.30 + 2.22i 4.53× 10−4 + 2.78× 10−4i





Θ =




%0.013% 0.027i 4.76× 10−8 % 1.07× 10−8i %9.22× 10−7 % 1.35× 10−8i

%3.02× 10−4 + 1.65× 10−4i 1.25× 10−8 % 1.17× 10−8i 2.18 + 0.20i
0.046% 0.079i 3.84× 10−3 % 5.36× 10−3i 0.33 + 0.94i





Ω =




%1.85× 10−3 + 4.56× 10−3i 0.043 + 0.011i %0.030% 0.035i
5.54× 10−7 + 4.61× 10−8i 8.04× 10−6 % 1.22× 10−7i %2.92× 10−7 % 1.05× 10−6i
1.11× 10−3 + 5.81× 10−3i %0.028 + 0.034i 0.020% 0.063i





m
S1/3
1

= 5596.40 GeV, m
S1/3
2

= 7366.80 GeV, mS2/3 = 7392.31 GeV

a1 = 10.62 GeV, sin 2θ = %6.54× 10−7

Benchmark 6 (B6):

Υ =




%4.32× 10−7 + 1.07× 10−6i 1.19× 10−3 % 2.46× 10−3i %1.82× 10−8 % 2.01× 10−8i

0.75 + 0.34i %1.81× 10−8 + 6.56× 10−8i %8.51× 10−3 % 0.020i
%2.20× 10−7 % 1.29× 10−7i %0.35 + 3.15i 5.46× 10−4 + 4.57× 10−4i





Θ =




0.013 + 9.86× 10−3i %1.46× 10−8 + 4.79× 10−8i %7.50× 10−8 + 3.56× 10−7i

%1.44× 10−4 + 2.14× 10−4i 9.51× 10−7 + 4.31× 10−7i 2.54 + 0.34i
0.012% 0.027i %3.20× 10−3 % 9.50× 10−3i 0.40 + 1.01i





Ω =




8.14× 10−3 % 7.60× 10−3i %8.90× 10−3 + 0.10i %0.027% 0.064i
6.26× 10−7 + 2.32× 10−8i 5.21× 10−6 % 7.40× 10−8i %6.25× 10−7 % 9.60× 10−7i

9.15× 10−3 + 0.016i 0.030 + 0.13i %0.068% 0.19i





m
S1/3
1

= 6429.56 GeV, m
S1/3
2

= 7268.73 GeV, mS2/3 = 7274.05 GeV

a1 = 11.25 GeV, sin 2θ = %1.38× 10−6

Benchmark 7 (B7):

Υ =




%7.14× 10−7 + 2.88× 10−7i 7.45× 10−4 % 2.32× 10−3i %2.87× 10−8 % 3.67× 10−8i

1.18 + 0.53i %3.37× 10−8 + 3.89× 10−8i %8.50× 10−3 % 5.62× 10−3i
%2.41× 10−7 % 4.00× 10−7i %0.39 + 1.65i 5.23× 10−4 + 3.85× 10−4i





Θ =




1.80× 10−3 % 9.33× 10−3i %6.77× 10−7 + 1.17× 10−7i %3.04× 10−8 + 3.03× 10−8i
%9.00× 10−5 + 1.69× 10−4i %1.19× 10−8 % 3.23× 10−7i 1.82 + 0.13i

%0.010% 0.062i %8.44× 10−3 % 0.015i 0.26 + 0.62i





Ω =




4.45× 10−3 + 0.021i 1.43× 10−3 + 0.046i %0.018% 0.12i

8.71× 10−7 + 2.81× 10−8i 5.34× 10−6 % 1.04× 10−7i %7.67× 10−7 % 5.63× 10−7i
2.43× 10−3 % 8.45× 10−3i %0.070 + 0.057i 0.060% 0.025i





m
S1/3
1

= 7586.23 GeV, m
S1/3
2

= 8180.87 GeV, mS2/3 = 8186.57 GeV

a1 = 16.36 GeV, sin 2θ = %2.47× 10−6
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3.8 Event selection

A dedicated analysis was performed for each BP. Following event generation and simulation by
Delphes, all events were required to have at least two isolated charged muons with pT above 25
GeV and η within the range of [%2.5, 2.5]. From the events that meet these selection criteria, we
compute a variety of relevant kinematic and angular observables using the two highest pT muons.
These observables include the transverse momenta, energy, pseudo-rapidity, and azimuthal angle of
the muons. Additionally, we considered the di-muon invariant mass M(µ+, µ−), the cosine of the
muon’s polar angle difference cos∆θ(µ−, µ+), the azimuthal angle difference ∆Φ(µ+, µ−), and the
muons’ ∆R(µ+, µ−) distribution. Several of the observables are computed both in the laboratory
reference frame and in the di-muon CM frame.

3.9 Numerical results

While it is interesting to examine how the mass scale of LQ may impact the kinematic distributions,
it is also crucial to understand the relative differences between the signal and the main irreducible
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Figure 3.12: Normalised kinematic distributions for a LQ with 1.5 TeV mass (in red) and the main
irreducible backgrounds (Z0 + jets in blue, tt̄ in green and di-boson in brown) with 30 bins each. Here,
pT is the transverse momentum, E is the energy and M is the invariant mass. Labels with a “CM”
superscript are calculated in the muon/anti-muon CM frame.
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backgrounds. In Fig. 3.12, we plot the most relevant distributions for the benchmark with a mass
of 1.5 TeV, focusing on those that offer the greatest discriminating power between the signal and
the dominant backgrounds (Z0+jets, tt̄, and di-boson). We observe that the pT , E, and M(µ+, µ−)
distributions provide the most significant signal discrimination compared to the SM backgrounds. The
signal tends to populate the regions of higher values, whereas the SM events are concentrated in the
lower regions of these distributions. For our signals, most of the angular distributions (not shown
in Fig. 3.12) offered poor discriminating power, as the signal closely follows the SM expectation;
hence, we do not consider them further. Based on the recommendations from both ATLAS and CMS
collaborations [295, 296], we estimate the systematic uncertainties to be around 1% - 1.5%. For this
analysis, we assume the systematics to be 1%.

The various kinematic and angular distributions can then be used to estimate CL limits on the
exclusion of the LQ di-muon signal (i.e., the signal hypothesis H1), assuming the SM background (i.e.,
the background/null hypothesis H0). To calculate the CLs, we begin by discussing a method that
takes into account the shapes of the distributions. For a more detailed overview of these methods, see
e.g. [174]. It is well known that for a given number of particles hitting the detector within a certain
time interval ∆t, the expected number of events is well described by a Poisson probability distribution.
Per bin, one expects to observe N ±

√
N events, leading to many equivalent distributions where the

number of events fluctuates within the allowed Poisson error range. To exclude the signal hypothesis
in favour of the null hypothesis, the number of signal events must be sufficiently higher than those of
the background, such that any Poisson statistical fluctuation of the null hypothesis cannot sufficiently
accommodate the presence of the signal. CLs are then determined based on the extent to which the
background hypothesis must fluctuate to remain consistent with the presence of the signal. To do
this, we must define an appropriate Test Statistic (TS). The TS should be constructed in such a way
that when the total distribution (background plus signal) of the events is background-like, the TS is
large, while if the total distribution of the events requires large fluctuations of the null hypothesis, the
TS is small, and the signal hypothesis is preferred. Note that the choice of TS function is arbitrary,
with the only requirement being that it adheres to the property described previously. For our work
we consider the following function

F(xi,S; xi,N) = ln

{
L(λ = xi,N; n = xi,S)

L(λ = xi,S; n = xi,N)

}
, (3.41)

where xi,S is the number of signal hypothesis events and xi,N is the number null hypothesis events at
each bin i. L is the Poisson log probability mass function defined as

L(λ; n) =
bins∏

i=1

(%λi + ni! ln(λi)% ln(ni!)). (3.42)

Based on this definition, if the distribution is well described by a fluctuation of the background, we
have that L(λ = xi,N; n = xi,S) > L(λ = xi,S; n = xi,N) which implies that F(xi,S; xi,N) > 0; on the
other hand if L(λ = xi,N; n = xi,S) < L(λ = xi,S; n = xi,N) then F(xi,S; xi,N) < 0 and we have a
signal-like distribution. Additionally, we can also have the situation where L(λ = xi,N; n = xi,S) =
L(λ = xi,S; n = xi,N) and F(xi,S; xi,N) = 0; in this scenario it implies that both the signal and null
hypothesis are identical.

We compute F(xi,S; xi,N) for a given distribution of background and signals. However, we most
keep in mind that a multitude of distributions are equivalent to the others by a Poisson scaling. In
practical terms, it implies that the distribution obtained from the Monte Carlo simulation (for both
SM and signal topologies) gives you a single possibility for the distribution and any other run will lead
to a different distribution, albeit still equivalent within the Poisson error. As such, we must perform
various pseudo-experiments that generates new distributions based on the original Monte Carlo data,
which we take to be ground truth. In essence, the entire procedure can be described in 4 distinct
steps10:

1. Generate MC events for both the backgrounds and signal. Extract relevant distributions and
take them as being the ground truth;

10A concrete code implementation in python is available on the GitHub page https://github.com/Mrazi09/LQ_
collider_project where the user can test various kinematic/angular distributions.
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2. Generate pseudo-experiments for the signal hypothesis (while the null hypothesis remains fixed)
by allowing a Poisson fluctuation, bin by bin, of the original ground truth signal distribution
and calculate F1 ≡ F(xi,S = si,PE + bi,GT; xi,N = bi,GT) where si,PE is the number of signal
hypothesis events from the pseudo-experiments and bi,GT is the number of null hypothesis events
from the ground truth distribution.

3. Perform the inverse of the previous step, that is, generate pseudo-experiments for the null
hypothesis (while the signal hypothesis remains fixed) by allowing a Poisson fluctuation, bin by
bin, of the original ground truth null distribution and calculate F2 ≡ F(xi,S = bi,PE; xi,N =
si,GT + bi,PE) where bi,PE is the number of null hypothesis events from the pseudo-experiments
and si,GT is the number of signal hypothesis events from the ground truth distribution.

4. We now have two distributions F1 and F2 which, in accordance with central limit theorem, both
approach a normal distribution for a high enough number of pseudo-experiments. Compute the
p-value that a given distribution is consistent with the other by intersecting the median of F1

with the F2 distribution.

We conducted simulations of 50 000 pseudo-experiments based on Poisson fluctuations of H0 and
H1. Two specific scenarios were evaluated: the full luminosity expected for run-III of the LHC,
approximately 300 fb−1, and the full luminosity anticipated for the HL-LHC, around 3000 fb−1.
The signal p-values, assuming the H0 hypothesis, were derived by calculating a TS, (3.41), for each
pseudo-experiment. In Fig. 3.13, we present examples of the test statistics F(xi,S; xi,N) for the 1.5 TeV
BP, illustrating the run-III luminosity scenario (top) and the HL-LHC luminosity scenario (bottom),
using the di-muon invariant mass to distinguish between H1 and H0. Notably, we observe that a minor
fluctuation of 1.75σ in H0 at run-III is adequate to approach the signal level, effectively mimicking a
signal by background fluctuation. Conversely, at the HL-LHC, a fluctuation of 5.20σ in H0 would be
necessary to reach the discovery threshold. It is important to note that while the di-muon invariant
mass serves as one effective distribution, other distributions such as pT and energy can potentially
yield similar results (see Fig. 3.12). For comprehensive analysis, Tab. 3.9 presents results for all
remaining benchmark scenarios. It reveals that combining various distributions extends the discovery
potential of our model’s LQs to higher mass scales, potentially up to approximately 2.5 TeV at the
HL-LHC.

The previous findings exhibit promising potential for excluding the model in future LHC runs,
albeit offering an incomplete perspective. Specifically, we are examining a t-channel mediated process

MLQ (GeV)
M(µ+, µ−)
L = 300 fb−1

M(µ+, µ−)
L = 3000 fb−1

E(µ+)
L = 300 fb−1

E(µ+)
L = 3000 fb−1

Combined
(300, 3000) fb−1

1.5 TeV (B1) 1.75σ 5.20σ 0.891σ 2.72σ (3.06σ, 9.72σ)

2.5 TeV (B2) 0.573σ 2.28σ 0.744σ 2.33σ (1.15σ, 4.97σ)

3.5 TeV (B3) 0.128σ 0.912σ 0.225σ 1.04σ (0.288σ, 1.97σ)

4.5 TeV (B4) 0.000698σ 0.181σ 0.0072σ 0.360σ (0.0140σ, 0.356σ)

5.5 TeV (B5) 0.00154σ 0.0161σ 0.000421σ 0.124σ (0.0139σ, 0.05σ)

6.5 TeV (B6) 0.00419σ 0.0272σ 0.0112σ 0.00958σ (0.00339σ, 0.0238σ)

7.5 TeV (B7) 0.00789σ 0.0292σ 0.0027σ 0.0635σ (0.00319σ, 0.0509σ)

Table 3.9: The statistical significance for each of the mass benchmarks mentioned in the text for
M(µ+, µ−) and pT (µ+) distributions. In bold face we indicate the point that passes the 5σ thresh-
old for discovery. In the last column we show the combined significance, calculated based on the
distributions shown in Fig. 3.12.
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Figure 3.13: Histograms of frequency for the TS F(xi,S;xi,N) based on the M(µ+, µ−) distribution
for the benchmark with the mass of the LQ as 1.5 TeV.

where the coupling between the LQ field and the quarks originating from the proton is crucial. To
illustrate this, Fig. 3.14 displays a scatter plot of the total cross section in fb as a function of the
mass/coupling ratio in TeV. Our analysis identifies Υµu as the primary coupling mediating the process
depicted in Fig. 3.9. To establish constraints from run-III (HL-LHC), depicted in green (yellow) in
Fig. 3.14, we selected the 1.5 TeV BP and scaled the total cross-section to determine the minimum
value (σmin) that still allows exclusion of H0 at 95% CL. For run-III, we derived σmin ∼ 0.70 fb, and
for HL-LHC, σmin ∼ 0.16 fb. Each point shown in Fig. 3.14 varies only the Υµu coupling and the
mass of the lightest LQ field, with all other coupling parameters fixed to the values of benchmark
B1. To mitigate interference effects among different LQ states and ensure minimal mixing between
fields, characterised by a small a1, the masses of other fields were set arbitrarily high, around 50 TeV,
thus limiting their impact on the cross-section. Additionally, for each depicted point, the decay
width was automatically computed using MadGraph. From Fig. 3.14, a clear logarithmic correlation
is evident between the cross-section of the process and the ratio of the mass of the lightest LQ to
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Figure 3.14: Total cross-section, in fb, as a function of the coupling/mass ratio in TeV. The area
marked in green represents the region where the point can be excluded at a 95% CL during run-III,
whereas the yellow region is the equivalent for the HL-LHC. Both the y-axis and the x-axis are in
logarithmic scale. BPs are marked by cyan diamonds.

Υµu. This correlation underscores the importance of these couplings in the process, complementing
the findings presented in Tab. 3.9. Specifically, the BPs at 1.5, 2.5, and 3.5 TeV—which are excluded
at approximately 95% CL at the HL-LHC—are represented by the first three points in the plot.
Notably, only one point falls within the green region, corresponding to the 1.5 TeV benchmark. The
mass/coupling ratio for these points are m

S1/3
1

/|Υµu| = 1.885 TeV, m
S1/3
1

/|Υµu| = 2.389 TeV and

m
S1/3
1

/|Υµu| = 2.942 TeV. Based on these results, we determined at 95% CL that at run-III, the

model’s mass/coupling ratios can be excluded up to 4.17 TeV, which can be extended to 6.55 TeV
with the HL-LHC.

3.10 Summary and conclusions

In this chapter, we have explored the most economical extension of the SM featuring two scalar
LQs, representing the minimal scenario capable of addressing all observed flavour anomalies while also
explaining neutrino masses and their mixing structure. Additionally, this model can accommodate
the measured value of the muon anomalous magnetic moment and has the potential to alleviate the
CDF-II W mass anomaly, should these observables be confirmed as inconsistent with SM predictions.
Our numerical results have identified the preferred magnitudes for the LQ Yukawa couplings, which
is relevant in guiding the direction of future searches. The best-fit points indicate the lightest LQ
has a mass around 1.6 TeV, raising the question of whether these particles can be tested during the
HL-LHC. With this in mind, we have conducted a comprehensive collider analysis of the model for a
series of BPs, focusing on a di-muon final state mediated by scalar LQs in the t-channel. Our findings
suggest that a significant portion of the parameter space remains accessible for testing in upcoming
LHC runs. Specifically, we have shown that at Run-III, mass/coupling ratios up to 4.17 TeV can be
excluded, while for the HL-LHC phase, exclusion limits become more stringent, reaching an upper
bound of 6.55 TeV at 95% CL.

Although we have focused on the simplest scenario involving a muon-pair final state, various other
final-state combinations are possible, such as the e+e− and τ+τ− channels. These alternatives can
further constrain the LQ couplings with the first and third generations, which, as noted earlier in
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Figure 3.15: Topologies for non-resonant production of scalar LQs for flavour off-diagonal final states
(on the left) and for top-quark pair production (on the right).

this chapter, are subject to weaker experimental constraints. Additionally, given the non-diagonal
structure of the Yukawa couplings, more exotic channels like qq̄ → µ−τ+ (Fig. 3.15) can be explored,
provided the couplings Υµq and Υτq are sufficiently strong to be detected at the LHC. As discussed
earlier, Υ is found to be the primary driver for the t-channel process, although Θ and Ω can also
mediate this topology. Essentially, this would correspond to replacing the up-quark with a down-quark
in the initial proton. While these couplings are connected to the down sector and can mediate processes
like Kaon decays and meson mixing—both of which are tightly constrained by experiments—their
magnitudes are expected to be small. On the other hand, Θ and Ω couplings involving third/second
generation fermions are less constrained. Indeed, based on the textures shown in Fig. 3.6, channels
involving the top-muon-LQ coupling are also promising avenues for future exploration, particularly
in the context of upcoming lepton colliders, where top quark pairs can be produced via the t-channel
process (see the left diagram in Fig. 3.15).
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Previous chapters have focused on collider implications of NP at the LHC. However, these facilities
are limited in energy, and therefore can only probe a limited range of hypothetical NP scales. On the
other hand, higher energy scales can be tested through cosmological observables, albeit indirectly. In
this regard, production of GWs, PBHs and primordial magnetic fields produced via FOPTs in the
post-inflationary Universe is an interesting proposal, especially in light of the fact that in the SM, such
phenomena is not present as the QCD and EW phase transitions are smooth crossovers [81, 82]. This
phenomenology has become a hot topic in recent years, driven by the mounting evidence of a SGWB
from Pulsar Timing Arrays (PTAs) [297–300] , this could mark the first direct measurements of the
Universe prior to the Big Bang Nucleosynthesis (BBN) era, representing a breakthrough comparable
to the discovery of the cosmic microwave background.

This chapter focuses on the phenomenology of supercooled FOPTs of classically scale-invariant
models, in the context of SGWB, PBHs and primordial magnetic fields. Scale invariance is a symmetry
of the classical action with respect to the simultaneous transformations, Φ → Φ′ = ρ−aΦ and x → x′ =
ρx, where Φ, x and ρ represent a generic field (boson or fermion), space-time coordinates, and the scale
factor respectively. Here, a = 1 for bosons and 3/2 for fermions. This is a particular case of conformal
symmetry [301, 302], and models incorporating it are typically referred to as conformal models. In
Refs. [303, 304], the scale-invariant scalar sector is described by a purely quartic potential at tree level.
Upon gauge-symmetry breaking, one of the scalars remains massless and becomes a pseudo-Goldstone
boson known as the scalon, emergent from spontaneous breaking of the continuous scale symmetry.
Note that this is a classical symmetry that is explicitly broken by quantum corrections due to the
non-polynomial nature of the Coleman-Weinberg (CW) potential [303], from which the scalon obtains
its mass.

In this framework, a potential barrier between the true and false vacua emerges solely due to
thermal effects and can persist for an extended period as the Universe cools down. As a result, the
nucleation of true vacuum bubbles is delayed to temperatures far below the critical temperature, and as
a result, the amount of released latent heat is much larger than in models without supercooling, due to a
significant difference in potential energy between the true and false vacuum. This makes these classes
of models attractive from a phenomenological perspective [103–105, 305–312]. The simultaneous
formation of PBHs and emission of substantial amount of gravitational radiation can thus provide a
correlated signature with the formation of PBHs. Additionally, primordial magnetogenesis has been
extensively studied in the context of EW phase transition [313, 314] and the QCD phase transition [315,
316]. The idea of magnetogenesis during a EW FOPT, first proposed in Ref. [313], suggests that
magnetic fields are generated through EW sphaleron decays [317–319]. As the true vacuum bubbles
grow, collide, and merge, they drive the primordial plasma into high Reynolds number motion, leading
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to Magnetohydrodynamic (MHD) turbulence in the magnetic fields [320–326]. These processes are
particularly relevant for explanations of the origin of coherent Intergalactic Magnetic Fields (IGMFs),
which are indirectly supported by blazar observations [327–330]. While astrophysical mechanisms,
such as the Biermann battery effect [331] combined with dynamo amplification [332], can produce
IGMFs with long correlation lengths, cosmological scenarios involving FOPTs offer a compelling
alternative, naturally accommodating magnetic fields with extremely large coherence lengths. Thus,
early universe processes like FOPTs remain an attractive explanation for the observed IGMFs.

In this thesis, we focus on a class of generic U(1)′ extensions of the SM that exhibit classical
scale invariance in both the visible and dark sectors. These models are designed to explain neutrino
masses and mixing via a type-I seesaw mechanism with three generations of right-handed neutrinos.
In these models, the generation of neutrino masses is driven by spontaneous symmetry breaking. If
this breaking occurs via a FOPT, the GWs/PBHs and magnetic fields will carry information about the
breaking mechanism and the scale of symmetry breaking associated with neutrino mass generation,
as this scale is typically correlated with these observables. As such, we begin with a comprehensive
survey of all possible scale-invariant U(1)′ models that explain the entirety of the neutrino oscillation
data. Then, we identify which of these models can be tested at different experimental facilities.

4.1 Formalism of FOPTs: key elements

The dynamics of phase transitions is well-established, with its theoretical foundations laid out in
past works [333, 334] (for a recent review see Ref. [335]). At low-temperatures, they are primarily
driven through quantum tunnelling between different vacua, while for high temperatures they are
dominated by thermal fluctuations. In this thesis, we will focus exclusively on the later. For this
scenario, the decay rate given by

Γ(T ) = T




det′[%∇2 + ∂2

φ̂
Veff(φ̂, T )]

det
[
%∇2 + ∂2

φ̂
Veff(0, T )

]




−1/2(

S3(T )

2πT

)3/2

exp{%S3(T )/T} , (4.1)

where T is the temperature, Veff is the thermal effective potential, S3 is Euclidean tunnelling action
and φ̂ is known as the bounce solution, to be described later. Here det′ indicates that the zero-modes
are not included in the calculation of the determinant. The determinant pre-factor can be simplified
by noting that it scales with T 3, allowing us to write [333]:

Γ(T ) ≈ T 4

(
S3(T )

2πT

)3/2

exp{%S3(T )/T} , (4.2)

which is implemented in our numerical analysis1. The Euclidean action S3 is given by [333, 334]

S3(T ) = 4π

∫ ∞

0
dr r2



1
2

(
dφ̂

dr

)2

+ Veff(φ̂, T )



 , (4.3)

The bounce solution φ̂ is determined by solving the equation of motion

∂2φ̂

∂r2
+

2

r

∂φ̂

∂r
=
∂Veff

∂φ̂
, (4.4)

for the path that minimises the energy of the scalar field. We employ CosmoTransitions [337] as a
bounce solver in our numerical analysis, and validated our results against our own algorithm.

4.1.1 Nucleation, percolation and reheating temperatures

As the Universe cools down from the symmetric phase, vacuum bubbles of the broken phase form.
The critical temperature, Tc, is defined as the temperature at which the true and false vacuum are

1We note, however, that there is a publicly available code [336] tailored to numerically calculate this pre-factor.
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degenerate. Below Tc, thermal fluctuations can become significant enough to nucleate a true vacuum
bubble per cosmological horizon. This defines the nucleation temperature, Tn, given by

∫ Tc

Tn

dT

T

Γ(T )

H(T )4
= 1 . (4.5)

Here, H(T ) is the Hubble parameter which evolves as

H2(T ) =
1

3M
2
Pl

(ρR(T ) + ∆Veff(T )) , (4.6)

where MPl ≈ 2.4 × 1018 GeV is the reduced Planck mass, and ∆Veff(T ) is the potential energy
difference between the true and false vacuum at temperature T , i.e., ∆Veff(T ) = Veff(vTrue(T ), T ) %
Veff(0, T ), where vTrue is the VEV of the true vacuum. The radiation energy density is ρR(T ) =
g∗(T )(π2/30)T 4, where g∗(T ) is the total number of SM and dark sector relativistic Degrees of freedom
(DOF), which will depend on the model in question. It is common to assume that g∗ is constant,
given that for temperatures above 100 GeV, g∗(T ) ≈ 100. However, for temperatures just above
the QCD scale, the number of DOF drops by about 40 [338]. This can have a significant impact
for scenarios with phase transition temperatures close to the QCD scale. Additionally, while in
the supercooled case, ∆Veff(T ) provides the dominant contribution to H(T ), making the temperature
dependence of g∗(T ) unimportant, for non-supercooled scenarios ρR becomes comparable to ∆Veff(T ),
necessitating a proper accounting of the DOF. In the literature, various approximations exist that
help simplify the calculation of the nucleation temperature [339, 340], with the most commonly used
condition S3(Tn)/Tn ∼ 140 suitable for EW transitions (for a discussion on its range of applicability,
see e.g. Ref. [341]), which corresponds to the default setting in CosmoTransitions [337]. For the cases
where no supercooling exists, this approximation holds given that the vacuum energy density plays
a small role. In the supercooled case, however, one needs to use Eq. (4.5) to consistently obtain the
nucleation temperature.

As the vacuum bubbles expand and occupy 34% of the Universe’s volume, they become causally
connected, preventing the Universe from reverting to its initial symmetric phase. This defines the
percolation temperature, Tp, and corresponds to the cosmological epoch at which the SGWB is gen-
erated. Quantitatively, the fraction of space in the false vacuum is P(T ) = exp(%I(T )), where I(T )
corresponds to the true vacuum volume per unit comoving volume:

I(T ) =
4πv3w
3

∫ Tc

T
dT ′ Γ(T ′)

T ′4H(T ′)

(∫ T ′

T

dT̃

H(T̃ )

)3

, (4.7)

where vw is the bubble wall velocity. For supercooled transitions, the bubble velocity is set to 1. The
percolation temperature is then calculated from Eq. (4.7) by requiring that I(Tp) = 0.34 is satisfied,
or equivalently, P(Tp) = 0.7. To confirm that percolation indeed takes place, we ensure that the false
vacuum volume is decreasing near Tp by requiring

H(T )

(
3% T

dI

dT

)∣∣∣∣∣
T=Tp

< 0 . (4.8)

Note that this condition may become valid at a temperature below percolation. In fact, we find a
number of scenarios in which this condition is not valid at Tp but is satisfied at a lower temperature.
Then, it is unclear whether percolation is guaranteed [342].

As the FOPT takes place, the energy released to the surrounding plasma reheats the Universe
back to a higher temperature TRH. This is particularly relevant in the case of supercooling due to
the substantial amount of latent heat released. Consequently, immediately after percolation, the
dark scalar φ responsible for the phase transition will begin to oscillate around the true vacuum and
eventually decay away into SM particles. If its decay rate Γφ > H(Tp) then reheating is almost
instantaneous, and the Universe immediately enters a period of radiation domination. However, if
Γφ < H(Tp), an interim period of matter domination occurs until the heavy scalar has decayed
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away [308]. With this in mind, the reheating temperature can be written as2

TRH ≈
(

Γφ

H(Tp)

)1/2

Tp[1 + α(Tp)]
1/4 , Γφ < H(Tp) ,

≈ Tp[1 + α(Tp)]
1/4 , Γφ > H(Tp) .

(4.9)

Only after reheating does the Universe enter a period of radiation domination. In this case, the
temperature at which the phase transition ends should be taken to be TRH. However, the remaining
thermodynamic parameters, like α and β/H(Tp) (discussed in the next section), are evaluated at Tp

[335]. In the absence of supercooling, i.e., α 1 1, one can approximate TRH ≈ Tp as long as the
Universe immediately enters the radiation dominated era.

4.1.2 Thermodynamic parameters: vw, α and β/H(Tp)

The characteristics and dynamics of FOPTs are uniquely defined by four distinct thermodynamic
parameters:

Tp , vw , α , β/H(Tp) . (4.10)

The first two parameters, Tp (the percolation temperature) and vw (the bubble wall velocity), have
been introduced above. The strength of the phase transition, α, is defined as the ratio of the latent
heat released during the phase transition to the total radiation energy density. It can be expressed in
terms of ∆Veff(T ) as follows:

α =
∆Veff

ρR

∣∣∣∣∣
T=Tp

% T

ρR

∂∆Veff

∂T

∣∣∣∣∣
T=Tp

, (4.11)

where the second term on the right-hand side encodes entropy density variation. In the case of
supercooling, ∆Veff dominates the radiation energy density, i.e., ∆Veff 2 ρR, leading to α 2 1. The
duration of the phase transition can be calculated using the false vacuum decay rate expressed as a
function of time, Γ(τ) ∼ exp(βτ). By comparing this with (4.2) and making use of T ′(τ) = %TH, we
write

β = %
(

d

dτ

S3

T

)∣∣∣∣∣
τ=τp

⇔ β

H(Tp)
=

(
T

d

dT

S3

T

)∣∣∣∣∣
T=Tp

. (4.12)

This quantity can also be expressed in terms of the characteristic length scale R∗ corresponding to
the average size of the bubble [343],

β

H(Tp)
= (8π)1/3

max(vw, cs)

H(Tp)R∗
, (4.13)

where cs = 1/
√
3 is the sound speed in the plasma and [344, 345]

R∗ =

[
T 3
p

∫ Tc

Tp

dT ′

T ′4
Γ(T ′)

H(T ′)
e−I(T ′)

]−1/3

. (4.14)

The templates describing the SGWB spectrum are expressed in terms of R∗.
Each of these parameters can introduce uncertainties, in particular, for the predicted GW spec-

trum. While most of these parameters are well-defined theoretically, they all depend (either directly
or indirectly) on the thermal effective potential. As shown in previous studies [346–350], the primary
source of uncertainty arises from the choice of renormalisation scale. Although the existence of a
FOPT is a robust prediction in the sense that changes in the renormalisation scale do not eliminate
the transition, different choices of this scale can significantly affect GW predictions, potentially by
orders of magnitude. This effect is particularly pronounced for the parameter α, which depends on
the difference in potential energy between the true and false vacua and is inversely proportional to the
fourth power of the temperature. Moreover, for α < 1, the SGWB amplitude scales approximately

2A more accurate estimate of TRH can be obtained from energy conservation by matching the energy density before
and after the transition: ρ(φ(0, Tp)) = ρ(φ(vTrue(TRH), TRH) [106].
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with the square of α, further amplifying these theoretical uncertainties. A robust and theoretically
consistent analysis can be achieved either through a RG-improved potential or through an EFT ap-
proach using Dimensional Reduction (DR). In this chapter, we shall use the former.

The percolation temperature, Tp, is well-defined from a theoretical standpoint and is expected to be
relatively unaffected by uncertainties, although small variations can significantly impact the SGWB.
Its determination is intrinsically linked to the bubble wall velocity, vw. A recent study [351] provided
model-independent analytical expressions for vw. Depending on the type of fluid motion—deflagration,
detonation, or hybrids—different expressions and approximations apply. Although, a recent study
[352] performed real-time hydrodynamical lattice simulations and their analysis revealed that most
solutions tended towards a runaway scenario (i.e., with vw approaching the speed of light, vw . 1).
Scenarios leading to a steady-state solution, where the analytical results from [351] align with [352],
were found to be rare and required fine-tuning of the nucleation temperature.

4.2 Spectral templates for the SGWB

We use the latest templates (as of December 2024) for the SGWB background spectrum char-
acterised by the amplitude ΩGW and frequency f as provided by the LISA Cosmology Working
Group [353]. The SGWB gets contributions from three main sources: sound waves [354–356], bubble
wall collisions [25, 322, 357], and MHD turbulence in the plasma [322, 358]. Sound waves typically
provide a dominant contribution. However, in the presence of supercooling the bubbles undergo un-
bounded expansion, making wall collisions efficient in producing gravitational radiation. Turbulence
effects are still not well understood and remain largely uncertain compared to the other sources. Since
the contribution from turbulence is expected to be subdominant, we neglect it in what follows.

For bubble collisions and highly relativistic fluid shells, the spectrum admits a broken power law
that can be expressed as [353]

ΩBC
GW(f,Ωpeak

GW , fpeak) = Ωpeak
GW

(n1 % n2)
n1−n2

a1

[
%n2

(
f

fpeak

)− n1a1
n1−n2

+ n1

(
f

fpeak

)− n2a1
n1−n2

]n1−n2
a1

, (4.15)

where Ωpeak
GW and fpeak, which we call geometric parameters, correspond to the peak energy density

amplitude and frequency, respectively. The ni and ai parameters result from a fit to numerical
simulations and are given as n1 = 2.4, n2 = %2.4 and a1 = 1.2 [353]. We can relate the geometric
and thermodynamics parameters as follows

h2Ωpeak
GW = h2FGW,0 Astr K̃

2

(
β

H(Tp)

)−2

, fpeak . 0.11H∗,0
β

H(Tp)
, (4.16)

where K̃ ≡ κBC[α/(1 + α)] is the fractional energy density and Astr . 0.05 [359] and h is defined
through the Hubble constant H0 = 100h km/s/Mpc. The parameters FGW,0 and H∗,0 account for the
redshift as follows:

H∗,0 . 1.65× 10−5 Hz

(
g∗(TRH)

100

)1/6( TRH

GeV

)(
Γφ

H(Tp)

)−1/3

,

h2 FGW,0 . 1.65× 10−5

(
100

g∗(TRH)

)1/3( Γφ

H(Tp)

)2/3

,

(4.17)

with H0 = 100h km/s/Mpc. The Γφ/H(Tp) factors are taken from Ref. [308]. In the case of radiation
domination at percolation, Γφ/H(Tp) = 1.

The efficiency factor κBC is model dependent. Whether the bubble wall reaches a terminal ve-
locity depends on the pressure exerted by the plasma on the walls. Two contributions apply: a LO
contribution due to 1 → 1 scattering [360] and a NLO one from 1 → N splittings [361]:

PNLO =
∑

a=V,f

kaca
∆m2

aT
2
p

24
and PLO =

∑

a=V

kag
2
a∆maT

3
p , (4.18)
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where V are gauge vectors and f are fermions. Here ca = 1 (1/2) for bosons (fermions), ka denote the
corresponding DOF, ∆m2

a is the squared mass difference of the particles in the false and true vacuum
and ga the associated gauge coupling to the vector a. Defining [308]

αeq =
PNLO

ρR
and α∞ =

PLO

ρR
, (4.19)

the equilibrium Lorentz factor (corresponding to the pressure terms PLO and PNLO being balanced
by the potential energy difference ∆Veff) is

γeq =
α% α∞
αeq

. (4.20)

Neglecting plasma effects i.e., PNLO, as the bubble grows, its Lorentz factor can be approximated
as [308]

γ̃∗ ≈ 2

3

R∗
R0

, (4.21)

where R0 is the initial bubble radius,

R0 =

(
3S3(Tp)

4π∆V (Tp)

)1/3

. (4.22)

The efficiency factor can be estimated as the ratio of the energy of the bubble wall to the total energy
released [308]:

κBC =






(
1% 1

3

(
γ̃∗
γeq

)2
)(

1% α∞
α

)
for γ̃∗ < γeq ,

2

3

γeq
γ̃∗

(
1% α∞

α

)
otherwise.

(4.23)

For the sound wave contribution, the SGWB template is described by the following double broken
power law [353]

ΩSW
GW(f,Ω2, f1, f2) = Ωint × S(f) , (4.24)

S(f) = N

(
f

f1

)n1
[
1 +

(
f

f1

)a1
]−n1+n2

a1
[
1 +

(
f

f2

)a2
]−n2+n3

a2

,

where the fit parameters are n1 = 3, n2 = 1, n3 = %3, a1 = 2 and a2 = 4. Here, N is a normalization
factor that is determined by

∫ +∞
−∞ S(f)d ln f = 1. The geometric parameters f1 and f2 are given by

f1 . 0.2H∗,0 (H(Tp)R∗)
−1 , (4.25)

f2 . 0.5H∗,0 ∆−1
w (H(Tp)R∗)

−1 , (4.26)

where ∆w = vshell/max(vw, cs) with vshell = |vw % cs| the dimensionless sound shell thickness. A
definition for H(Tp)R∗ was given below Eq. (4.14). The integrated amplitude Ωint obeys the rela-
tion [309],

h2Ωint = 0.11h2FGW,0 K
2 (H(Tp)τSW) (H(Tp)R∗) , (4.27)

where the lifetime of sound waves in units of Hubble time is H(Tp)τSW = min(2H(Tp)R∗/
√
3K, 1),

and K = 0.6κSWα/(1 + α) is the fractional kinetic energy converted into sound waves. The efficiency
factor is [105]

κSW =
αeff

α

αeff

0.73 + 0.083
√
αeff + αeff

, αeff = α(1% κBC) . (4.28)
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4.3 Formalism for the PBH production

During a FOPT, the Universe transitions from the false vacuum to the true vacuum through the
process of bubble nucleation. Supercooling occurs when the Universe remains trapped in the false
vacuum for an extended period, delaying bubble nucleation to temperatures far below the critical
temperature Tc. In this regime, bubble expansion is primarily driven by the vacuum energy ∆Veff

rather than by radiation. This triggers a period of thermal inflation that persists until the phase
transition is complete. Upon completion, the vacuum energy is converted into radiation, which reheats
the plasma and marks the onset of the radiation domination era.

Bubble nucleation is an inherently stochastic process, so that different regions of the Universe
undergo nucleation at different times. For an average Hubble patch, nucleation occurs at a cosmic
time τnuc. However, late-nucleating patches, labelled by i, nucleate at a time τ inuc > τnuc and remain
vacuum-dominated for an extended period. Consequently, the false vacuum energy density of the
late-nucleating patches remains approximately constant, while the energy density of the true-vacuum
background, which is dominated by radiation, rapidly decreases as the Universe cools. As a result,
late-nucleating patches become overdense relative to the background.

If the overdensity, δ(τ, τ inuc), in a patch i exceeds a critical threshold δc [362],

δ
(
τ ; τ inuc

)
≡
ρlatetot

(
τ ; τ inuc

)
% ρbkgtot (τ)

ρbkgR (τ)
> δc , (4.29)

then the patch can collapse into a PBH. Here, ρlatetot

(
τ ; τ inuc

)
is the total energy density at cosmic time τ

for a patch i that nucleated at time τnuc,i, and ρ
bkg
tot (τ) and ρ

bkg
R (τ) are the total and radiation energy

densities of the background true-vacuum regions, respectively. The overdensity in late-nucleating
patches increases over time and reaches its peak shortly after the patch percolates. This maximum
arises because the energy density of the surrounding true-vacuum regions begins to dilute slightly
earlier, while the late-nucleating patch maintains a nearly constant energy density dominated by
vacuum energy until they start to percolate and their vacuum energy is gradually converted into
radiation.

It is possible to derive an approximate analytical expression for the probability that a given patch i
collapses into a PBH. Assuming strongly supercooled FOPTs with α > 100, this probability depends
solely on the inverse time duration of the FOPT β/H(Tp) and on the critical threshold δc as [362]

Pcoll ≈ exp

{
%a1

(
β

H(Tp)

)a2

(1 + δc)
a3[β/H(Tp)]

}
, (4.30)

where a1 = 0.56468, a2 = 1.266 and a3 = 0.6639 are dimensionless fitting parameters. Simulations
suggest that δc ranges between 0.4 and 0.66 if the origin of the overdensities is similar to that of
inflation [363–366].

The fraction of dark matter in the form of PBHs, normalised to the total DM relic abundance
today, is given by [362]3

fPBH ≈ Pcoll

2.2× 10−8

TRH

0.14 GeV
, (4.31)

and the PBH mass PBH is [362]

MPBH = M(

(
20

g∗(TRH)

)1/2(0.14GeV

TRH

)2

. (4.32)

Given the strong sensitivity of fPBH on δc, we treat δc as a free parameter in the range [0.40, 0.66].
A recent study [368] revises δc upward by an order of magnitude, which leads to drastically reduced

PBH abundances. To achieve fPBH ∼ 1 requires β/H(Tp) ! 2.5. However, such low values of β/H(Tp)
are not obtainable in our model, as the FOPT does not percolate and cannot complete. It is worth
noting that additional contributions not included in Ref. [368], particularly the energy density in

3A similar PBH production mechanism was presented in Ref. [367]. The main difference is that Ref. [362] assumes
that collapsing patches can contain true vacuum bubbles, while Ref. [367] assumes can they can not. This affects the
threshold value of β/H(Tp) required to fully account for DM. In Ref. [367], fPBH = 1 for β/H(Tp) " 3.8, whereas in
Ref. [362] β/H(Tp) " 8.
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bubble walls, may play an important role in the formation of PBHs in supercooled FOPTs [367, 369,
370]. However, it remains to be demonstrated whether the bubble wall contribution validates the
conclusions of Ref. [362] and negates the conclusions of Ref. [368]. Until this issue is resolved, we
optimistically take δc ∈ [0.40, 0.66].

4.4 Formalism for the production of primordial magnetic fields

The initial conditions of the magnetic fields generated during a FOPT play a crucial role in deter-
mining the evolution of MHD turbulence. In particular, the initial magnetic helicity has a significant
impact on the MHD decay process [371]. MHD decay refers to the dissipation of magnetic energy and
the relaxation of turbulent motions in a conducting plasma, governed by MHD equations. Magnetic
helicity density characterises the twist and linkage of magnetic field lines, defined as |HM | ≡ 〈A ·B〉,
where B = ∇×A, with A and B denoting the vector potential and magnetic field, respectively. For
helical fields, this decay is typically slower because helicity is approximately conserved. Consequently,
a maximally helical field increases its correlation length as magnetic energy dissipates, driving an
inverse cascade of energy from small to large scales. This process generates coherent magnetic struc-
tures significantly larger than the initial energy injection scale. Such dynamics may have been critical
for the persistence and evolution of primordial magnetic fields, enabling their survival and large-scale
coherence in the present universe. In contrast, non-helical fields decay more rapidly, with energy
dissipating at small scales through viscous and resistive effects.

A maximally helical magnetic field satisfies |HM | = (π/k)〈|B|2〉 at each scale k, where 〈|B|2〉/2
is the magnetic energy density. For such a field, the decay of MHD turbulence during the radiation-
dominated epoch follows a power-law dependence on conformal time η [372]

B ∼ η−1/3 , λ ∼ η2/3 , (4.33)

where B is the magnetic field strength and λ is the correlation length of the magnetic field. A non-
helical magnetic field has HM = 0 at all scales, implying that its Fourier modes satisfy Bk ·A∗

k = 0 for
all wavenumbers k. Then, inverse transfer can still occur due to kinetic helicity in the plasma [372].
Kinetic helicity HM

kin ≡ 〈v · ω〉 measures the correlation between a fluid’s velocity v and vorticity
ω ≡ ∇× v. In plasmas, a non-zero HM

kin can induce an inverse transfer of magnetic energy, even for
non-helical magnetic fields (HM = 0), by exciting helical plasma motions that reorganise the magnetic
field structure at larger scales [372]. However, the strength of this effect remains debated [373]. In
this case, B and λ scale as

B ∼ η−1/2 , λ ∼ η1/2 . (4.34)

These scaling laws are applicable during the radiation-dominated epoch, during which the scale factor
evolves as a ∼ η. After recombination, the magnetic field strength decays as B ∼ a−2 due to the
expansion of the Universe. To encompass the helical and non-helical cases, we introduce the generalised
parameters,

pb =
2

b+ 3
(b+ 1) , qb =

2

b+ 3
, (4.35)

yielding the power-law scalings:
B ∼ η−pb/2 , λ ∼ ηqb , (4.36)

where b = 0 and b = 1 correspond to the helical and non-helical cases, respectively. The magnetic
energy density at the time of percolation is estimated as [314, 374]

ρB,∗ = 0.1
κcolα

1 + α
ρ∗ , (4.37)

where ρ∗ ≈ ρvac is the total energy density at percolation. This expression assumes a 10% efficiency
in converting plasma motion into magnetic fields [326, 375, 376].

The present-day magnetic field spectrum is given by [314]

B0(λ) =

(
aRH

arec

)pb/2(aRH

a0

)2√17

10
κh ρB,∗






(
λ
λ0

)−5/2
, λ ≥ λ0

(
λ
λ0

)1/3
, λ < λ0 ,

(4.38)
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where the coherence scale of the magnetic field today is [314]

λ0 =
a0
aRH

(
arec
aRH

)qb

λ∗ , (4.39)

and the initial correlation length λ∗ is determined by the bubble size at percolation [343]:

λ∗ =
(8π)1/3

H(Tp)

(
β

H(Tp)

)−1

, (4.40)

assuming a wall velocity vw = 1 for strongly supercooled transitions. The redshift factors are given
by

aRH

a0
= 8× 10−14

(
100

g∗(TRH)

)1/3(GeV

TRH

)
, (4.41)

aRH

arec
= 8× 10−11

(
100

g∗(TRH)

)1/3(GeV

TRH

)
. (4.42)

After the phase transition ends, a fraction of the bubble wall energy of the dark scalar is transferred
to the Higgs field, due to the Higgs portal coupling λσh. To account for this we introduce an efficiency
factor,

κh = 1% Veff(vσ(Tp), v)

Veff(vσ(Tp), 0)
, (4.43)

where Veff is the 2-field effective potential, where the first argument corresponds to the σ direction,
and the second argument corresponds to the Higgs direction. The VEV is evaluated at Tp.

4.5 Generic scale-invariant U(1)′ models

We will now explore a class of generic U(1)′ extensions of the SM, primarily designed to accommo-
date neutrino masses and mixing through the inclusion of three generations of right-handed neutrinos
and a type-I seesaw mechanism. By imposing scale invariance, all tree-level dimensionful parameters
of the theory are forbidden, thereby reducing the number of free parameters in the model Lagrangian.
Specifically, the conventional Majorana mass term MN̄ cN is not allowed and must be replaced by
a Yukawa term yielding the Majorana mass M → yσ 〈σ〉 /

√
2 through the introduction of a complex

singlet scalar σ. In standard Majoron models [377–379], the Majoron is identified with a pseudo
Nambu-Goldstone boson resulting from the breaking of a global U(1)B−L lepton number symmetry.
For this thesis, however, neither U(1)′ is global nor does a physical pseudo-Goldstone boson exist in
the spectrum. Nevertheless, we refer to σ as Majoron due to its role in generating Majorana masses
for right-handed neutrinos, while the corresponding class of models will be called Majoron-like.

The field content, their quantum numbers and transformations under rescaling are shown in
Tab. 4.1. The third column lists the anomaly-free U(1)′ charges adopted from Ref. [380]. It is
important to note that in the current framework, which includes only one additional scalar σ, the
anomaly-free conditions require flavour universality to describe neutrino oscillation data. In this con-
text, the class of models presented is representative of all such scenarios, including the U(1)B−L model
with xH = 0 and xσ = 2 in Tab. 4.1. We treat xσ and xH as free parameters. The SM gauge group
representations are shown in the last three columns.

4.5.1 Yukawa sector

The neutrino sector Lagrangian of a classically scale invariant type-I seesaw mechanism with a
Majoron reads [377–379]

Lν = yijν N iHLj + yijσ N̄ c
i Njσ + h.c. , (4.44)

where Li = (νLi eLi)T. The mass matrix in the basis
{
ν̄L,i, N̄ c

i

}
⊗ {νLj , Nj} is in a block compact

form,

Mν =

[
0 v√

2
yT
ν

v√
2
yν

vσ√
2
yσ

]
, (4.45)
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whose eigenvalues are the masses of the three active neutrinos, m1, m2 and m3, and the three heavy
neutrinos MN1 , MN2 and MN3 . In the limit MNi 2 mi, the effective light neutrino mass matrix is

mν ≈ 1√
2

v2

vσ
yT
ν y

−1
σ yν (4.46)

while the masses of the heavy neutrinos are given by

MN ≈ vσ√
2
yσ . (4.47)

The neutrino mass matrix can be inverted using the neutrino mass differences and the entries of
the PMNS matrix, UPMNS, as input parameters. For a type-I seesaw mechanism with a diagonal yσ,
we can write [381]

yν = iΣ−1/2RD√
mU †

PMNS , (4.48)

where Σ is a diagonal 3 × 3 matrix whose entries are the singular values of [(
√
2v2)/(2vσ)]y−1

σ , and
D√

m = diag(
√
m1,

√
m2,

√
m3). Here, R is a generic complex orthogonal 3 × 3 matrix (see also

Ref. [381]) that satisfies [382]
RRT = RTR = I (4.49)

and is defined as

R = sign(x, y, z)




cos z3 % sin z3 0
sin z3 cos z3 0
0 0 1








cos z2 0 % sin z2
sin z2 0 cos z2
0 1 0








1 0 0
0 cos z1 % sin z1
0 sin z1 cos z1



 , (4.50)

where zi denote complex angles and sign(x, y, z) is a diagonal matrix of signs, both are treated as
free parameters. For the numerical analysis, we used the latest neutrino oscillation data fit from
the NuFIT collaboration [383], assuming a normal mass hierarchy. Cosmological constraints on the
neutrino mass sum are also taken into account, with an upper bound set at

∑
mν < 0.12 eV [384].

Note that current LVK data impose constraints on classically conformal Majoron models because GW
interferometers operating in the 10%100 Hz frequency range are sensitive to scales between 1012 GeV
and 1017 GeV, which are typically associated with heavy neutrino masses in a high-scale type-I seesaw
mechanism.

4.5.2 Scalar potential

The tree-level scalar potential of a generic classically conformal Majoron model is given by

V0(H,σ) = λh(H†H)2 + λσ(σ
†σ)2 + λσh(H†H)(σ†σ) . (4.51)

Field Scale symmetry U(1)′ SU(3)C SU(2)L U(1)Y

Q ρ−3/2 1
3xH + 1

6xσ 3 2 1/6

uR ρ−3/2 4
3xH + 1

6xσ 3 1 2/3

dR ρ−3/2 % 2
3xH + 1

6xσ 3 1 %1/3

L ρ−3/2 %xH % 1
2xσ 1 2 %1/2

eR ρ−3/2 %2xH % 1
2xσ 1 1 %1

H ρ−1 xH 1 2 1/2

N ρ−3/2 % 1
2xσ 1 1 0

σ ρ−1 xσ 1 1 0

Table 4.1: Scaling and anomaly-free gauge quantum numbers of the field content in the class of scale-
invariant Majoron-like models considered. The U(1)′ charges are defined in terms of those of the SM
Higgs doublet H, xH, and the Majoron field σ, xσ. The ρ parameter denotes the scale factor for each
field that also enters the coordinate transformation, x → x′ = ρx, as required by the scale symmetry.
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We can expand the Higgs doublet H and the Majoron σ in terms of real-valued components as

H =
1√
2

[
ω1 + iω2

φh + hr + iη

]
, σ =

1√
2
(φσ + h′

r + iJ) , (4.52)

where hr and h′
r represent radial quantum fluctuations about the classical field configurations φh and

φσ, while ω1,2, η, and J are the Goldstone modes corresponding to the longitudinal DOF of the gauge
bosons upon symmetry breaking. In terms of classical fields, the tree-level potential reads

V0(φh,φσ) =
1

4

(
λhφ

4
h + λσφ

4
σ + λσhφ

2
hφ

2
σ

)
. (4.53)

We can then express the field-dependent squared mass matrix as

M2
(0) =

[
3φ2hλh + 1

2λσhφ
2
σ φhφσλσh

φhφσλσh 3φ2σλσ + 1
2λσhφ

2
h

]
, (4.54)

with corresponding eigenvalues given by

M2
h1

=
1

4

(
%
√
2φ2hφ

2
σ (6λσh (λh + λσ)% 36λhλσ + 7λ2σh) + φ4h (λσh % 6λh)

2 + φ4σ (λσh % 6λσ)
2

+φ2h (6λh + λσh) + λσhφ
2
σ + 6λσφ

2
σ

)
,

M2
h2

=
1

4

(√
2φ2hφ

2
σ (6λσh (λh + λσ)% 36λhλσ + 7λ2σh) + φ4h (λσh % 6λh) 2 + φ4σ (λσh % 6λσ)

2

+φ2h (6λh + λσh) + λσhφ
2
σ + 6λσφ

2
σ

)
.

(4.55)
For the Goldstone bosons, the corresponding field-dependent masses are

M2
G1

= λhφ
2
h +

λσh
2
φ2σ , M2

G2
= λσφ

2
σ +

λσh
2
φ2h , M2

G± = λhφ
2
h +

λσh
2
φ2σ . (4.56)

The absence of quadratic terms at LO results in a massless physical scalar, identified with the h2

boson, once the gauge and conformal symmetries are broken. As a pseudo-Goldstone boson of the
scale symmetry, it acquires an explicit mass term due to the non-linear form of the CW potential
[303] that violates the scale symmetry of the Lagrangian. In the Landau gauge and assuming the MS
renormalisation scheme, the CW potential takes the generic form,

VCW(φh,φσ) =
1

64π2

∑

a

naM
4
a (φh,φσ)

(
ln

M2
a (φh,φσ)

µ2
% ca

)
, (4.57)

where a runs over all vector, scalar and fermionic DOF, while Ma(φh,φσ) denotes the field-dependent
mass for a field a, and µ is the renormalisation scale. The ca factors are renormalisation-dependent
constants taking the values ca = 3/2 for fermions and scalars and ca = 5/6 for vectors in the MS
scheme. The pre-factor na is given by

na = (%1)2saQaNa(2sa + 1) . (4.58)

Here, sa denotes the spin of particle a, Qa is 1 for uncharged particles and 2 for charged ones, whereas
Na is 1 for uncoloured particles and 3 for coloured ones.

The one-loop effective potential is

V = V0(φh,φσ) + VCW(φh,φσ) , (4.59)

which must be extremised in order to study the symmetry breaking patterns. In the zero temperature
limit, the tadpole equations are

0 = λhv
3 +

1

2
λσhvv

2
σ +

∂VCW

∂φh

∣∣∣
φh=v,φσ=vσ

,

0 = λσv
3
σ +

1

2
λσhv

2vσ +
∂VCW

∂φσ

∣∣∣
φh=v,φσ=vσ

.
(4.60)
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These equations can be used to fix the values of λσh and λσ in our numerical analysis. The zero external
momentum contribution to the scalar mass spectrum is derived by computing the eigenvalues of the
Hessian matrix of the effective potential, while the momentum-dependent part is obtained from the
self-energies Π. Separating the one-loop and tree-level parts, the mass matrix can be written as [385]

M2(p2) = M2
(0) +M , (4.61)

with M = Re{∆Π(p2)} + ∂2VCW, where ∂2VCW is the Hessian matrix of the CW potential and
∆Π = Π(p2 = M2)%Π(p2 = 0). We then obtain the loop corrected masses

M2
h1

=
1

4

(
Σ %

{
32M12φhλσhφσ + φ2h (6λh % λσh)

(
φ2h (6λh % λσh) + 4 [M11 %M22]

)

+2φ2σ
(
Φhφ

2
h + Φσ

)
+ φ4σ (λσh % 6λσ)

2 + 4
[
(M11 %M22)

2 + 4Π2
h1h2

] }1/2)
,

M2
h2

=
1

4

(
Σ +

{
32M12φhλσhφσ + φ2h (6λh % λσh)

(
φ2h (6λh % λσh) + 4 [M11 %M22]

)

+2φ2σ
(
Φhφ

2
h + Φσ

)
+ φ4σ (λσh % 6λσ)

2 + 4
[
(M11 %M22)

2 + 4Π2
h1h2

] }1/2)
,

(4.62)

where
Σ = φ2h (6λh + λσh) + λσhφ

2
σ + 6λσφ

2
σ + 2M11 + 2M22 ,

Φh = 6λσh (λh + λσ)% 36λhλσ + 7λ2σh ,

Φσ = %2(M11 %M22) (6λσ % λσh) .

(4.63)

Following symmetry breaking, we have a total of 7 parameters: three quartic couplings, two VEVs, and
two physical scalar masses. Of them, the Higgs VEV and mass Mh1 are fixed to their experimentally
measured values, so we are left with λh, λσ, λσh, vσ, and Mh2 . The tadpole relations in (4.60) fix
two of these parameters, which we choose to be λσ and λσh, while the one-loop corrected masses in
(4.62) constrain two additional parameters, which we choose to be vσ and λh. Consequently, the only
remaining free parameter is the mass of the additional Higgs, Mh2 . The full set of one-loop diagrams
and the corresponding expressions for the self-energies are provided in App. F.

To simplify the numerical analysis and in the interest of efficiency, we make the following approx-
imations. First, we neglect mixing effects generated at one-loop, i.e. Πh1h2 = 0, and instead utilise
results from the tree level contribution. This approximation is not expected to significantly impact the
final outcome, given that (a) experimental constraints already favour a relatively small Higgs mixing
angle, and (b) we have found numerically that such an angle always remains small. Second, since the
strength of phase transitions in classically conformal models with additional gauge groups is typically
driven by gauge interactions, where the relation between scalar quartic λ and gauge g couplings is
λ ∼ g4 [386], we anticipate that for g ! 1, contributions from scalar fields to both one-loop masses
and the effective potential are small. Indeed, we have numerically verified that for λσ ∼ O(0.1),
as obtained in our simulations, scalar corrections lead to changes in λσ of about 6% and in λh of
about 0.1%, with vσ and λσh unchanged. Consequently, we only include fermion and gauge boson
contributions in the calculation of one-loop masses and the effective potential. This approximation is
supported by arguments presented in [103], particularly in the context of an SU(2) conformal model.
The immediate advantage of these approximations is evident in the calculation of one-loop tadpole
equations in (4.60), which can be solved fully analytically (see App. G for the complete expressions).
Furthermore, as the Higgs vacuum does not play a role in the FOPT, the relevant contributions at
one loop are those from the Z′ boson and the heavy neutrinos.

4.5.3 Gauge sector

The presence of a new U(1)′ gauge symmetry implies the existence of an additional heavy gauge
boson Z′ that mixes with the SM photon and Z0 boson. To illustrate this, consider the covariant
derivatives which explicitly depend on the Higgs doublet and Majoron U(1)′ gauge charges:

DµH =

(
∂µ % i

2
g1Bµ % ig2τaA

a
µ % ixHgLB

′
µ % ig12xHBµ % i

2
g21B

′
µ

)
H ,

Dµσ =
(
∂µ % ig21xσBµ % ixσgLB

′
µ

)
σ .

(4.64)
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The usual U(1)Y and SU(2)L gauge couplings are denoted as g1 and g2, respectively, while gL is the
U(1)′ gauge coupling. The U(1)Y%U(1)′ kinetic mixing is generally described by two parameters, g12
and g21, although it is possible to rotate to a basis in which g21 = 0 [387]. The U(1)Y, U(1)

′ and SU(2)L
gauge fields are denoted as Bµ, B′

µ and Aa
µ, respectively. By expanding the kinetic terms |DµH|2

and |Dµσ|2, one obtains the field-dependent mass matrix, which in the basis {A1
µ, A

2
µ, Bµ, A3

µ, B
′
µ}⊗

{A1
µ, A

2
µ, Bµ, A3

µ, B
′
µ} is

M2
V =





g22φ
2
h

4
0 0 0 0

0
g22φ

2
h

4
0 0 0

0 0
g21φ

2
h

4
%1

4
g1g2φ2h

g1(g12 + 2xHgL)φ2h
4

0 0 %1

4
g1g2φ2h

g22φ
2
h

4
%g2(g12 + 2xHgL)φ2h

4

0 0
g1(g12 + 2gLxH)φ2h

4
%g2(g12 + 2xHgL)φ2h

4

(g12 + 2xHgL)
2φ2h

4
+ g2Lx

2
σφ

2
σ





, (4.65)

and whose eigenvalues provide the vector bosons’ field-dependent masses,

M2
γ = 0 ,

M2
W± =

g22φ
2
h

4
,

M2
Z0 =

1

8
(Gφ2h + 4g2Lx

2
σφ

2
σ)

%
√
G2φ4h + 8g2Lx

2
σφ

2
hφ

2
σ [(2gLxH + g12)2 % g21 % g22 ] + 16g4Lx

4
σφ

4
σ ,

M2
Z′ =

1

8
(Gφ2h + 4g2Lx

2
σφ

2
σ)

+
√
G2φ4h + 8g2Lx

2
σφ

2
hφ

2
σ [(2gLxH + g12)2 % g21 % g22 ] + 16g4Lx

4
σφ

4
σ ,

(4.66)

where we define G ≡ g21 + g22 +(g212 +2gLxH)2. Due to the flavour universality of the U(1)′ charges in
Tab. 4.1, the new Z′ boson couples to all SM fermions. Consequently, direct searches for Z′ bosons at
the LHC impose stringent constraints on its mass, restricting it to be slightly above 5 TeV [388–391].
Additionally, constraints from the LEP [246] impose strict limitations on the allowed values of the
kinetic mixing, parametrised here via g12. Note that a heavy Z′ boson implies a hierarchical relation
among the VEVs, vσ 2 v, from which we can derive approximate expressions for the masses of the
Z0 and Z′ as follows:

M2
Z0 =

φ2h
16

(g21 + g22)

(
4% (g12 + 2gLxH)φ2h

g2Lx
2
σφ

2
σ

)
, M2

Z′ =
1

4
(g12 + 2gLxH)2φ2h + g2Lx

2
σφ

2
σ . (4.67)

While the kinetic mixing is expected to be small, the large value of vσ suppresses the Z0 % Z′ mixing
angle (see e.g. [392]), proportional to v2/v2σ, which in turn allows g12 to be O(1). Indeed, previous
studies [105, 307] have shown that setting g12(µ = MZ′) = %0.5 contributes to the stabilization of the
Higgs vacuum by ensuring that λh remains positive up to the Planck scale. Although this conclusion
was drawn within the context of the B%L model (equivalent to setting xH = 0 and xσ = 2), we
have observed that for other charge assignments, a non-zero value to g12 at the MZ′ scale also aids
in stabilising the SM vacuum. For a cleaner analysis, we fix g12 = 0 at the EW scale, such that the
only free parameters from the gauge sector are the charges xH and xσ and the gauge coupling gL.
However, RG evolution of g12 regenerates non-zero values at the MZ′ scale so that the potential is
bounded from below provided that 41xH + 8xσ 6= 0 (see β(1)(g12) in App. E).

4.5.4 Effective thermal potential

PBH formation, magnetic fields and the SGWB are intricately correlated with the thermodynamic
parameters of the FOPT, and therefore any theoretical errors in their determination can have an
important impact on these observables. This is especially true for the determination of the SGWB,
as it is frequently asserted that small theoretical inaccuracies in the thermodynamic parameters can
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result in significant variations, spanning several orders of magnitude, in the predicted SGWB. We
assess the generality of this statement and argue that it depends on the nature of the FOPT. The
peak amplitudes for the sound wave and bubble collision contributions, Ωpeak

SW and Ωpeak
BC respectively,

and their peak frequency, fpeak, scale with the phase transition parameters according to

Ωpeak
SW ∝

(
κSWα

1 + α

)2( β

H(Tp)

)−1

, Ωpeak
BC ∝

(
κBCα

1 + α

)2( β

H(Tp)

)−2

, fpeak ∝ β

H(Tp)
. (4.68)

The impact of uncertainties in the efficiency factors is illustrated in Fig. 4.4. In the limit of strong
supercooling, α2 1, according to Fig. 6 of Ref. [393],

β

H(Tp)
≈ constant . (4.69)

For simplicity, taking κBC = 1 (for bubble collisions) and κBC = 0 (for sound waves), and using
Eq. (4.28), we estimate

Ωpeak
SW,BC ≈ constant . (4.70)

Likewise, for the peak frequency,
fpeak ≈ constant . (4.71)

Although a different choice of the renormalisation scale implies a change in Tp, for strong supercooling,

Eqs. (4.70) and (4.71) suggest that neither Ωpeak
SW,BC nor fpeak are expected to be significantly altered.

In contrast, for α < 1, a small change in Tp and ∆Veff(Tp) can be amplified at least by the second
power of α in Eq. (4.68), i.e., (∆Veff)2/T 8

p , which mostly impacts the peak amplitude.
Various methods have been proposed to mitigate theoretical uncertainties. These include con-

structing the RG-improved potential, where each coupling and field are evolved by means of their
RG equations [103, 105, 394, 395], which is particularly relevant for supercooling. Another method
involves DR of the original 4D theory into a 3D EFT [347, 396–401]. However, based on Eqs. (4.69),
(4.70) and (4.71), we argue that the advantage of using DR for the study of classically scale-invariant
models is questionable. Furthermore, the supercooling effect for low temperatures invalidates the
high-temperature approximation for most field values. Recent work [104] has demonstrated that the
3D EFT approach is valid only for small field values. At NNLO precision, the Euclidean action (4.3)
is corrected with an additional factor Z(φσ) in the kinetic term as S = 4π

∫
drr2Z(φσ)(∂φσ)2 + Veff .

In general, Z(φσ) scales as 1/φσ as φσ → 0 which diverges in the symmetric vacuum, implying a
breakdown of the derivative expansion. Since Ref. [104] has numerically verified that this correction
is responsible for the observed differences between the 3D and 4D approaches, it remains unclear to
us whether such an effect is physical or merely a consequence of operating in a regime where the
derivative expansion may not be valid4. Therefore, we subscribe to the 4D RG-improved effective
potential.

4.5.4.1 Renormalisation-group improved thermal potential: a 4D effective theory

The RG-improved effective potential at zero temperature for classically scale invariant models can
be formulated as [403]

Veff(φσ,λ, t) = λ(t)φ4σ exp

{
1

4

∫ t

0
dtγ[λ(t)]

}
, (4.72)

where λ denotes a set of couplings, γ is the anomalous dimension, and t = ln(µ/µref), with µ being
the RG scale and µref – a reference scale. In our numerical analysis, we set µref equal to the mass of
the Z0 boson. The choice of the reference scale is arbitrary; however, we have verified that a factor of
two variation in µref results in a deviation of only 0.1% in Veff . In practice, RG improvement entails
rescaling the couplings and fields according to the following transformations:

λ→ λ(t) ,

φ2σ → φ2σ
2

exp

{∫ t

0
dt′γ[λ(t′)]

}
,

(4.73)

4After our paper was published and in the process of this thesis being written, the authors of [104] uploaded on arxiv
a new paper [402] which improves upon the last one. The authors find that the inclusion of higher-order corrections
is important and the determination of the functional determinant (see Eq. (4.1)) is crucial for precise predictions for
supercooled transitions.
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which are applied to the tree-level, one-loop and thermal potentials. The beta functions determine
the evolution of the couplings, while the γ functions control the field’s evolution, both provided in
App. E. For simplicity, we omit the explicit t dependence of the fields and couplings throughout,
unless necessary.

The choice of the renormalization scale must take into account its field-dependent nature and an
additional scale introduced by the temperature:

µ = max[MZ′(φσ),κT ] , (4.74)

where MZ′(φσ) is the field-dependent mass of the Z′ boson in Eq. (4.66), with its couplings evaluated
at this mass, and κ is an arbitrary factor. Setting κ = 4π exp(%γE) ensures an exact cancellation
between the logarithmic terms of the CW potential and the high-temperature potential VT . However,
any κ value close to this is perfectly acceptable. In our calculations, we set κ = π and find that
varying it by a factor of 5 does not significantly affect the results.

The thermal corrections are described by the following two contributions as detailed in Refs. [335,
404]:

Vth(φσ, T ) = VT (φσ, T ) + VDaisy(φσ, T ) , (4.75)

where the one-loop thermal potential is

VT (φσ, T ) =
T 4

2π2



3JB
(
M2

Z′(φσ)

T 2

)
+
∑

f

nfJF

(
M2

f (φσ)

T 2

)

 . (4.76)

The fermionic contributions arise from the heavy neutrinos f = N1, N2, N3, with the number of DOF’s
nNi = 2. The thermal functions are given by

JB,F (y) =

∫ ∞

0
dx x2 ln

[
1∓ e

√
x2+y

]
. (4.77)

While no closed-form expressions are available, analytical expressions can be derived in the high-
temperature (M2

i /T
2 1 1) and low-temperature (M2

i /T
2 2 1) regimes. Specifically [404],

(M2
i /T

2 1 1) :






JB(y) = %π
4

45
+
π2

12
y % π

6
y3/2 % y2

32
ln

y

cB
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(4.78)

where the ellipses represent subleading terms, cB = 16π2 exp(3/2% γE) and cF = π2 exp(3/2% 2γE),
with γE ≈ 0.5772 the Euler-Mascheroni constant. While we use Eq. (4.77) for the numerical evaluation
of the finite temperature effective potential, the JB(y) function in the high-T limit in Eq. (4.78) is
employed to compute the thermal masses of the scalar fields below.

Symmetry restoration due to T 2-terms in the effective potential typically leads to the breakdown of
perturbation theory near the critical temperature. Consequently, an all-order resummation of higher-
order contributions, known as Daisy diagrams, is required [405–408]. We use the Arnold-Espinosa
method, where the Daisy resummation is expressed as [407]

VDaisy(φσ, T ) = % T

12π
nZ′

[
M

3
Z′(φσ, T )%M3

Z′(φσ)
]
. (4.79)

Fermions do not contribute because the Matsubara summation for fermions lack zero-frequency
modes [408]. We define MZ′ to incorporate thermal mass corrections to the Z′ boson and express
it as

MZ′(φσ, T ) = MZ′(φσ) +mD,Z′(T ) , (4.80)

where mD,Z′(T ) is the Debye mass. For vector field contributions, only the longitudinal modes acquire
thermal masses, which are evaluated through the one-loop self-energies of the gauge bosons [347, 409,
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410]. We utilise the DRAlgo package [411] to obtain the temperature-dependent Z′ boson mass for a
generic charge assignment:

m2
D,Z′(T ) =

g2LT
2

3
(22x2

H + 8xHxσ + 3x2
σ) . (4.81)

With all the components in place, the complete RG-improved effective potential is the sum of
Eqs. (4.53), (4.57), and (4.75). Here, all couplings and fields are rescaled according to Eq. (4.73).
Based on the approximations discussed in the last paragraph of Sec. 4.5.2, contributions from scalar
fields are neglected in one-loop computations. Given the expected suppression of scalar mixing and
the hierarchy vσ 2 v, the phase transition is governed by a single field φσ. However, it is important
to note that the SM sector indirectly affects the FOPT through the RG evolution of the couplings.
Then, the full effective potential can be explicitly written as
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(4.82)

In this expression, Zσ(t) = (1/2) exp
{∫ t

0 dt′γ(λ(t′))
}

is the wave function renormalization, with γ

defined in Eq. (E.17). To understand how the model parameters affect the shape of the potential
– specifically, the behaviour of the potential barrier and the true vacuum with respect to variations
of the couplings – it is useful to simplify Eq. (4.82). First, to assess the behaviour near the barrier,
we expand this expression in the high-temperature regime, valid for low field values. For clarity, we
disregard the RG dependence of the couplings and fields, i.e., λ(t) → λ and Zσ(t) → 1. We also fix
the charges to xσ = 2 and xH = 0, and set the renormalization scale to µ = πT . Note that the scale
must remain proportional to T to ensure that the logarithmic terms from the CW potential cancel
with those arising from the high-T expansion of the thermal functions. With this in mind, we expand
up to fourth-order in the fields and obtain
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(4.83)

We observe that quadratic and cubic terms in φσ are generated at finite temperature, and vanish as
T → 0. The negative sign of the latter indicates that a potential barrier between the true and false
vacuum is induced. This characteristic of classically conformal models is depicted in the left panel of
Fig. 4.1, which shows that the potential barrier is absent at T = 0 and grows with temperature.

A key feature of this class of models is that the gauge sector is responsible for the FOPT at finite
temperatures. This necessitates a nonzero gL coupling to generate a cubic term, and consequently,
a potential barrier. In contrast, λσ and the heavy neutrino Yukawa couplings yσ determine the
location of the true minimum where the quartic term becomes relevant. However, Eq. (4.83) is not
adequate for analysing the behaviour of the true vacuum, as the high-T expansion fails at large
field values for which φ4σ term dominates. While the emergence of a potential barrier is a purely
thermal effect, the zero-temperature theory fixes the minimum of the effective potential. Although
finite temperature corrections contribute to the position and depth of the true vacuum, we have
numerically confirmed that the thermal potential has a minimal impact, thereby validating the zero-
temperature approximation. This can be seen in the right panel of Fig. 4.1 where the position of the
true vacuum is insensitive to temperature corrections. While a complete minimization must include
the CW potential, the minimum of the potential essentially arises from the tree-level RG-improved
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Figure 4.1: Snapshots of the effective potential for several values of the temperature for field values
near the barrier (left panel) and near the true vacuum (right panel) for BP (a) of the conformal
U(1)B−L model with xH = 0, xσ = 2; see Tab. 4.3. All the curves are overlapping in the right panel.
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Figure 4.2: Left panel: RG evolution of λσ as a function of the renormalisation scale µ = MZ0et

for several values of gL and the resulting MZ′ . The blue dashed curve corresponds to BP(a) of
the U(1)B−L model, and the other curves illustrate the dependence on gL. At the minimum of the
potential the value of λσ depends on gL via Eq. (4.85). Right panel: LO contribution to the potential,
V0(t) = λσ(t)Z2

σ(t)φ
4
σ/4.

contribution, V0(t) = λσ(t)Z2
σ(t)φ

4
σ/4. This suffices for the analytical expressions discussed in this

section. In the RG-improved approach, the renormalization scale depends on the field value, causing
the magnitude and sign of the quartic coupling to vary across the potential. Since Zσ(t) is an order
O(1) parameter that does not change sign, the location of the minimum is governed by the RG
evolution of λσ(t), which must be negative for low field values and become positive for higher field
values. This ensures the existence of a nonzero minimum and guarantees that the potential remains
bounded from below.

In the left panel of Fig. 4.2, we show the RG evolution of λσ for four values of the gauge coupling
and corresponding Z′ mass. Observe that the slopes of the curves increase for larger gL, so that the
transition from negative to positive λσ occurs at a lower value of µ as gL increases. This results in
the generation of a minimum at lower field values given that we set the scale in Eq. (4.74) to that
of the field-dependent Z′ mass in Eq. (4.66). This behaviour follows from the λσ beta-function in
Eq. (E.10), where the leading contribution is positive and scales as 6g4Lx

4
σ. Thus, increasing gL leads

to faster running and, consequently a sign flip at lower scales. Since the false vacuum is at the origin,
the potential energy difference ∆Veff during the FOPT is larger for smaller values of gL, as is evident
from the right panel of Fig. (4.2). We also observe that a larger Z′ mass yields a larger field value for
the true vacuum. In general, MZ′ ∼ φσ which has implications for the peak SGWB frequency, PBH
mass and magnetic field strength, as we will later discuss in the Numerical results section.

Yukawa couplings contribute to Eq. (E.10) with a negative sign and can dominate the RG evolution
if Tr(yσ) " gL. Therefore, larger yσ values push the sign flip in λσ to higher scales. This is illustrated
in Fig. 4.3, which shows the effective potential for different values of Tr(yσ). Both the depth of the
effective potential and its minimum are strongly affected.

The sensitivity of the true vacuum to gL and yσ can also be assessed by minimising the one-loop
potential. Suppressing RG factors, the zero-temperature potential at the minimum, µ = vσ, is given
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Figure 4.3: The effective potential for different values of Tr(yσ) for the U(1)B−L model. The other
parameters are that of BP(a).
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Minimising this expression with respect to φσ, leads to the following relation for λσ:
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In the limit that the Yukawa couplings vanish, this relation reduces to

λσ =
g4L
π2

[
1% 3 ln

(
4g2Lφ

2
σ

v2σ

)]
, (4.86)

which is the standard relation between λσ and the fourth power of the gauge coupling in conformal
models [386]. This relation indicates that varying gL affects not only the RG evolution of λσ as
discussed above, but also its initial value at the minimisation scale through the tadpole relations in
Eq. (4.60). Plugging (4.85) into (4.84) leads to

Vmin =
v4σ

256π2

[
% 96g4L +Tr(y4

σ)
]
, (4.87)

which underscores the dependence of the scalar potential on the fourth power of gL, yσ, and vσ, which
can then heavily impact the thermodynamic parameters. Eqs. (4.84), (4.85) and (4.87) also highlight
how the neutrino sector affects the U(1)′ phase transition. While Eq. (4.87) suggests that for a fixed
value of gL, the minimum should get shallower with increasing Tr(yσ), in seeming contradiction with
Fig. 4.3, the effect of increasing Tr(yσ) is much stronger on the RG evolution of λσ, and causes the
minimum to get deeper.

4.5.4.2 Theoretical uncertainties on the SGWB calculation

Current analytical template functions of the SGWB spectrum rely on efficiency factors that intro-
duce theoretical uncertainties into the SGWB. We quantify the uncertainty due to κSW by treating
it as a free parameter ranging from 0.01 to 1. Panel (a) of Fig. 4.4 demonstrates that a two order-
of-magnitude uncertainty in the efficiency factor results in approximately a three order-of-magnitude
uncertainty in the SGWB.

Another commonly used approximation is to fix the radius of the expanding true vacuum bubbles to
an average radius R∗. A more realistic treatment should consider extended bubble radius distributions.
In Ref. [412], this effect was analysed in the context of non-supercooled FOPTs in which the dominant
source of GWs is sound waves. A broadening of the spectrum below the peak frequency was noted.
Following Ref. [412], with the radius distribution of Ref. [413], we show in panel (b) of Fig. 4.4 how the
radius distribution impacts a pure bubble-collision spectrum (dotted curves with κBC = 1) and a pure
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Figure 4.4: Panel (a): SGWB spectrum from sound waves for the efficiency factor κSW between 0.01
and 1, with vw = 1, log10 α = 5.7, β/H(Tp) = 21 and TRH = 1.36 × 104 GeV. Panel (b): Impact
of the bubble radius distribution on the SGWB spectrum for bubble collisions (dotted curves), sound
waves (dot-dashed curves) and for both sources (solid curves), with vw = 1. For the sound-wave
source, we fix log10 α = 16.2, β/H(Tp) = 7 and TRH = 33.5 GeV, for the bubble-collision source we
fix log10 α = 9.3, β/H(Tp) = 9.5 and TRH = 250 TeV, and for the mixed source we fix log10 α = 14.6,
β/H(Tp) = 8 and TRH = 1.9 TeV. The curves peaked at a higher (lower) frequency correspond to
a monochromatic (extended) radius distribution. Panel (c): SGWB spectrum for two values of the
bubble wall velocity with log10 α = 11.9, β/H(Tp) = 12 and TRH = 5.9 TeV. Panel (d): SGWB
spectrum for two choices of the percolation condition for vw = 1, log10 α = 8.6, β/H(Tp) = 14.5 and
TRH = 2.9 TeV. Also shown are the LVK bound [32] and sensitivity curves for LISA [28], BBO [29],
LIGO O5 [30] and ET [31].

sound-wave spectrum (dot-dashed curves with κSW = 1) in the case of supercooling. The spectral
broadening found in Ref. [412] is applicable for both bubble collision and sound wave sources. If both
sources contribute (solid curves with κBC = κSW = 0.5), spectral broadening occurs at both ends of
the spectrum, with a greater impact at higher frequencies. In each case, the curve peaked at a higher
(lower) frequency corresponds to a monochromatic (extended) radius distribution.

Uncertainties can also arise from the modelling of the phase transition dynamics, particularly the
choice of percolation condition and the determination of the bubble wall velocity. For the former, we
have previously defined the percolation temperature via I(Tp) = 0.34, which is supported by studies
of the percolation of uniformly nucleated bubbles [414–416]. However, percolation can alternatively
be defined by requiring I(Tp) = 1 (or equivalently, that the probability is given by P(Tp) = 1/e),
based on the requirement that the comoving volume equals the volume of true vacuum bubbles [417].

Although for supercooled FOPTs it is safe to assume that the bubbles approach the speed of light
(vw = 1), in non-supercooled scenarios, bubbles may acquire a subluminal terminal velocity. While
recent hydrodynamic simulations suggest that in most cases vw = 1 [352], analytical estimates indicate
otherwise [351]. To assess the impact of vw, we adopt the Chapman-Jouguet velocity [418],

vw(α) =

√
1/3 +

√
α2 + 2α/3

1 + α
, (4.88)

as a crude estimate. We perform a scan in the parameter space of the B%L model in the mass range
mh2 = [103, 108] GeV and gauge coupling range gL = [0.26, 0.62]. The results in the (fpeak, h2Ωpeak

GW )
plane are shown in Fig. 4.5. Note that employing either I(Tp) = 0.34 or I(Tp) = 1 has virtually no
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Figure 4.5: Scatter plots of the SGWB peak amplitude h2Ωpeak
GW as a function of the peak frequency

for the four possible combinations of the percolation condition, I(Tp) = 0.34 or 1, and vw = 1 or the
Chapman-Jouguet velocity. Note that for the sensitivity curves, the axis labels do not correspond to
peak values.

impact on the peak amplitude and frequency of the SGWB. The bubble wall velocity significantly
affects the spectrum, shifting weaker signals (lower α) to higher frequencies if wall velocities are
determined by Eq. (4.88), as can be seen from Fig. 4.5. These features are also evident in panels (c)
and (d) of Fig. 4.4.

4.6 Numerical results

The potential barrier between the true and false vacuum, which is absent at LO, is a quantum
thermal effect that typically persists for a long time as the Universe cools down. This can extend
to temperatures below 0.17 GeV, at which the QCD phase transition occurs, thus entering a non-
perturbative regime where our calculations become unreliable. This is especially true in scenarios
in which the quark Yukawa interactions are relevant in the effective potential. Although within a
local B%L framework, a modified cosmology can assist the QCD phase transition through the Higgs
portal, allowing for reliable perturbative calculations [105, 307, 419], we focus on temperatures above
the QCD scale. Additionally, we assume a dark sector above the EW scale that fully thermalises
with the SM sector. Then, constraints on the extra effective number of neutrino species, ∆Neff ,
from BBN and cosmic microwave background data are easily satisfied. Right-handed neutrinos can
thermalise with the SM through the Yukawa interactions, yijν N iHLj , and reach thermal equilibrium
at a temperature [420, 421]

T eq
i ≈ 0.2

(yνy†
ν)iiv

2

meq
= 0.2MNiKi , (4.89)

where the effective equilibrium neutrino mass, meq ≈ 1.1 meV
√
g∗/gSM∗ , with gSM∗ the relativistic

DOF in the SM sector. Both g∗ and gSM∗ are evaluated at the temperature of the phase transition.
Here, MNi are the masses of the three physical right-handed neutrinos, and their decay parameters
are

Ki =
(yνy†

ν)iiv
2

MNimeq
. (4.90)

Neutrinos reach thermal equilibrium before the onset of the phase transition if MNiKi " 5Tc [420].
Since the right-handed neutrinos couple to the Majoron σ via the Yukawa interactions yijσ N̄ c

i Njσ,
the Majoron σ also thermalises if yσ is sufficiently large. We also expect σ to thermalise via its
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Mh2 (GeV) gL xH xσ (yσ)ii δc λσ ,λσh λh , vσ MZ′

[
150, 1018

]
[0.20, 1] [%2, 2] [0, 5]

[
10−10, 1

]
[0.40, 0.66] Eq. (4.60) Eq. (4.62) Eq. (4.67)

Table 4.2: Input parameter ranges (defined at µ = MZ0) used in our numerical analysis. We sample
Mh2 and (yσ)ii logarithmically and the other parameters linearly. The gauge charges xH and xσ

admit only rational values. In the last three columns, we refer to the equations used to calculate the
quartic couplings, vσ and the Z′ mass.

interactions with a thermalised Z′ through the gauge coupling gL which is O(0.1)5 .Thermalisation of
the Z′ occurs through direct processes like f̄SM + fSM ↔ Z′, where fSM are SM fermions, or indirectly
by first thermalising with the right-handed neutrinos through N̄i +Ni ↔ Z′, which is also mediated
by the gauge coupling.

We perform a numerical scan with parameters in the ranges displayed in Tab. 4.2. The bounce
action is computed using CosmoTransitions [337] and validated against our own numerical implemen-
tation. Further details are provided in App. G. To reduce numerical uncertainties in the calculation of
the action due to discretisation in temperature, we perform a spline fit to it. Based on the discussion
in Sec. 4.5.4.1, we split our parameter space into two parts: one with points that have Tr(yσ) < gL,
and the other with Tr(yσ) > gL. Note that in the first dataset, the hierarchy between the heavy
neutrinos and the U(1)′ breaking scale can be rather large if (yσ)ii 1 gL, whereas in the second
dataset, the heavy neutrino masses are always close to vσ, and hence to MZ′ and Mh2 .

In our simulations, we only consider FOPTs with h2Ωpeak
GW > 10−17 that can be probed by current

experiments (LIGO), near-future experiments (LISA and ET), or planned future initiatives (BBO).

4.6.1 GWs in a U(1)B−L scenario a (xH, xσ) = (0, 2)

First, we fix xH = 0 and xσ = 2 and study the classically scale-invariant U(1)B−L scenario.
The remaining free parameters are set according to the ranges in Tab. 4.2. In Fig. 4.6, we present
predictions for the SGWB geometric parameters with respect to Tr(yσ) (first row) MZ′ (second row),
the heavy Higgs mass (third row), the U(1)B−L gauge coupling (fourth row), and the quartic coupling
λσ (fifth row). The left (right) panels correspond to the dataset with Tr(yσ) < gL (Tr(yσ) > gL).
Note that if we bifurcate the dataset according to Tr(yσ) < (1% δ)gL and Tr(yσ) > (1% δ)gL, where
δ > 0, then the red points along the right edge of the coloured region in the top-left panel migrate to
the top-right panel. The region enclosed by the black dashed contour does not satisfy the criterion for
percolation at Tp in Eq. (4.8), but is fulfilled at some temperature below Tp. In Fig. 4.7, we present
similar scatter plots, but with the colour gradient representing the thermodynamic parameters α
(first row), β/H(Tp) (second row), Tp (third row), and TRH (fourth row). In Figs. 4.6 and 4.7,
Mh2 ≈ MZ′ ≈ vσ, which explains the similarity between the second and third rows in Fig. 4.6. A
closer inspection reveals a hierarchy of approximately one order of magnitude between Mh2 and MZ′

because Mh2 is generated at one loop.

Impact of the heavy bosons on the peak frequency of GWs

The colour gradation in the second and third rows of Fig. 4.6 indicates that the peak frequency is
governed by the U(1)B−L breaking scale, represented by the Z′ and h2 masses. As shown in Fig. 4.2, a
larger value of MZ′ results in a higher value of the field φσ in the true vacuum, thereby increasing the
FOPT temperatures, as can be seen from the last two rows of Fig. 4.7. According to Eqs. (4.16) and
(4.17), the peak frequency is linearly dependent on the reheating temperature TRH and thus scales
with MZ′ or, equivalently, with Mh2 .

The substantial difference between the critical and percolation temperatures highlights the degree
of supercooling at play. As discussed in Eq. (4.9), α 2 1 implies that Tp 1 TRH < Tc, which we
observe across the entire parameter space. As long as the phase transition completes, the strong
supercooling redshifts the SGWB to much higher frequencies as required by energy conservation. The
disparity between TRH and Tp underscores the importance of calculating the SGWB spectrum at the

5The portal coupling λσh ∼ −v2/v2σ also plays a role, though it becomes increasingly subdominant for larger
Majoron masses; see App. G.
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Figure 4.6: Scatter plots of the SGWB peak amplitude h2Ωpeak
GW as a function of the peak frequency

fpeak for the U(1)B−L model. The colour scales represent Tr(yσ) (first row), the Z′ boson mass
(second row), the heavy scalar mass Mh2 (third row), the gauge coupling gL (fourth row), and the
quartic self-coupling of the Majoron λσ (fifth row). In the regions enclosed by a black dashed contour,
percolation is not assured as prescribed by Eq. (4.8), but may occur at a temperature below Tp. The
left panels show points with Tr(yσ) < gL, and the right panels shows points with Tr(yσ) > gL.

correct temperature in classically conformal models. Indeed, the dependence of the peak frequency
on TRH is stronger than on Tp. Redshifting from Tp would lead to the incorrect conclusion that points
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Figure 4.7: Similar to Fig. 4.6, but the colour scales indicate the phase transition strength α (first
row), its inverse time duration β/H(Tp) (second row), the percolation temperature Tp (third row),
and the reheating temperature TRH (fourth row).

in the low mass edge of our scatter plots would populate the region probed by PTAs [106].

Impact of the U(1)B−L gauge coupling on the peak amplitude of GWs

The fourth row of Fig. 4.6 shows that increasing gL decreases the amplitude of the SGWB spectrum.
As indicated in Fig. 4.2, ∆Veff decreases with larger gL. Recall that Ωpeak

GW scales with ∆Veff . From
Fig. 4.2, we see that a 10% increase in gL results in a factor of 1.5 decrease in vσ, making the true
vacuum shallower. This is a general feature of the potential for small Tr(yσ) in most of the parameter
space, and explains the colour gradation in the fourth row of Fig. 4.6; specifically, smaller gL values
favour larger h2Ωpeak

GW . A close correspondence between the gL colour gradient and those of α and
β/H(Tp) is evident in the left panels of Fig. 4.7. It is worth mentioning that the SGWB peak amplitude

tends to plateau at Ωpeak
GW ≈ 10−7 even for large values of α. This is due to the asymptotically constant

behaviour of Ωpeak
SW,BC in the limit of strong supercooling, as in Fig. 4.70.

For a large part of the parameter space in Fig. 4.7, 1 ! α ! 1020 and 10 ! β/H(Tp) ! 150,
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Figure 4.8: Similar to Fig. 4.6, but the colour scale indicates the ratio of the h2 decay rate to the
Hubble rate at the percolation temperature.

defining supercooled and long-lasting FOPTs. This entire parameter space falls within the detection
capabilities of various ongoing and planned experiments. LISA will probe U(1)B−L breaking scales
ranging from tens of TeV, similar to the LHC reach, up to about 108 GeV, while the sensitivity of LIGO
and ET extends to the GUT scale. We also find FOPTs with α < 1 corresponding to gL " 0.4. These
non-supercooled transitions predict a SGWB with peak frequencies within 10 mHz ! fpeak ! 1 Hz

and peak amplitudes h2Ωpeak
GW ! 10−11, most of which are well below LISA sensitivity, but may be

probed by BBO.
Since we restrict h2Ωpeak

GW > 10−17, the gauge coupling gL lies in the interval, 0.26 ! gL ! 0.62.

However, even for FOPTs with h2Ωpeak
GW < 10−17, the upper limit in our scan, gmax

L = 1, is never
reached, as large values gL violate perturbativity at the MZ′ scale. As demonstrated previously, the
effective potential is highly sensitive to small variations in gL, which partially explains the relatively
narrow band in gL. While the upper bound on gL corresponds to lower amplitudes, a couple of
constraints restrict gL from below. Firstly, as the peak amplitude increases with decreasing gL, the
total integrated SGWB energy density must not exceed the amount of dark radiation allowed by BBN.
This imposes the constraint h2ΩGW < 5.6 × 10−6∆Neff [422], which translates into an upper bound
of h2ΩGW < 2.8 × 10−6 for ∆Neff < 0.5. Secondly, for small values of gL, it is questionable whether
percolation occurs, as Eq. (4.8) is only satisfied for T < Tp.

At low peak frequencies, the percolation temperature approaches the QCD scale ∼ 0.17 GeV, which
we do not consider in our analysis. Conversely, at high peak frequencies, the percolation temperature
can reach up to 1010 GeV for Tr(yσ) > gL. This contrasts with SU(2) conformal models, for which the
percolation temperature remains below 300 GeV [104]. This difference underscores a key distinction
between Abelian and non-Abelian scenarios. In our case, the RG evolution of gL is asymptotically
safe. However, for SU(N) models, the gauge coupling runs to non-perturbative values, constraining
the percolation temperature from above [103, 104].

Role of the neutrino sector

The right panels in Figs. 4.6 and 4.7 correspond to scenarios in which the neutrino sector affects
the running of λσ and the minimum of the potential because Tr(yσ) > gL. As illustrated in Fig. 4.3,
for increasing Yukawa couplings the minimum becomes deeper and shifts towards larger VEVs, aug-
menting the potential energy difference between the true and false vacuum, ∆Veff . This effect allows
for larger values of gL populating a greater area in the right panel of the fourth row of Fig. 4.6. The
shift towards larger vσ driven by the neutrino sector extends the frequency range up to about 10 kHz
and raises the critical and percolation temperatures by approximately five orders of magnitude. This
effect is more pronounced at the high-frequency end of the last two rows of Fig. 4.7.

While the interplay between gL and Tr(yσ) affects RG evolution of λσ, the shape of the potential
is primarily controlled by the LO contribution, V0 = λσ(t)Z2

σ(t)φ
4
σ/4. Consequently, the correlation

between λσ and the peak amplitude/frequency is expected to be the same for Tr(yσ) < gL and
Tr(yσ) > gL, barring the spread in points to higher frequencies in the bottom-right panel of Fig. 4.6.
Said differently, for fixed values of h2Ωpeak

GW and fpeak, the value of λσ, and hence V0 is the same
whether Tr(yσ) < gL or > gL. This explains the smooth variation in λσ in the bottom panels of
Fig. 4.6. The other parameters exhibit a certain degree of overlap of the different colours in the right
panels.
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Depending on the heavy Higgs decay rate Γh2 , the Universe will either immediately enter a
radiation-dominated epoch if Γh2 > H(Tp), or it will first pass through a period of matter domi-
nation if Γh2 < H(Tp) until Γh2 $ H. To distinguish between these scenarios, we must compute the
decay rate of h2 and compare it with the Hubble rate at percolation. h2 can decay through the neu-
trino channel h2 → N̄iNi via Yukawa interactions, followed by the decay of the right-handed neutrinos
into SM particles, or directly into SM particles mediated by the mixing of h1 and h2. For the decay
rates of the right-handed neutrinos, we consider all dominant two- and three-body channels [423]. We
also cross-checked the decay rates with MadGraph [424] and found agreement within 10%. For the
decays of h2, we consider the tree-level two-body processes,

Γh2→h1h1 =
λ2σhv

2
σ

32πMh2

√

1&
M2

h1

M2
h2

,

Γh2→f̄SMfSM =
Mh2 sin

2 αS

16πv2

∑

f

M2
f

√

1&
4M2

f

M2
h2

,

Γh2→V V =
CV M3

h2
sin2 αS

16πv2

√

1& 4M2
V

M2
h2

(
1& 4M2

V

M2
h2

+
12M4

V

M4
h2

)
,

Γh2→N̄iNi
=

Mh2

16πv2σ

3∑

i=1

M2
Ni

√

1&
4M2

Ni

M2
h2

,

(4.91)

where CV = 1, 2 for V = Z0,W±, and the scalar mixing angle αS is defined by

sin(2αS) =
2vvσλσh

M2
h1

&M2
h2

. (4.92)

The total decay rate into SM final states is given by Γh2 = Γh2→pSMp∗
SM

+Γh2→N̄iNi
ΓNi→pSMp∗

SM
, where

pSM denotes all SM particles. This is used to redshift the SGWB spectra according to Eqs. (4.9)
and (4.17). For Γh2 < H(Tp), the peak amplitude and peak frequency, are suppressed according to

(Γh2/H(Tp))
1/6 and (Γh2/H(Tp))

2/3, respectively. The first three channels in Eq. (4.91) are suppressed
due to the small scalar mixing that scales as |λσh| ∼ v2/v2σ ' 1 (see App. G), leaving Γh2→N̄iNi

as the dominant contribution to the decay width. From Fig. 4.8, we conclude that the Universe
promptly enters the radiation dominated era after percolation because Γh2/H(Tp) > 1010. This lower
limit arises from the thermalisation condition MNiKi " 5Tc which excludes all scenarios with feeble
couplings to the SM. This is evident in Fig. 4.9, which shows that MNiKi < 5Tc (top-right panel)
yields Γh2/H(Tp) ! 1012 (top-left panel). This bound also establishes a maximum allowable hierarchy
between the heavy neutrino masses and the h2 mass, limiting it to eight orders of magnitude, as
shown in the bottom panel. Furthermore, the cluster of blue points in the top-left panel corresponds
to scenarios where the early matter-dominated period is long-lasting and the hierarchy between MNi

and Mh2 is maximal.
The impact of the neutrino sector on the FOPT becomes significant when the magnitudes of yσ

and gL are comparable; see Eq. (4.87). However, even if the Yukawa sector does not contribute to the
minimisation, it strongly affects the SGWB at high frequencies. To quantify this, we consider a subset
of our data with Tr(yσ) < 10−8. Then, Γh2→N̄iNi

and the contribution of Tr(y4
σ) to Vmin are negligible,

so that the right-handed neutrinos are effectively decoupled and the Universe enters an era of matter
domination after percolation. In this scenario, h2 decays only to SM particles with a rate ΓSM

h2
that is

strongly suppressed. We find that H(Tp) ≈ [5 × 10−16 GeV0.04]M0.96
h2

and ΓSM
h2

≈ [105.5 GeV4]M−3
h2

,

with Mh2 in units of GeV. Then, ΓSM
h2

/H(Tp) ≈ [6.32 × 1020 GeV3.96]M−3.96
h2

, which implies that

ΓSM
h2

/H(Tp) > 1 for Mh2 " 1.8 × 105 GeV, as shown in Fig. 4.10. As Mh2 increases, ΓSM
h2

/H(Tp)
rapidly decreases and significantly suppresses the peak frequency of the SGWB below 0.1 Hz, and the
peak amplitude is reduced so that LISA is sensitive to scales below 107 GeV. Therefore, the SGWB
accessible by LIGO and ET is a distinctive signature of the neutrino sector.

The top and bottom rows of Fig. 4.11 quantify the dependence of the SGWB on the size of the
yν Yukawa couplings, and the mass of the heaviest right-handed neutrino, respectively. We observe a
clear correlation between the peak frequency and the magnitude of yν and max(MNi). This correlation
arises from the type-I seesaw mechanism, and establishes a direct connection between GW physics
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Figure 4.9: Scatter plots for the U(1)B−L model with points for which Tr(yσ) < gL and the right-
handed neutrinos do not thermalise, i.e., MNiKi/(5Tc) < 1. In the top-left panel, the colour scale
represents the ratio of the heavy Higgs decay rate to the Hubble rate at the percolation temperature,
in the top-right panel, the corresponding value of MNiKi/(5Tc), and in the bottom panel, the mass
ratio of the heavy Higgs and the heaviest right-handed neutrino. The black dashed contour has the
same meaning as in Fig. 4.6.
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Figure 4.10: Similar to Fig. 4.6, but for a scenario with decoupled right-handed neutrinos. In the left
panel, ΓSM

h2
is the direct decay width of h2 to SM particles.

and neutrino physics. Specifically, for interferometers operating in the Hz to kHz range, such as LIGO
and ET, the observation of a SGWB would imply yν ∼ O(1) and a neutrino mass scale between 1010

and 1015 GeV. In contrast, LISA can probe yν ranging from approximately 10−6 (blue points) to 10−3

(yellow points), corresponding to a seesaw scale between 104 GeV and 108 GeV. For Tr(yσ) > gL
(right panels), the correlation is not as clean due to the competition between gL and (yσ)ii. However,
at LIGO and ET frequencies, the magnitude of the Dirac neutrino Yukawa is typically of order one.
This results from the fact that the U(1)B−L breaking scale, which characterises the scale of neutrino
mass generation, approaches the GUT scale, so that v2/vσ in Eq. (4.46) is suppressed. In particular,
v2/vσ ! 0.1 eV for vσ " 1014 GeV. At lower frequencies, v2/vσ is larger, necessitating smaller yν to
produce sub-eV neutrino masses.

Constraining the parameter space with GW data

A Z′ boson that couples to electrons and muons has been constrained by the LHC to be heavier
than approximately 5 TeV. GW experiments afford a completely different approach to constrain the
model parameter space. Data from LIGO, ET and LISA will cover a mass range from the TeV scale
all the way up to the GUT scale. To quantify the detection prospects for a given GW experiment, we
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Figure 4.11: Similar to Fig. 4.6, but the colour scales indicate the magnitude of the Dirac Yukawa

couplings,
√

Tr(yνy
†
ν) (top row), and mass of the heaviest right-handed neutrino (bottom row).

calculate the Signal-to-Noise Ratio (SNR),

SNR =

√

T
∫

df
Ω2

GW(f)

Ω2
Sens(f)

, (4.93)

where ΩGW(f) is the predicted GW spectrum and h2ΩSens(f) is the expected experimental sensitivity.
Except for the LVK bound, we set the observation time to T = 4 years for all experiments. A signal
is considered detectable if SNR > 10.

In Fig. 4.12 we illustrate three benchmark scenarios whose parameters are provided in Tab. 4.3.

BP(a) corresponds to physics at the 10 & 100 TeV scale with a GW spectrum that peaks in the mHz
regime, well within the reach of LISA. The large SNR qualifies this as an early discovery/exclu-
sion benchmark for LISA.

BP(b) represents physics at a scale of approximately 1011 GeV with a GW spectrum that peaks in the
Hz regime, well within the reach of ET. However, LIGO-O5 is sensitive to its high-frequency
tail with an SNR of approximately 29. This allows for its discovery or exclusion during the
LIGO-O5 run, well before ET comes online.

BP(c) is a scenario that can also be tested at LIGO-O5. The GW spectrum peaks at tens of Hz and
features the highest U(1)B−L breaking scale of the three BPs. An observation at LIGO would
imply a strong confirmation at ET with an SNR of 106.

All three BPs in Fig. 4.12 can be tested at BBO.
Current LVK data do not show evidence for a SGWB, either of cosmological or astrophysical origin.

As shown in the scatter plots, numerous points fall within the LVK excluded region. In Fig. 4.13,
we provide an estimate of the excluded region in the (MZ′ , gL) plane (top row) and the (Mh2 ,λσ)
plane (bottom row). The shaded area within the solid black contour represents signals at LVK with
a minimum SNR greater than 10. The region within the dashed contour has the same meaning as
in Fig. 4.6. Given the multi-dimensional nature of the parameter space, we consider a point in the
(MZ′ , gL) and (Mh2 ,λσ) planes to be excluded if for all combinations of the other model parameters,
the SNR is greater than 10. For instance, in the right panels, large Yukawa couplings lead to points of
a fixed SNR spreading out. This results in the coexistence of, e.g., blue and green points, with SNR
values greater or smaller than 10 in the same region, which, consequently, cannot be excluded. In the
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Figure 4.12: SGWB spectra for three BPs of the U(1)B−L model whose GW spectra can be easily
detected at LISA, ET and LIGO. The complete set of parameters for each BP can be found in
Tab. 4.3.

BP(a) BP(b) BP(c)

Mh2 2.91× 104 6.25× 1010 9.45× 1011

MZ′ 2.69× 105 5.24× 1011 7.92× 1012

MN1 5.62× 103 4.11× 109 1.60× 105

MN2 1.19× 104 1.47× 1010 1.989× 107

MN3 3.65× 104 1.94× 1010 2.25× 109

vσ 4.84× 105 8.57× 1011 1.29× 1013

gL 0.28 0.31 0.31
Tr(yσ) 0.16 0.063 2.5× 10−4

√
Tr(yνy

†
ν) 1.28× 10−5 0.010 0.0025

λσ &0.025 &0.11 &0.13
λσh &7.62× 10−8 &2.43× 10−20 &1.07× 10−22

α 5.37× 1011 2.69× 108 4.79× 108

β/H(Tp) 11.7 11.4 10.6
Tp 6.52 5.19× 104 1.11× 105

TRH 5594.42 6.63× 106 1.64× 107

Tc 2.02× 104 2.45× 107 6.11× 107

SNRLIGO 1.89× 10−8 29.4 283.84
SNRET 5.2× 10−4 4.3× 105 1.11× 106

SNRLISA 2.15× 105 0.06 5.7× 10−3

Table 4.3: Model parameters at µ = MZ0 , thermodynamic parameters, and SNR for the BPs in
Fig. 4.12. The U(1)B−L breaking VEV vσ, physical masses and temperatures are in units of GeV.

right panels, the excluded region disappears because of the increased freedom provided by the large
Yukawa couplings.

With the LIGO-O5 observation run it will be possible to test a broader region of the parameter
space, as illustrated by the area enclosed by the solid black curve in Fig. 4.14. This run will explore
scenarios compatible with Z′ masses down to 1011 GeV and h2 masses down to 1010 GeV for gL ≈ 0.3
and λσ ≈ &0.1. The high mass edge of the parameter space aligns with the LVK exclusion but can
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Figure 4.13: Scatter plots for the U(1)B−L model in the (MZ′ , gL) and (Mh2 ,λσ) planes for Tr(yσ) < gL
(left panels) and Tr(yσ) > gL (right panels). The colour scale represents the minimum SNR at LVK.
The area enclosed by the solid black contour is excluded by LVK since SNR > 10. No regions are
excluded by LVK in the right panels. For points enclosed by the dashed contour, percolation may
occur at a temperature below Tp.

extend to gL ≈ 0.4 and λσ ≈ &0.5.
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Figure 4.14: Similar to Fig. 4.13, but for a 4-year LIGO-O5 run.

In the longer term, ET will explore a significantly larger region of parameter space, as shown in
Fig. 4.15. Specifically, we project sensitivity to a Z′ as light as 10 PeV for gL ≈ 0.3, and to h2 as light
as 1 PeV for λσ ≈ &0.05.

LISA is complementary to LIGO and ET in that it will test the low mass edge of the parameter
space, corresponding to the smallest values of λσ. As shown in Fig. 4.16, a four-year exposure can
probe Z′ masses from 10 TeV to 1010 GeV, and heavy Higgs boson masses from 1 TeV to 109 GeV.
Although LISA and ET do not operate in the same frequency band, we find many SGWB signals
that peak in one experiment but with tails extending into the other, achieving SNR values above 10
in both experiments. Indeed, from Figs. 4.15 and 4.16 we observe overlapping sensitivity in the mass
range, 108 GeV to 1010 GeV for MZ′ , and 107 GeV to 109 GeV for Mh2 .

We summarise the results of this subsection in Fig. 4.17.The colour scales in the (MZ′ , gL) and
(max[MNi ],Tr(yσ)) planes represent the heavy Higgs mass, and the size of yν , respectively. The
top-left panel indicates that the U(1)B−L model is excluded by the LVK bound for MZ′ ≈ 10Mh2 >
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Figure 4.15: Similar to Fig. 4.13, but for ET.
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Figure 4.16: Similar to Fig. 4.13, but for LISA.

1013 GeV, with gL ≈ 0.3 and Tr(yσ) < O(0.1). It also confirms that a wide range of Z′ masses can
be tested for small Tr(yσ). In the bottom-left panel, there is no region with SNR > 10 because the
Yukawa couplings play a subdominant role in the phase transition. However, if no evidence for a
SGWB with SNR > 10 is found at LISA, LIGO, and ET, strong supercooling defined by gL ! 0.4,
will be disfavoured for Tr(yσ) < O(0.1). At LIGO and ET, strong supercooling will be tested for
Z′ masses above 109 GeV, and at LISA for masses below 100 TeV. Furthermore, the model can be
fully excluded for MZ′ ≈ 10Mh2 > 1014 GeV, as can be seen from the complete overlap of the dark
purple contour and the coloured region above MZ′ = 1014 GeV in the top panels. Correspondingly, the
bottom-right panel shows that a high-scale seesaw mechanism characterised by right-handed neutrinos
heavier than 1014.5 GeV and Yukawa couplings of O(1), can be excluded. Note that for Tr(yσ) " 0.4,
the LVK data do not exclude any parameter space, and that a nonobservation of a GW signal will
exclude Tr(yσ) ≈ 0.45 and gL ≈ 0.3 in the entire mass range.

Sources of gravitational waves

In the context of strongly supercooled phase transitions, we neglect the contribution from turbu-
lence and focus on sound waves and bubble collisions as the main sources of GWs. As Fig. 4.28 shows,
these phenomena are interrelated such that, one dominates over the other in most cases, although
they may contribute comparably. From Fig. 4.18, it is evident that the contribution from sound waves
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Figure 4.17: Scatter plots for generic U(1)B−L model in the (MZ′ , gL) and (max(MNi),Tr(yσ)) planes
for Tr(yσ) < gL (left panels) and Tr(yσ) > gL (right panels). The colour scales represent the heavy

Higgs mass (top row), and the magnitude of the Dirac Yukawa couplings,
√

Tr(yνy
†
ν) (bottom row).

The closed contours outline the regions with SNR > 10 for LVK (dashed black), LIGO-O5 (solid
green) LISA (solid red), and ET (dotted dark purple).

dominates in most of the parameter space. The region where the sound wave contribution becomes
negligible corresponds to scenarios in which percolation is not assured at Tp, but is possible at a lower
temperature (defined as usual by the black dashed curve).
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Figure 4.18: Similar to Fig. 4.13, but the colour scales indicate the efficiency factors for sound waves
(top row) and bubble collisions (bottom row).

Fig. 4.19 shows that bubble collisions become the dominant source as h2Ωpeak
GW approaches 10−7.

This corresponds to the highest values of α " 1015, for which supercooling is maximal.

Comparison with the literature

To conclude this section, we compare our results with those of Ref. [105], which also studied GWs
in the classical scale-invariant version of the B&L model. We find qualitative agreement in the ther-
modynamic parameters, but we obtain roughly an order of magnitude lower percolation temperatures.
Furthermore, the stronger FOPTs that we obtain do not satisfy the percolation condition in Eq. (4.8),
whereas Ref. [105] finds percolation to always occur at Tp. We attribute these differences to how the
potential is minimised and how the scalar masses are calculated. Specifically, Ref. [105] considers
the RG-improved tree-level potential, V = λσ(t)φ4σ/4, whereas we include the CW contribution, i.e.,
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Figure 4.19: Similar to Fig. 4.6, but the colour scales indicate the ratio of the energy density in GWs
contributed by sound waves and bubble collisions.
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Figure 4.20: Comparison of the tree-level (V = V0, dashed curves) and one-loop corrected potential
(V = V0 + VCW in Eq. (4.82), solid curves) for BP(a) at T = 15 GeV. The left panel illustrates the
behaviour near the true minimum, and the right panel focuses on the potential barrier.

V = λσ(t)φ4σ/4+VCW(t,φσ), and minimise it with all parameters defined at µ = MZ0 , as was done in
Ref. [103]. We calculate the mass spectrum at one-loop, including the self-energies at p2 (= 0 and the
second derivatives of the CW potential at p2 = 0; see Eq. (4.61). Fig. 4.20 shows that the one-loop
calculation not only shifts the minimum (left panel), but also significantly impacts the height of the
potential barrier (right panel). While Ref. [105] does not include Daisy corrections, we find numeri-
cally that their impact on the thermal corrections is marginal. Note that we accurately reproduce the
results of Ref. [105] by using its methodology.

A major difference is that we explore large masses, ranging from the TeV scale up to the Planck
scale. This contrasts with Ref. [105], which does not consider masses above 108 GeV, but studies
FOPTs below the QCD scale, which we do not. We have also analysed the case of large right-
handed neutrino Yukawa couplings, while Ref. [105] neglects this contribution. Importantly, we have
established a connection between neutrino physics and SGWB signals, a subject not discussed in
Ref. [105].

On a different note, the study of a minimal U(1) conformal dark Higgs model [425] found that a
matter-dominated period immediately after the phase transition reduces the peak frequency of the
SGWB to the LISA sensitivity range, similar to our Fig. 4.10. In Ref. [425], this happens because
the heavy CP-even Higgs boson acts as a thermal inflaton that decays only to SM particles at a
significantly suppressed rate via a small portal coupling. Notably, the inclusion of heavy neutrinos in
Majoron models fundamentally alters this picture, allowing for GW signals at LIGO and ET.

4.6.2 PBHs, magnetic fields and microlensing in a U(1)B−L scenario (xH, xσ) = (0, 2)

Phase transition thermodynamics and PBH formation

In Fig. 4.21, we present predictions for the PBH mass and relic abundance in terms of the ther-
modynamic parameters of the phase transition α, β/H(Tp), Tp, and TRH. The PBH mass is displayed
in grams on the top-horizontal axis and in solar masses on the bottom-horizontal axis. The vertical
shaded band enclosed by the black dashed contour, with MPBH ! 10−17M$, is excluded by data from
LVK’s third observational run (O3) because the predicted SNR in this band exceeds 10. The black
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Figure 4.21: Scatter plots of the PBH abundance, fPBH, as a function of MPBH. The colour scales
indicate the FOPT strength α (top-left panel), its inverse duration β/H(Tp) (top-right panel), the
percolation temperature Tp (bottom-left) and the reheating temperature TRH (bottom-right panel).
The vertical band enclosed by the black dashed contour is excluded by LVK data (SNRLVK > 10).
The green, blue and red dashed contours enclose the regions within the reach of LIGO-O5, ET and
LISA with SNR > 10, respectively. The region above the solid black curve is excluded by combination
of overabundant PBH production, γ-ray data and microlensing data. A dedicated microlensing survey
of M31 by the Roman Space Telescope is sensitive to the region above the dashed blue curve [426].

solid contour represents a combined exclusion region derived from constraints on the overproduction
of PBHs, the extragalatic γ-ray flux via Hawking radiation, and microlensing observations. The ex-
pected sensitivity for the Roman Space Telescope is depicted by the blue shaded region [426]. The
spread in points of a given colour is due to variations in the critical threshold δc.

Strong, sustained supercooling is a key requirement for PBH formation. We find α " 109 and
β/H(Tp) < 9. Due to the exponential dependence of fPBH on β/H(Tp) in Eq. (4.31), the DM relic
abundance is saturated (fPBH = 1) in a narrow range 6 ! β/H(Tp) ! 7 for PBH masses within
[10−16, 10−11] M$. In this region, we also observe the strongest FOPTs, with 1015 ! α ! 1018.

While β/H(Tp) primarily determines fPBH, the reheating temperature sets the PBH mass via
Eq. (4.32), according to which MPBH ∝ T−2

RH. Consequently, lower values of TRH result in heavier
PBHs, as can be seen in the bottom-right panel. Recall that in the presence of strong supercooling
Tp ' TRH. For a fixed PBH mass and a correspondingly fixed reheating temperature, αT 4

p is a
constant, which explains the observed colour trends in the left panels. Note that larger PBH masses
are obtained for stronger phase transitions.

For reheating temperatures at the TeV scale, we find MPBH ∼ (10−12&10−10)M$, while reheating
temperatures near 108 GeV yield lighter PBHs with MPBH ∼ 10−18M$. The upper bound on PBH
masses, MPBH ! 10−10M$, arises from our requirement that phase transitions occur above the QCD
scale (i.e., Tp > 0.17 GeV). Note that all the points fall within the sensitivity reach of near-future
GW experiments, as indicated by the green dashed contour (for LIGO-O5), the blue dashed contour
(for ET) and the red dashed curve (for LISA).
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Figure 4.22: Top panel: The DM abundance fPBH as a function of the critical threshold δc for different
values of the inverse time duration β/H(Tp) and a fixed reheating temperature TRH = 106 GeV.
Bottom panels: Similar to Fig. 4.21, but the colour scale represents the inverse duration β/H(Tp) of
the FOPT for δc = 0.4 (left) and δc = 0.6 (right).

Impact of the critical threshold δc

The exponential dependence of fPBH on the critical density threshold δc is highlighted in the
top panel of Fig. 4.22 for various values of β/H(Tp), with the reheating temperature fixed at TRH =
106 GeV. The value of fPBH can vary by up to ten orders of magnitude within the range of δc obtained
from simulations. This variation significantly affects the value of β/H(Tp) required for all DM to be
PBHs. Specifically, larger values of δc correspond to smaller values of β/H(Tp).

Although the reheating temperature influences fPBH as in Eq. (4.31), its precise value is irrelevant
due to the strong correlation between β/H(Tp) and δc. This is confirmed in the bottom-right panel
of Fig. 4.21, which shows that varying TRH has virtually no impact on fPBH.

Impact of the model parameters on PBH formation

In Fig. 4.23, we present the same projections as in Fig. 4.21 but focusing on the underlying model
parameters. A strong correlation is observed between the PBH mass and the masses of the Z′, heavy
Higgs boson and heavy neutrinos. The PBH mass scale is inversely related to the mass scale of these
particles, MZ′ ∼ 10Mh2 . At the upper end of PBH masses, MPBH ∼ 10−10M$, the corresponding
mass scale is MZ′ ∼ 104 GeV. At the lower end of the PBH mass spectrum, with MPBH ∼ 10−18M$,
the mass scale approaches the GUT scale. This relationship arises because MZ′ ∼ TRH. This is also
reflected in the colour gradient for λσ (middle-right panel), since, within the parameter space relevant
for PBH production, M2

h2
∼ &0.17λσv2σ.

The gauge coupling gL exhibits only a weak correlation with the PBH observables (bottom-left
panel). However, most of the sampled points allowed (approximately 78% of the data) fall within the
range gL ∼ 0.25–0.30. In this range, the small values of β/H(Tp) required for PBH formation, as can
be seen from Figs. 4.6 and 4.7. A key result of Fig. 4.23 is the possibility of establishing a relationship
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Figure 4.23: Similar to Fig. 4.21, but the colour scales represent the Z′ boson mass (top-left panel), the
heavy Higgs h2 mass (top-right panel), the largest right-handed neutrino mass (middle-left panel), the
Majoron self-interaction coupling λσ (middle-right panel), the gauge coupling gL (bottom-left panel)
and the trace of the Yukawa matrix yσ (bottom-right panel).

between the model parameters and the conditions to obtain an observable SGWB and the entire DM
relic abundance in the form of PBHs. We find MZ′ ∈ [106, 1012] GeV, with gL ∈ [0.25, 0.30]. This also
implies a type-I seesaw scale within [106, 1010] GeV, which matches the mass range for the heavy Higgs
boson h2, along with λσ ∈ [&0.075,&0.025]. The neutrino Yukawa couplings characterised by Tr(yσ)
(bottom-right panel) remain largely unconstrained and can take values satisfying 10−6 ! Tr(yσ) ! 1.

Correlated signals: γ–ray signals, microlensing, GW experiments and magnetic fields

In Fig. 4.24, we present the predicted SNR for the SGWB at LISA (top-left panel), ET (top-
right panel), LIGO O5 (bottom-left panel) and LVK (bottom-right panel). A signal is considered
detectable if SNR > 10. Experiments with sensitivity in the 1–100 Hz frequency range, such as LIGO
and ET, primarily constrain the low-mass PBH region, while LIGO-O5 will be sensitive to masses
below ∼ 10−17M$ and ET can extend this sensitivity to PBH masses below ∼ 2 × 10−13M$. In
contrast, LISA is sensitive to PBH masses heavier than 1 × 10−16M$. Together, these experiments
will cover the full range of PBH masses for fPBH values down to 10−20, thus complementing γ-ray
and microlensing observations. Current LVK data exclude PBH masses below 4× 10−18M$.

Microlensing is a distinctive signal of compact objects. Notably, for PBHs with asteroid-scale
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Figure 4.24: Similar to Fig. 4.21, but the colour scale represent the SNR of LISA (panel a), the SNR of
ET (panel b), the SNR of LIGO O5 (panel c) and SNR of LVK (panel d). Solid green contours encapsulate
regions of SNR > 10 for the corresponding experiment in the colour bar.

Figure 4.25: Left panel: Parameter space with at least one microlensing event. Right panel: The expected
sensitivities of extragalactic γ−ray signals from Hawking radiation with SNR> 10 for THESEUS (dotted
red curve), GECCO (dashed brown curve), GRAMS (solid green curve), AMEGO−X (gray solid curve) and
e−ASTROGAM (solid orange curve). The colour scale in the right panel indicates the predicted SNR for
LIGO O5.

masses between 10−17 M$ and 10−12 M$, the Schwarzschild radius becomes comparable to the
optical wavelengths used in typical microlensing surveys. Then, wave optics effects become significant
and lead to characteristic oscillatory patterns in the microlensing light curve. These oscillations serve
as a signal for small lenses such as asteroid-sized PBHs, distinguishing them from larger astrophysical
lenses. A dedicated survey of the M31 galaxy by the Roman Space Telescope will be sensitive to a
wide range of PBH masses, from 10−14 to 10−5 M$ [426], thereby enhancing the ability to detect or
rule out PBHs as a component of DM.

With this in mind, we compute the expected number of events at the Roman Space Telescope as

Nevents = TobsNS

∫ tmax

tmin

dtE

∫
dRS

∫ 0

1
dx

d2Γ

dxdtE

dn

dRS
. (4.94)

Here, x = DL/DS where DL and DS = 778.5 kpc are the distances from Earth to the lens and source
(in M31), respectively, and Tobs = 6 × 72 days is the expected Roman observation time [427], and
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NS = 2.4× 108 is the number of source stars in M31 [427]. The duration for which the magnification
remains above the detection threshold is tE and is integrated from tmin = 15 minutes (the proposed
cadence [427]) to tmax = 6× 72 days (total observation time). We take the stellar radius distribution
dn/dRS for the M31 galaxy from Ref. [428]. The differential event rate is given by

d2Γ

dxdtE
= DS

fPBH

MPBH
ρDM
M31(rM31)

v4E(x)

v2M31

e−v2
E(x)/v2

M31 , (4.95)

where vE(x) = 2u1.34(x)RE(x)/tE, with RE the Einstein radius and u1.34 = 1 the impact parameter
for a point-like lens. The most probable source velocity in M31 is vM31 = 8.10× 10−15 kpc/s. For the
PBH mass distribution ρDM

M31 we adopt the Navarro-Frenk-White DM profile:

ρDM
M31(rM31) =

ρ′M31

(rM31/r′M31)(1 + rM31/r′M31)
2
,

rM31 =
√

R2
sol & 2xRsolDs cos ) cos b+ x2D2

S ,

(4.96)

where the characteristic density is ρM31 = 4.85×106 M$/kpc
3, the scale radius is rM31 = 25 kpc, and

Rsol = 8.5 kpc is the distance from the centre of the Milky Way to the Sun. The galactic coordinates
of M31 are (), b) = (121.2°,&21.6°).

In the left panel of Fig. 4.25 we show the parameter space with at least one microlensing event.
The Roman telescope can observe O(100) events for MPBH ∼ 10−12M$ in a region consistent with
current constraints. From Fig. 4.23 it is evident that the Roman telescope will target PeV mass
scales, with MZ′ ∼ 105 & 108 GeV, Mh2 ∼ 104 & 107 GeV and MN ∼ 106 & 107 GeV, gL ∼ 0.28, and
&0.025 ! λσ ! &0.05. In this parameter space a correlated SGWB is detectable at both LISA and
ET; see Fig. 4.24.

The sensitivity of microlensing surveys falls for MPBH < 10−15M$, while γ-ray signals from
Hawking evaporation become more sensitive. Several upcoming telescopes are designed to probe
these masses, including THESEUS [429], GECCO [430], GRAMS [431], AMEGO-X [432] and e-
ASTROGAM [433]. To determine the regions with SNR > 10, we utilised the Isatis script [434]
from BlackHawk [435, 436], incorporating Hazma [437] for low-energy hadronisation.

In the right-panel of Fig. 4.25, we present the SNR > 10 sensitivity curves for these telescopes.
We find that these facilities can probe a narrow region, MPBH ∼ [10−17, 10−15] M$ and fPBH ∼ 10−3,
which coincides with the parameter space in which a SGWB is accessible at LIGO O5. From Fig. 4.23,
we see that this corresponds to the regime of high-scale phase transitions, with MZ′ ∼ 1011 GeV.

Fig. 4.26 shows scatter plots in the (MPBH, fPBH) plane, with the peak magnetic field strength
(top panels) and peak coherence length (middle panels) indicated by the colour scale. The left panels
are for helical magnetic fields (b = 0), and right panels are for non-helical magnetic fields (b = 1).
The bottom panel displays these points in the (λpeak, Bpeak) plane, with the colour scale indicating
the Z′. The black lines show lower limits from high-energy γ-ray observations of blazars.

For both b = 0 and b = 1, we observe a strong correlation with the PBH mass: lighter PBHs
are associated with lower magnetic field strengths and shorter coherence lengths. Comparing with
Figs. 4.23 and 4.21 we find that this trend is linked to both the dark sector masses and λσ. Specifically,
TeV-scale phase transitions with λσ ∼ &0.025 yield Bpeak ∼ 10−11 G for b = 0, and Bpeak ∼ 10−13 G
for b = 1. This behaviour stems from the fact that the magnetic field strength scales as Bpeak ∝
T−pb/2−2
RH , while the coherence length scales as λpeak ∝ T qb−1

RH (see Eqs. (4.38)–(4.42)), because the
Hubble parameter H ∝ T 2 during the radiation-dominated epoch. Since qb is always less than unity,
higher reheating temperatures correspond to weaker magnetic fields and shorter coherence lengths.
As expected, non-helical magnetic fields have lower amplitudes and shorter coherence lengths than
helical magnetic fields.

From the bottom panel of Fig. 4.26 we observe that for b = 0, Z′ masses in the range of approxi-
mately [40, 106] TeV can generate magnetic fields that satisfy the lower limits from blazars, and are
therefore observable. For b = 1, observable magnetic fields are produced for MZ′ ∼ [40, 1000] TeV.

The role of the neutrino Yukawa couplings on the magnetic fields is illustrated in Fig. 4.27. We
find that the suppression factor κh strongly affects Bpeak, and that an inverse relationship exists
between the Z′ mass and κh because the decoupling between the dark and visible sectors ∼ v/vσ.
As yν is increased to O(0.1 & 1), the numerator in Eq. (4.43) increases while the denominator re-
mains unchanged, so that κh becomes larger. This consequently enhances κh as evident by the colour
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distribution in the top-right edge of the top-left panel. Nevertheless, sizeable values of yν are in-
sufficient to generate observable magnetic fields, as the dark sector mass scale MZ′ ∼ 1015 GeV has
a dominant effect. These enhanced couplings determine the bulge feature in the bottom panel of
Fig. 4.26. We find that Tr(yσ) is more weakly correlated with Bpeak and λpeak than is yν . For
the latter, we find that lower values correspond to larger values of both Bpeak and λpeak. This
behaviour is connected with the seesaw scale, since larger values of yν are correlated with larger
scales. For b = 0, in the region where magnetic fields strengths are above the blazar bounds, we find√
Tr(yνy

†
ν) ∼ [1× 10−5, 3× 10−3] which corresponds to dark sector scales MZ′ ∼ [40, 106] TeV. For

b = 1 the regions shrink to
√
Tr(yνy

†
ν) ∼ [1× 10−5, 6× 10−5] and MZ′ ∼ [40, 1000] TeV.
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Figure 4.26: Top and middle panels: Similar to Fig. 4.21, but the colour scale indicates the peak
magnetic field strength Bpeak and peak coherence length λpeak for helical magnetic fields b = 0 (left)
and non-helical magnetic fields b = 1 (right). Bottom panel: Bpeak versus λpeak for b = 0 and
b = 1. The black dashed line shows the lower limit from [327], and the dotted black line shows the
corresponding limit from [328].



4.6. NUMERICAL RESULTS 119

4.6.3 GWs in the generic U(1)′ scenario

The U(1)B−L model is a particular example of a broadly defined U(1)′ gauge theory with arbitrary
xH and xσ charges. In this section, we examine generic charge assignments in the ranges in Tab. 4.2.

In Fig. 4.28, the colour scale represents gLxσ in the first and third rows, and gLxH in the second
and fourth rows. To fully visualise the parameter space, we divide our data into two sets. The top
two rows have points with xH ≥ 0, and the bottom two rows have points with xH < 0. From the
first row, we observe that the qualitative behaviour of gLxσ is similar to that of gL in the U(1)B−L

case, in that a smaller gauge interaction strength increases the peak amplitude of the SGWB. This
is expected as physical observables depend on gLxσ and not just gL, and the charge can be absorbed
in the definition of the gauge coupling. In the second and fourth rows, we find that larger values of
|gLxH| correspond to lower peak frequencies and higher peak amplitudes. This stems from the fact
that with increasing values of the charges, the gauge and scalar quartic couplings run faster, reaching
a Landau pole at lower scales. In the high-frequency region, where the true vacuum takes very large
values, the emergence of Landau poles appears below the U(1)′ breaking scale, which explains why
gLxH ≈ 0 (dark purple and dark red points in the second and fourth rows).

Note that the dispersion of colour in the gLxσ plots, compared to the neatly horizontal distribution
of gL for the U(1)B−L model (fourth row of Fig. 4.6), is caused by gLxH. Indeed, there is a close
correspondence between the colour gradient in rows one and two and in rows three and four, where
larger |gLxH| implies smaller gLxσ. This relationship arises from the leading effects in the gL beta
function: β(1)(gL) ≈ (g3L/3)(82x

2
H + 31xHxσ + 9x2

σ). A larger |gLxH| must be compensated by a
smaller gLxσ, and vice versa, to prevent gL from reaching a Landau pole. A smaller gLxσ leads to a
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Figure 4.27: Scatter plots of Majorana Yukawa couplings Tr(yσ) and the magnitude of the Dirac

Yukawa couplings
√
Tr(yνy

†
ν). The colour scale indicates the suppression factor κh (top-left panel),

the mass of Z′ (top-right panel), the peak magnetic field strength (middle-left and bottom-left panels)
and the correlation lengths (middle-right and bottom-right panels) for b = 0 and b = 1, respectively.
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larger peak SGWB amplitude, because ∆Veff is larger, as discussed in connection with Fig. 4.2. Since
the coefficient of the x2

H term is nine times larger than that of the x2
σ term, a Landau pole is reached

faster even for xσ → 0. We exclude all points for which a coupling becomes non-perturbative at a
scale µ < vσ. As in the B&L case, a sizeable Tr(yσ) increases the spread of points and gives GW
spectra with higher peak frequencies.

In Fig. 4.29, the colour scale is for the Z′ boson and h2 scalar masses. LIGO and ET are sensitive
GUT scale masses. While the distribution of points is similar to U(1)B−L case, regions of a given
colour are not as well defined. This is due to the freedom introduced by xH, which affects both the
heavy Higgs and Z′ masses. For a generic U(1)′ model, LISA will be sensitive to h2 masses ranging
from 1 TeV to 109 GeV, with the corresponding Z′ masses an order of magnitude larger. For a given
mass, the peak frequency is lower for Tr(yσ) < gL (left panels) than for Tr(yσ) > gL (right panels).
This shift is more pronounced for small gLxσ and large |gLxH|, because the x2

H term dominates the
RG evolution of gL, so that the tree-level potential V0 is minimised at a lower VEV. This effect is
marginal in the B&L scenario since only yσ modifies λσ. Points with Tr(yσ) ' gLxσ, have a cleaner
distribution because gLxH ≈ 0, as observed in Fig. 4.28. However, for Tr(yσ) > gLxσ, the frequency
coverage is broader for both high- and low-frequency experiments.

In Fig. 4.30 we show the (xH, gLxσ) plane for several thermodynamic parameters. Each value of
xH defines a different U(1)′ model. We identify three different models: the U(1)B−L model; the U(1)R
model with the charge assignment (xH, xσ) = (&1, 2); and the U(1)O model with e.g., (xH, xσ) =
(&16/41, 2), which yields the orthogonality condition between U(1)Y and U(1)′, 41xH + 8xσ = 0,

BP-1 BP-2 BP-3

λσ &0.0484 &0.0797 &0.0467
λσh &3.184× 10−14 &1.768× 10−18 &5.99× 10−13

gLxσ 0.473 0.488 0.558
Tr(yσ) 0.113 0.336 0.249√
Tr(yνy

†
ν) 3.44× 10−4 0.0128 2.02× 10−4

MZ′/GeV 4.09× 108 5.78× 1010 9.63× 107

Mh2/GeV 4.35× 107 6.46× 109 1.04× 107

MN/GeV 4.65× 107 1.39× 1010 3.00× 107

Tp/GeV 39.54 1703.43 23.42
TRH/GeV 6.57× 105 7.77× 106 5.29× 105

Tc/GeV 2.31× 106 2.85× 107 1.90× 106

α 7.61× 1016 4.33× 1014 2.60× 1017

β/H(Tp) 6.71 6.87 6.44
SNRLISA 2384.50 1.56 4509.54
SNRET 160.64 2.66× 105 94.18
SNRLIGO 0.0109 12.97 0.00638
SNRLVK 3.56× 10−5 0.0276 2.10× 10−5

fPBH 0.863 0.0467 1.00
MPBH/M$ 2.09× 10−14 1.41× 10−16 3.32× 10−14

Nevents 23.86 < 1 46.40
δc 0.452 0.479 0.489

Bb=0
peak/G 1.73× 10−16 2.79× 10−19 2.56× 10−16

λb=0
peak/Mpc 2.43× 10−3 1.05× 10−3 2.71× 10−3

Bb=1
peak/G 3.87× 10−19 4.10× 10−22 5.97× 10−19

λb=1
peak/Mpc 5.45× 10−6 1.55× 10−6 6.33× 10−6

Table 4.4: Model parameters, thermodynamic parameters and physical observables, for three bench-
mark points: BP-1, featuring microlensing events at the Roman telescope; BP-2, producing γ-ray
signals with SNR > 10 in the proposed experiments considered; and BP-3, characterised by magnetic
fields above the blazar limits, large number of microlensing events at the Roman telescope, detectable
SGWB at interferometers, and fPBH = 1. The model parameters are defined at µ = MZ0 .
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Figure 4.28: Similar to Fig. 4.6, but for generic U(1)′ models. The colour scales represent the Majoron
charge times gL in the first and third rows, and the Higgs doublet charge times gL in the second and
fourth rows. In the top two rows xH ≥ 0, and in the bottom two rows xH < 0.

so that the kinetic mixing g12 does not evolve with energy at one-loop if g12 = 0 at some scale µ
(see Eq. (E.5)). The thermodynamic parameters α, β/H(Tp), and Tp are almost independent of
xH. Consequently, the SGWB geometric parameters are also weakly dependent on xH, as shown in
Fig. 4.28, and it is not possible to exclude a specific U(1)′ model based on GW data alone. However,
for models with large |xH| (which suffer a loss of perturbativity below vσ), the allowed parameter
space shrinks so that the density of points with higher Tp and TRH is lower far from xH = 0, and leads
to lower peak frequencies.

In Fig. 4.31, we show GW spectra for different xH charges with the other parameters fixed. We
observe that as xH decreases, the spectrum shifts towards lower frequencies while maintaining an
approximately constant peak amplitude. This shift can be attributed to changes in the percolation
temperature due to the modified running of the gL β-function for different xH. However, the shift in
the spectrum is small compared to the theoretical uncertainties in Fig. 4.4.

In Fig. 4.32, we present scatter plots in the (MZ′ , gLxσ) plane, with the colour scale representing
the heavy Higgs mass. At high frequencies, LVK data do not exclude any region of parameter space
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Figure 4.29: Similar to Fig. 4.28, but the colour scales represent the Z′ boson mass (top row), the
heavy scalar mass Mh2 (bottom row).

due to the dispersion caused by xH. The excluded regions for the Z′ and heavy Higgs bosons are
similar, but slightly weaker than for the U(1)B−L model. The region within the solid green (dotted
dark purple) boundary will be tested by LIGO-O5 (ET) data with SNR > 10. This figure confirms
that Earth-based interferometers will be sensitive to heavy boson masses from 1010 GeV up to the
GUT scale, and gLxσ between 0.5 and 0.9. At lower frequencies, LISA will also cover a wide range of
masses (enclosed by the solid red line). The overlapping sensitivity of ET and LIGO is evident in the
top-left panel demonstrating an opportunity to test this class of models in more than one experiment.
For Tr(yσ) > gL, the spread in points of a given colour shrinks the area with SNR > 10.

4.6.4 PBHs, magnetic fields and microlensing in the generic U(1)′ scenario

We now examine the case of generic U(1)′ charges. In Fig. 4.33 we show projections in the
(MPBH, fPBH) plane with colour scales for gLxH (left panel) and gLxσ (right panel). We find that
xH introduces dispersion in the parameter space, resulting in a weak correlation with both fPBH and
MPBH. Similarly, the PBH parameters are weakly correlated with gLxσ, although as in the U(1)B−L

case, most points cluster in a narrow range gLxσ = [0.50, 0.60]. Thermodynamic parameters, SGWB,
and magnetic fields exhibit correlations consistent with those in the B&L model.

In Fig. 4.34 we present scatter plots of various projections of the model’s parameter space. The
region enclosed by the black solid contour is excluded by LVK (with SNR > 10) the dashed green
contour indicates the region in which γ-ray signals can be detected by THESEUS, and the grey
dotted (red dash-dotted) contour defines the region where peak magnetic field strengths for b = 0
(b = 1) exceed the lower bounds set by blazars. In Tab. 4.4 we present three benchmark points:
BP-1 features microlensing events at the Roman telescope, BP-2 produces detectable γ-ray signals,
and BP-3 generates detectable magnetic fields, and microlensing, γ-ray and GW signals with PBHs
saturating the DM relic abundance (fPBH = 1).

In Fig. 4.34, the DM abundance shows a weak correlation with the model parameters. How-
ever, along the lower edge of the regions in the right panels of the first two rows (gLxσ ∼ 0.55 and
λσ ∼ &0.063) most points have fPBH close to unity. The neutrino sector parameters are also weakly
correlated with fPBH as can be seen from the right panels of the last two rows. In contrast, all model
parameters exhibit a strong correlation with the PBH mass. Specifically, larger values of the Z′, h2

and Ni masses correspond to lighter PBHs, as for the U(1)B−L model. Also, higher values of Tr(yσ)

and lower values of
√
Tr(yνy

†
ν) are associated with heavier PBHs.

For generic U(1)′ models, we find that only a very narrow region of gLxσ and λσ can produce
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Figure 4.30: Scatter plots in the (xH, gLxσ) plane for generic U(1)
′ models. The colour scales indicate

the phase transition strength α (first row), and its inverse time duration β/H(Tp) (second row),
the percolation temperature Tp (third row), and the reheat temperature TRH (fourth row). The
U(1)R, U(1)B−L, and U(1)O models correspond to charges (xH, xσ) = (&1, 2), (0, 2), and (&16/41, 2),
respectively. The black dashed contour has the same meaning as in previous figures. The left (right)
panels show points with Tr(yσ) < gL (Tr(yσ) > gL).

γ-ray signals at future experiments. This region, enclosed by the green dashed contour, features Z′

masses in the interval [1010, 1013] GeV, and h2 masses within [109, 1012] GeV. The neutrino sector
parameters in the last two rows are not constrained by γ-ray observations.

In the low Z′-mass regime, between 104 and 105 GeV, it is possible to generate magnetic field
strengths that exceed the current blazar bounds. This region, enclosed by the dashed gray contour,
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Figure 4.31: SGWB spectrum for various values of the Higgs charge in generic U(1)′ models. The
other parameters are fixed to those of BP(a).
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Figure 4.32: Similar to Fig. 4.17, but for generic U(1)′ models.

corresponds to a minimal hierarchy between the h1 and h2 masses, resulting in a larger efficiency
factor κh. This also favours seesaw scales in the tens of TeV range and Tr(yσ) ! 0.68.

4.6.5 Low-scale scenarios with generic charge assignments

In previous sections, we described in detail the phenomenology when Mh2 , Mh1 , which leads to
the natural follow up question: What happens when Mh2 ' Mh1? To analyse this scenario, we must
first realise that the Higgs sector can no longer be fully conformal, i.e. the tree-level potential needs
to be

V0 = &µ2
h H†H+ λh(H†H)2 + λσ(σ

†σ)2 + λσh(H†H)(σ†σ) , (4.97)

which has scale invariance only in the dark sector. Consider imposing a classical conformal symmetry
in both the dark and visible sectors, i.e., µ2

h = 0, and requiring a large hierarchy between the VEVs,
vσ , v, associated with a large hierarchy in the scalar mass spectrum, Mh2 , Mh1 . In this case,
the scalon emerges from the heavy singlet σ field. This is in variance with a multi-Higgs-doublet
scenario which necessarily implies that the scalon is the lightest particle in the scalar spectrum [304].
Note that a large mass hierarchy between the scalon and the SM Higgs is protected against large
radiative corrections by means of a small portal coupling |λσh| ∼ (v/vσ)2. This is the scenario studied
previously.

On the other hand, if we consider the opposite hierarchy v , vσ, corresponding to Mh1 , Mh2 ,
the scalon emerges from H. Now there are two possibilities: 1) If λh < yt, where yt is the top Yukawa
coupling, the top quark loop is the dominant contribution to the Higgs mass, which comes with a
negative sign and alters its vacuum stability, such that no valid solution exists. 2) If λh > yt, the scalar
loop is the dominant contribution and valid solutions are possible. However, as shown in Ref. [438],
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Figure 4.33: Similar to Fig. 4.21, but the colour scale represents gLxH in the left panel and gLxσ in
the right panel.
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Figure 4.34: Projections of the model’s parameter space, with the PBH mass (left panels) and PBH
abundance (right panels) indicated by the colour scales. All points satisfy current constraints from
microlensing and the extragalactic γ-ray background. The region enclosed by the black solid contour
is excluded by LVK since SNR > 10. The grey dotted (red dash-dotted) contour indicates the region
where peak magnetic field strengths for b = 0 (b = 1) exceed the blazar bounds.

the Higgs mass predicted by minimising the effective potential exceeds 200 GeV, which is inconsistent
with experiment. Therefore, for the low scale scenario we must resort to the case where only the dark
sector is conformal i.e., the σ†σ term is absent, but not the visible one (µ2

h (= 0). This is necessary to
ensure proper EW symmetry breaking with Mh1 , Mh2 .

The primary motivation to study to opposite hierarchy case is related to the fact that an FOPT
induced by the breaking of the gauged U(1)′ symmetry at a MeV scale could produce a GW signal in
the nHz range relevant to PTA observations. Recently, PTAs reported evidence of a SGWB at nHz
frequencies [297–300]. Statistical analyses have shown that NP scenarios are more compatible with
the observed signal than the purely astrophysical explanation provided by Supermassive Black Hole
Binaries (SMBHBs) [439]. Supercooled MeV-scale FOPTs have been proposed as an explanation for
the NANOGrav signal [439–441] and for signals at PTAs in general [442]. However, in Ref. [106] it
is argued that such a scenario may not be physically viable because such FOPTs may fail to fully
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complete on the relevant cosmological time scales. It is further argued that even if this issue can be
evaded, the Universe would be reheated to temperatures associated with the scale of NP driving the
FOPT, effectively shifting the SGWB spectrum to frequencies higher than the NANOGrav signal.
However, these conclusions are obtained in the context of EW FOPTs in NP models with SM-like
potentials that feature a cubic interaction term at tree level, thus raising the question about their
validity for conformal NP models.
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Figure 4.35: Left panel: Ratio of the Euclidean action to temperature S3/T as a function of T for the
best-fit point in Table 4.5. The vertical dotted lines indicate the critical temperature Tc, nucleation
temperature Tn, percolation temperature Tp and completion temperature Tf . Right panel: Scatter
plot of the reheating temperature TRH as a function of the Z′ mass.

Our scenario overcomes the issues highlighted in Ref. [106]. First, in conformal models percolation
is always possible. We have explicitly verified that the volume of the false vacuum is decreasing
at the percolation temperature Tp, see Eq. (4.8). As discussed previously, this condition may not
necessarily be satisfied at Tp, but at some lower temperature. However, here we only consider FOPTs
for which the percolation condition is fulfilled at T = Tp. Second, in non-conformal models, such as
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Figure 4.36: Scatter plots of the SGWB peak amplitude h2Ωpeak
GW versus peak frequency fpeak. The

colour scales indicate the gauge coupling gL, the scalar self-interaction λσ, the Z′ mass (in MeV) and
the h2 mass (in MeV). For the NANOGrav signal (labelled ”NG15”) and sensitivity curves, the axis
labels do not correspond to peak values.
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the type studied in Ref. [106], the action as a function of temperature exhibits a U -shaped behaviour
(see e.g., Fig. 3 of Ref. [443]), which bounds the percolation temperature from below. In contrast,
conformal models have an action that asymptotically approaches zero as T → 0; see left panel of
Fig. 4.35. Third, we have checked that the potential remains bounded from below at the FOPT
completion temperature Tf , at which the true vacuum occupies 99% of the Universe. Fourth, the
conformal nature of the potential prevents TRH ≈ M , where M is the mass scale of dark sector. Since
the potential barrier persists as T → 0, the FOPT can be delayed to temperatures well below Tc,
which defines the energy scale driving the transition. Consequently, as long as extreme supercooling
is avoided (α ! 108), TRH deviates from Tp by at most a factor of O(1&100), ensuring that TRH < M ;
see right panel of Fig. 4.35. (It was noted in Ref. [105] that TRH ∼ 0.1MZ′ for a conformal U(1)B−L

model) In this regime, Daisy corrections are negligible.
A problem, however, is the need for gL to be of O(0.1). For MeV mass scales, astrophysical and

collider constraints [444–451] impose stringent upper limits on the gauge couplings. For instance,
for the U(1)B−L model and MeV-range Z′’s, the gauge coupling should be below gL ! 10−10 [451].
For generic charge assignments the limits change, but remain qualitatively similar, see e.g. [452].
Additionally, for the light case, the decays Z′ → e+e− and Z′ → νiν̄j contribute to an increase on
the effective number of neutrino species, ∆Neff [451], and further constraint gL. As such, for this
section, we will consider a pure dark sector, i.e. only σ carries a dark U(1)′ charge, such that the
only communication with the SM is through the Higgs portal and kinetic mixing . Note that, for this
charge assignment, neutrino masses and mixings can not be fitted without having to introduce new
particle content. Since the purpose here is to explain the NANOGrav signal, we will not consider the
neutrino sector. Thermalisation between the dark sector and the SM works slightly different. Now,,
we ensure that Z′ thermalises by fixing g12 = 2× 10−10 at the EW scale [453]. On the other hand, h2

can thermalise through the h2Z′Z′ vertex which is proportional to gL ∼ O(0.1 & 1). The analysis of
the FOPT remains identical to before, but since we consider a new charge setting without neutrinos,
the only change is the RG equations. In particular, for the β-functions we have

β(1)(gL) =
41

10
g212gL +

g3L
3

, (4.98)
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β(1)(µ2
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10

[
& 9g21 & 9g212 & 45g22 + 120λh + 60y2t

]
, (4.107)

while the γ-function is simply
γ = 3g2L . (4.108)

As before, we only consider the σ direction to be relevant for the FOPT as it decouples from the
Higgs direction due to the strong scale hierarchy Mh1 , Mh2 . The introduction of µ2

h implies an
additional free parameter compared to the high-scale case, which we take to be the scalar mixing
λσh. We perform a scan over the model parameters at µ = MZ0 with a focus on the parameter space
capable of explaining the NANOGrav data. Since we focus on MeV scale FOPTs, we sample Mh2

logarithmically in the range Mh2 = [0.1, 100] MeV. We require λσh < 10−10 t so that vσ is small
enough to yield a signal at PTAs. The gauge coupling is sampled linearly in the range gL = [0.25, 1.5].
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Figure 4.37: Similar to Fig. 4.36 but the colour scales indicate the inverse time duration β/H(Tp), the
phase transition strength α, the reheating temperature TRH (in MeV) and the percolation temperature
(in MeV).

In what follows, all parameters are evaluated at µ = 0.1 MeV after RG evolution. Fig. 4.36 displays
scatter plots of the SGWB peak amplitude versus peak frequency for gL (panel a), λσ (panel b), MZ′

(panel c) and Mh2 (panel d). Also shown is the NANOGrav signal [297] and the sensitivity of the
experiments, GAIA, SKA, and THEIA [454, 455]. Our analysis indicates that the peak frequency
is primarily determined by MZ′ , with smaller masses corresponding to lower frequencies. The same
pattern is present in Mh2 . This behaviour is identical to the higher scale case (recall Fig. 4.6). The
couplings λσ and gL influence the peak amplitude, with smaller values resulting in higher amplitudes.
This is because they affect the location of the minimum of the effective potential and its depth, see
Fig. 4.2. Again, a behaviour also shared in the high scale scenario. We now show in Fig. 4.37 equivalent
projections but with thermodynamic parameters in colour, namely the inverse time duration β/H(Tp)
(panel a), the strength of the phase transition α (b), the reheating temperature (panel c) and the
percolation temperature (panel d). Recall that we always require TRH < M to prevent extreme
supercooling, as greater supercooling results in higher TRH, which shifts the GW spectrum to higher
frequencies (see panel c). This implies that, within the region relevant for the NANOGrav signal, α
always remains below 108. Although, for frequencies below 10−9 Hz, we have points with α " 1012,
corresponding to phase transition temperatures Tp ∼ O(keV) (see panel d). Phase transitions at
such low temperatures may impact predictions from the Cosmic background radiation [456]. We
also find β/H(Tp) " 48, and therefore PBH formation is highly inefficient. Similarly, we also found
that the production of primordial magnetic fields is highly suppressed. The isolated points with
h2Ωpeak

GW < 10−11 correspond to non-supercooled FOPTs with α < 0.1 and gL > 1.1.

The SGWB spectrum for the best-fit point, including the expected signal from SMBHBs, is shown
in Fig. 4.38. The corresponding parameters are listed in Tab 4.5. The SMBHBs signal is modelled as

gL Mh2 MZ′ Tp TRH α/105 β/H γBHB ABHB

0.59 12.4 107.3 0.52 11.7 2.60 39.5 4.50 10−15.4

Table 4.5: Parameters for the best fit point (including the contribution from SMBHBs) shown in
Fig. 4.38. Mh2 , MZ′ and TRH are in units of MeV, and evaluated at µ = 0.1 MeV.
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Figure 4.38: SGWB spectra for the best-fit point in Tab 4.5. The solid black curve is the signal from
the FOPT only, and the dot-dashed curve also includes the SMBHBs signal.
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Figure 4.39: 68% CL (darker) and 95% CL (lighter) allowed regions obtained from the NANOGrav
15-year dataset. The green contours assume the FOPT alone explains the signal, while the purple
contours include the SMBHBs signal.

a power law with spectral index γBHB and amplitude ABHB [457]:

h2ΩGW(f) =
2π2A2

BHB

3H2
0

(
f

year−1

)5−γBHB

year−2 . (4.109)

Clearly, the SMBHBs contribution to the signal is negligible.
To determine the 68% and 95% CL parameter space regions allowed by the NANOGrav 15-year
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dataset, we employ the PTArcade package in its default ceffyl configuration [457, 458]. Fig. 4.39
shows allowed regions assuming either that the model fully explains the signal (labelled ”PT”) or that
the contribution from SMBHBs is included (labelled ”PT+SMBHBs”). For the SMBHBs signal, we
adopt the default settings of PTArcade, choosing an uniform prior γBHB = [0, 7] and a log-uniform
prior log10ABHB = [&18,&14]. NANOGrav data favour Z′ and h2 masses in the 10–100 MeV range at
68% CL, with larger masses disfavoured due to the resultant higher peak frequencies. We observe a
strong correlation between λσ and gL. Smaller couplings are favoured because they yield larger peak
amplitudes. Without the SMBHBs contribution, we find gL ∈ [0.57, 0.86] and λσ ∈ [&0.062,&0.028] at
68% CL. As expected, including the SMBHBs signal widens the allowed parameter regions, although
in most cases the widening is minimal because the corresponding parameters show weak correlations
with either the amplitude, frequency, or both.

4.6.6 Comments on the GW contribution from cosmic strings

To finish this chapter, we will briefly discuss on other potential sources of cosmological GWs in our
model. So far, we have only focused on the FOPT contribution. However, the spontaneous breaking
of U(1)′ can also generate topological defects, known as cosmic strings [459]. Since U(1)′ is gauged,
the strings decay predominantly via gravitational radiation, providing an additional component to the
SGWB. Their dynamics is governed by a single parameter, the string tension µ′, which is set by the
U(1)′-breaking scale [460]:

Gµ′ ≈ 10−6
( vσ
1016 GeV

)2
. (4.110)

Here G = 1/M2
p is the gravitational constant with the Planck mass Mp = 1.22× 1019 GeV.

The SGWB spectrum from cosmic strings can be sourced by long strings and/or closed loops,
with the latter typically providing the dominant, although more model-dependent, signal [461]. For
oscillating loops, the spectral energy density is given by a weighted sum over harmonic modes k,

ΩGW(f) =
8π

3H2
0

(Gµ′)2f
∞∑

k=1

Pk Ck(f) , (4.111)

where H0 = 67.85 km s−1 Mpc−1 is the present-day Hubble constant, Pk is the normalized GW power
(in units of Gµ′2) emitted in the k-th harmonic, and Ck(f) encodes the spectral shape. The GW
power for harmonic mode k follows a power law [460],

Pk =
Γ k−q

ζ(q)
, (4.112)

where Γ ≈ 50 is the total emission power in units of Gµ2, and ζ(q) is the Riemann zeta function. The
spectral index q depends on the GW emission process: q = 5/3 for kinks, q = 4/3 for cusps, and q = 2
for kink-kink collisions. We focus on GW emission from cusps because it is dominant. The weight
function Ck(f) is given by

Ck(f) =
2k

f2

∫ ∞

0

dz

H(z)(1 + z)6
n

(
2k

(1 + z)f
, t(z)

)
, (4.113)

where n(l, t) is the loop number density distribution at cosmic time t(z) and redshift z. We assume a
standard Friedmann-Robertson-Walker cosmology with

H(z) = H0

√
1& ΩM & ΩR + ΩM (1 + z)3 + ΩRC(z)(1 + z)4 , (4.114)

where ΩM = 0.3081 and ΩR = 1.291×10−5 [384]. The correction factor C(z) accounts for the redshift
evolution of the relativistic degrees of freedom.

We employ the analytical approximations derived in Ref. [462]. In the nHz range, relevant for
PTA observations, the energy density is given by

h2ΩGW(f)
∣∣
PTA

≈ 4.2× 10−9

(
f

fyr

)3/2 Γ

50

(
Gµ

10−11

)2

×
∞∑

k=1

k−17/6

(1 + 2.075uk)1.945 ζ(17/6)
, (4.115)
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Figure 4.40: Top panel: Similar to Fig. 4.17. The closed cyan contour outlines the region excluded
by NANOGrav. The colour bar we show the string tension Gµ′. Bottom panel: SGWB spectra
for BPs(c) in Tab. 4.3 with the solid black line representing the FOPT contribution while the dashed
black line represents the cosmic string contribution.

where fyr $ 32 nHz, and

uk =
2.89

2k

f

fyr

Γ

50

Gµ

10−11
. (4.116)

For higher frequencies (f " mHz), relevant for space- and ground-based laser interferometers, the
spectrum flattens and is approximately

h2ΩGW(f)
∣∣
laser

$ 4.78× 10−5 C
√

Gµ . (4.117)

Setting C = 0.8 is a valid approximation in the frequency range [10−3, 10] Hz [462].

Numerical results

We will discuss our results in the context of the U(1)B−L model. The conclusions are identical to
the generic case. Cosmic microwave background data impose an upper bound on the string tension
Gµ ! 10−7 [463], while the 15-year NANOGrav dataset excludes Gµ′ " 1.32×10−10 for GWs emitted
from cusps, including the contribution from SMBHBs [439]. Our results are summarised in Fig. 4.40.
Comparing with Fig. 4.17 (without cosmic strings), we find that, when gL > Tr(yσ), LISA can probe
the high mass region (MZ′ > 1010 GeV) since a almost flat string spectrum exist in LISA target
frequency (see bottom panel). When the Yukawas become competitive the high-mass region can not
be excluded by LISA. For ET, LIGO and LVK the contours remain qualitatively similar, although
they become larger since the SNR increases due to the cosmic string contribution (true for both
gL > Tr(yσ) and gL < Tr(yσ)). In cyan, we show the region excluded by NANOGrav. We find that
NANOGrav targets a similar region to that of LVK/LIGO, excluding masses of MZ′ > 1014 GeV and
gL < 0.46.

4.7 Summary and conclusions

We explored the potential to indirectly test a wide class of classically scale-invariant U(1)′ models
through GWs, PBHs and primordial magnetic fields both in its low and high-scale versions. We
discussed how the parameter space of these models can be studied at energy scales not in reach of
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collider experiments. For strongly supercooled high-scale phase transitions, we can produce a SGWB
signal with a large SNR across a wide range of frequencies, from 0.1 mHz, within reach of LISA, up
to a kHz, within reach of LIGO and ET. In the low-scale scenario, a signal can be produced in the
nHz frequency band. Simultaneously, due to strong supercooling, the conditions become favourable
for PBH formation which may be detectable at upcoming microlensing surveys, particularly from the
Roman Space Telescope, as well as through γ-ray signatures from Hawking evaporation at THESEUS,
GECCO, AMEGO&X, and e&ASTROGAM.

SGWB at high-scales

We examined the U(1)B−L model with gauge charges, xH = 0 and xσ = 2. We find that the
peak amplitude of the SGWB is primarily influenced by the gauge coupling gL, which must be in
the range 0.26 ! gL ! 0.63 for FOPTs to occur; see the fourth row of Fig. 4.6, which also shows
that the peak amplitude reaches its highest values, h2Ωpeak

GW ≈ 10−7, for lower values of the gL range
across the entire frequency spectrum. The U(1)B−L breaking scale, which determines the masses of
the Z′ and h2 bosons, governs the peak frequency, as can be seen from the second and third rows of
Fig. 4.6. We confirmed that a potential barrier between the true and false vacuum develops at finite
temperatures for a non-zero gauge coupling; see Fig. 4.1 and Eq. (4.83). Generally, the sound wave
contribution is the dominant source of GWs in most of the parameter space, although for α " 1013,
bubble collisions become dominant. For such high values of α, percolation is not guaranteed, but may
occur at temperatures below Tp.

The heavy neutrinos that participate in the type-I seesaw mechanism, play an important role
in the production of GW spectra that peak at high frequencies. Large yσ can compete with the
gauge coupling in the development of a global minimum of the potential, thereby increasing the
VEV and the potential energy difference between the true and false vacuum, and pushing the peak
frequency of the GW spectrum into the kHz range; see the right panels of Figs. 4.6, 4.7, 4.11 and
4.19. We find that if the U(1)′ and SM sectors are in thermal equilibrium, the primary influence of
the neutrino sector on the FOPT arises from the h2 → N̄iNi decay rate, which exceeds the Hubble
rate at percolation in most of the parameter space, which makes the Universe promptly enter the
radiation-dominated era after percolation; see Eq. (4.8). With decoupled heavy neutrinos, h2 decays
only to SM particles, causing h2 to oscillate around the true minimum for longer than the Hubble
time. Consequently, the Universe enters an early matter-dominated period after percolation, leading
to a substantial suppression of the SGWB, with peak frequencies not exceeding 0.1 Hz, well below
the sensitivity of Earth-based interferometers like ET and LIGO; see Fig. 4.10. Thus, in the context
of these models, the observation of high-frequency GWs can be interpreted as a signature of heavy
neutrinos. We also find a clear correlation between the peak frequency of the SGWB and the magnitude
of yν ; see Fig. 4.11. Specifically, ET and LIGO will probe yν between 10−3 and unity, and LISA will
probe yν between 10−6 to 10−3. If yσ ∼ O(1), the heavy neutrino mass scale in the type-I seesaw
mechanism can also be probed with high frequency GWs.

We demonstrated the importance of computing the RG-improved potential at the one-loop level
because it shifts the minimum and significantly impacts the height of the potential barrier compared
to a tree-level calculation [105]; see Fig. 4.20. The larger potential energy difference obtained at one-
loop increases α and consequently the degree of supercooling. This also explains why our percolation
temperatures are generally an order of magnitude lower than in Ref. [105].

For generic charges, our findings align with the results of the B&L model. However, higher values
of the Higgs doublet charge xH are less favourable due to the additional contributions they introduce
in the β functions, which can lead to Landau poles at lower energies. Consequently, a signal at high
frequencies will favour U(1)B−L; see Fig. 4.28. Due to the weak dependence of the FOPT on the
Higgs doublet charge, the SGWB is not sensitive to xH. A comparison of Fig. 4.31 and 4.4 shows
that the effect of xH on the SGWB is minimal, with the resulting frequency shift being much smaller
than theoretical uncertainties. Also note that unlike non-Abelian models, in U(1)′ models the RG
evolution of gL is asymptotically safe at low energies, so that the percolation temperature can be as
high as 109 GeV; see the third row of Fig. 4.30.

Our quantitative findings with regards to data from LIGO, LISA and ET are as follows:

• If a SGWB signal is not detected in the entire frequency range of these interferometers, generic
conformal U(1)′ models (including the U(1)B−L model with xσ = 2) will be disfavoured for
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0.5 ! gLxσ ! 0.6 and Tr (yσ) " 0.1; see Fig. 4.32.

• Strong supercooling, defined by gLxσ ! 0.8, will be disfavoured for MZ′ ≈ 10Mh2 " 1011 GeV,
if LIGO and ET do not find a SGWB; see the top panels of Fig. 4.32. A nonobservation will
also exclude a seesaw scale with MNi " 1014 GeV, and Tr (yσ) " 0.1 and yν ∼ O(1); see the
bottom-right panel of Fig. 4.32.

• At low frequencies, LISA will test strong supercooling for MZ′ ∼ 10Mh2 ∼ O(10) TeV, and a
TeV-scale type-I seesaw with yν ∼ O(10−6); see Fig. 4.32. At high frequencies, the model can
be fully excluded for gLxσ ! 0.75 and MZ′ " 1011 GeV; see the top-right panel of Fig. 4.32.

• Strong supercooling in the U(1)B−L model, defined by gL ! 0.4, will be tested at LIGO and
ET for Z′ masses above 109 GeV, and at LISA for masses below 100 TeV; see the top panels
of Fig. 4.17. The model can be entirely excluded for MZ′ ≈ 10Mh2 " 1014 GeV (top panels of
Fig. 4.17) or for Tr(yσ) < O(0.1) if no GW signal is found (left panels of Fig. 4.17).

• Current LVK data exclude the U(1)B−L model for MZ′ ≈ 10Mh2 > 1013 GeV, with gL ≈ 0.3
and Tr(yσ) < O(0.1); see the top-left panel of Fig. 4.17.

• If we consider the contribution from cosmic strings, then NANOGrav can exclude the region
with MZ′ > 1014 GeV, overlapping with the region of LVK, ET and LIGO.

PBHs and magnetic fields

Our analysis demonstrates that PBHs can form in a wide mass range, from MPBH = 10−18M$ to
10−9M$ corresponding to right-handed neutrino masses between 104 GeV and 1014 GeV, respectively,
and U(1)′ gauge couplings in the range gL ∼ 0.25–0.30.

We demonstrated that in the U(1)B−L model, PBHs that make up the entire dark-matter abun-
dance constrain the heavy neutrino masses to 104 GeV & 1011 GeV. The predicted SGWB has
frequencies detectable by LISA and ET. Correlated microlensing events at the Roman Space Tele-
scope correspond to Z′ boson masses of 106 GeV and 1011 GeV and MPBH ∼ 10−12M$. We also find
that LISA will fully cover the regime in which PBHs account for all DM.

In addition to microlensing signals, PBHs with MPBH ∼ 10−16M$ could emit detectable γ-ray
signals from Hawking radiation at the planned telescopes THESEUS, GECCO, AMEGO-X, and e-
ASTROGAM.

We also examined the implications of FOPTs in these models for the origin of large-scale primor-
dial magnetic fields. After accounting for the inverse cascade in a radiation-dominated plasma and
subsequent redshifting, we find that coherence lengths can reach values of around λpeak ∼ 10−5 Mpc
to 10−2 Mpc at peak field strengths ∼ 10−14 to 10−12 G in the present Universe, depending on whether
the initial magnetic field is maximally helical or non-helical, respectively. These coherence lengths and
field strengths are in the ballpark required to exceed IGMF lower bounds inferred from blazar observa-
tions. Magnetic fields exceeding current blazar-derived constraints are predicted for PBH masses near
10−11M$. These magnetic fields arise preferably in scenarios with 10 TeV right-handed neutrinos,
directly linking neutrino mass generation to magnetogenesis in conformal U(1)′ models.

SGWB at low scales

In the low-scale scenario, we find that proper EW symmetry breaking requires that only the dark
sector can be made conformal. Under this consideration, we showed that a dark conformal extension
of the SM can produce a supercooled FOPT that explains the GW signal observed by NANOGrav.
The model is successful provided the FOPT is not extremely supercooled (α ! 108). The pitfalls
noted in Ref. [106] are overcome by ensuring that the phase transition completes and that the dark
sector remains non-relativistic after reheating. We also obtained model parameter values favoured by
the NANOGrav 15-year data. Specifically, dark sector masses of O(1 & 100) MeV, couplings gL and
λσ of O(0.01) are favoured. NANOGrav data require λσh < 10−10.
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There are several approaches to constructing an effective thermal potential, each with its own
advantages and limitations. In the previous chapter, we focused on the RG-improved approach. In
this final chapter, we adopt an alternative method that has also been shown in the literature to reduce
theoretical uncertainties: DR, which yields a three-dimensional EFT by integrating out the temporal
dimension.. Moreover, recent studies [464, 465] have demonstrated that two- and three-loop matched
3D EFTs provide excellent agreement with non-perturbative lattice results.

As a benchmark model for our analysis, we consider a vector DM, where communication between
the dark and SM sectors is achieved via a portal of VLFs, as first proposed in [107, 108]. This
Fermionic portal to vector Dark Matter (FPVDM) has significant theoretical and phenomenological
implications for the DM sector. The dark sector of the FPVDM model introduces a new non-Abelian
gauge group, SU(2)D × U(1)Global

YD
, and a complex dark doublet scalar, ΦD. When ΦD acquires a

VEV, the symmetry group SU(2)D ×U(1)Global
YD

is spontaneously broken to U(1)Global
QD

, leading to the
existence of a conserved dark charge, QD = YD + I3D, where YD is the dark hypercharge and I3D is
the dark isospin. In this framework, the new vector bosons, VD, serve as DM candidates stabilised by
QD.

The connection between the SM and dark sectors is established through a Yukawa interaction
between SM right-handed weak-singlet fermions (fSM

R ), the dark doublet of VLFs (Ψ) and the dark
scalar doublet (ΦD). Therefore, the FPVDM model does not rely on the conventional Higgs portal to
explain DM. In a previous study [107, 108], the authors examined a scenario where the VLF doublet
couples to the right-handed top quark, and they comprehensively explored both the cosmological and
collider phenomenology of this setup.

In this chapter, we analyse the impact of FOPTs in the early universe originating from the dark
sector of the FPVDM model by constructing a 3D EFT of the model. We then demonstrate how they
can potentially lead to visible signatures in the form of an observable SGWB. To consistently assess the
influence of fermions on the phase transitions, we explore three distinct scenarios. Scenario I consists
of a pure dark sector with only gauge and Higgs fields. Scenario II includes the SM, dark gauge, and
Higgs sectors, as well as the Higgs portal (and only the Higgs portal) between them. Scenario III
builds on Scenario II by incorporating the VLF portal. This approach allows us to understand how
each component of the model affects the SGWB spectrum.

5.1 Scenarios of vector dark matter models

In this section, we discuss various scenarios for a dark gauge sector with a central focus on the
Fermionic Portal to Vector Dark Matter (FPVDM) framework. FPVDM introduces a class of models
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Table 5.1: The quantum numbers of the new particles under the EW and SU(2)D gauge groups.

where the DM candidates are massive gauge bosons associated with a non-Abelian symmetry group,
SU(2)D. These gauge bosons acquire mass through a spontaneous symmetry breaking mechanism
in the dark sector, mediated by a scalar doublet ΦD. The interaction between the dark sector and
the SM occurs via new fermions that transform non-trivially under SU(2)D × U(1)Y. Unlike models
requiring a substantial quartic coupling between the Higgs and the dark doublets at tree level, FPVDM
leverages a global U(1)D symmetry, ensuring DM stability—a consequence of the pseudo-real nature
of the fundamental representation of SU(2). In the absence of these fermions, the Higgs portal would
become the sole interaction channel between the dark and SM sectors, with DM stability instead
ensured by custodial symmetry within the scalar sector [466]. The symmetry breaking pattern is
SU(2)D × U(1)D → U(1)dD. With the U(1)D phase assignments YD = 1

2 for dark scalar and fermion
doublets, while YD = 0 for vector triplet, there is still an invariance under the subgroup Z2 ≡ (&1)QD ,
where QD = T 3

D + YD. The summary of the quantum numbers for the particles is given in Tab. 5.1.
In this chapter, we explore the potential of an FPVDM fermionic doublet that mixes with the SM

top-quark, which was suggested as an exemplary model in [107, 108]. This dark fermionic doublet can
naturally be identified as a vector-like top-quark doublet, Ψ = (tD, T ), which for the sake of generality
we will be referring to as (fD, F ) hereafter. The mixing between the SM and fermions arises from the
Yukawa interaction term y′ we detail below.

The most general Lagrangian for this scenario takes the following form:

L ⊃ &1

4
(V i

µν)
2|B,W i,V i

D
+ f̄SMi /DfSM + Ψ̄i /DΨ + |DµΦH|2 + |DµΦD|2 & V (ΦH,ΦD)

& (yf̄SM
L ΦHf

SM
R + y′Ψ̄LΦDf

SM
R + h.c.)&mfDΨ̄Ψ , (5.1)

where the scalar potential V (ΦH ,ΦD) is given by

V (ΦH,ΦD) = &µ2
HΦ†

HΦH & µ2
DΦ†

DΦD + λH(Φ
†
HΦH)

2 + λD(Φ
†
DΦD)

2 + λHD(Φ
†
HΦH)(Φ

†
DΦD) . (5.2)

In this study we consider both the fermionic and the Higgs portals, which could play an important
role to produce strong FOPTs and related GW signals.

5.1.1 Fermionic sector

The Yukawa term with y′ mixes the SM fermion and the even component T of the Ψ doublet.
Their masses are given by

m2
fSM,F =

1

4

[
y2v2 + y′2v2D + 2m2

fD ∓
√

(y2v2 + y′2v2D + 2m2
fD
)2 & 8y2v2m2

fD

]
, (5.3)

where v and vD are the SM and Dark Higgs VEVs, respectively. The fermions obey the following
hierarchy

mfSM < mfD ≤ mF . (5.4)

The mixing between SM and dark-fermions is given by right and left mixing angles:

sin θR =

√
m2

F &m2
fD

m2
F &m2

f

, sin θL =
mSM

f

mfD

sin θR . (5.5)
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The masses and the mixing angles are related to Yukawa couplings y and y′ as follows:

y =
√
2
mfSMmF

mfDv
, y′ =

√
2

√
(m2

F &m2
fD
)(m2

fD
&m2

fSM)

mfDvD
. (5.6)

The new fermion sector is exactly decoupled in the limit mF = mfD , for which y = yfSM =
√
2mfSM/v,

y′ = 0, and sin θL = sin θR = 0, thus restoring the pure SM scenario.

5.1.2 Scalar sector

The mass eigenvalues for the scalar sector read

m2
H,HD

= λHv2 + λDv
2
D ∓

√
(λHv2 & λDv2D)

2 + λ2HDv
2v2D (5.7)

with the mixing angle

sin θS =

√

2
m2

HD
v2λH &m2

Hv2DλD
m4

HD
&m4

H

. (5.8)

In the above expression, the H-HD mixing depends implicitly on the portal coupling which vanishes in
the limit of λHD = 0. However, even in the absence of mixing induced by the quartic term at tree-level,
the SM and Dark Higgs doublets mix at one-loop via their interactions with the dark fermions.

5.1.3 Gauge sector

At tree level, the masses of the dark gauge bosons read

mV ≡ mV ′ = mVD = gD
vD
2

. (5.9)

At loop level, the mass degeneracy is broken by the kinetic mixing of γ-Z0-V ′ states, and the mass

correction of V ′ and V (∗)
D themselves. The mass difference between VD and V ′ due to the one-loop

mass correction is given by

mVD &mV ′ =
g2Dm

2
F

32π2mVD

(
m2

F &m2
fD

m2
F

)2

. (5.10)

This radiative mass splitting between the VD and V ′ bosons plays a very important role in the
determination of DM relic density and DM direct and indirect detection rates.

5.1.4 Model scenarios for phase transition analysis

The emergence of FOPTs critically depends on the presence of extended scalar sectors. These can
be either coupled to the SM, where interactions with the visible sector are mediated by non-negligible
portal couplings, or decoupled, if such couplings are tiny, or if there is a large hierarchy between the
Higgs and the BSM sectors [103, 307, 467–469]. In this article, we study three versions of the FPVDM
model in order to comprehensively cover the possibilities outlined above.

• Scenario I: First, by switching off both the Higgs and fermion portal couplings, we consider a
pure SU(2)D dark sector, assuming that it does not reach thermal equilibrium with the SM. This
allows us to neglect the SM sector for this scenario. Our primary interest here is to understand
the dynamics of the FOPTs in this minimal model and compare it with two other scenarios
described below. The corresponding Lagrangian reads:

LI = &1

4
(V i

µν)
2 + |DµΦD|2 & µ2

DΦ†
DΦD & λD(Φ

†
DΦD)

2 . (5.11)

• Scenario II: At finite temperatures, phase transitions involving the Higgs direction can occur
when both sectors are in thermal equilibrium and the Higgs portal interaction is significant.
Furthermore, the interplay among different sectors drives intriguing DM phenomenology. We
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will therefore consider the GSM×SU(2)D model, where GSM is the SM gauge group, incorporating
the SM particle content alongside the bosonic part of the dark sector, such that the second version
of the model is described by the Lagrangian

LII =LI + LSM & λHD(Φ
†
HΦH)(Φ

†
DΦD) . (5.12)

• Scenario III: Finally, we consider the complete FPVDMGSM×SU(2)D model, which incorporates
both the Higgs and Yukawa portal couplings, assuming a top-partner. The Lagrangian is as
follows

LIII =LII & (y′Ψ̄LΦDf
SM
R + h.c.) + Ψ̄

(
i /D &mfD

)
Ψ . (5.13)

5.1.5 Thermal effective potential

Having presented the model, we now discuss the calculation of the thermal effective potential, as
needed for the phase transition analysis. As mentioned in the beginning of this chapter, theoretical
uncertainties arising from renormalisation scale and gauge dependence can be significantly reduced
through DR (see, for example, Tab. 3 in [347] for a comparison between 3D and 4D effective potentials).
Despite these advantages, the exploration of 3D effective potentials in the context of SGWB studies
remains somewhat limited in the literature. This is partly due to the complex calculations required,
particularly their numerical implementation for phase tracing and bounce solvers, which contrasts with
the standard 4D methods that are relatively straightforward. We shall use here the DR formalism. A
detailed derivation for case of Scenario I is provided in App. H, but here we outline the most important
steps and provide some further details on the software implementation. For reference, see [411] but
also the other references given in App. H.

For a system in thermal equilibrium, we may study the thermal effects in the imaginary time
formalism, with it ∈ [&β,β] and β = 1/T . Due to the compactification of the (imaginary) time
dimension, an infinite tower of modes with squared masses of the form ω2

n + m2 emerges from the
perspective of 3D Euclidean space, as discussed in App. H. Here, m is the ordinary mass of the field in
question and ωn, n ∈ Z, is the Matsubara frequency, with ωn = 2nπT for bosons and ωn = (2n+1)πT
for fermions. When T is large, in the sense that T , m, all the fermionic modes plus the bosonic
modes with n (= 0 are heavy, and we are justified in integrating them out. By doing so, we are
matching the 4D theory, said to live at the hard scale, to a 3D EFT, said to be living at the soft scale,
where all the thermal effects have been absorbed into the effective parameters of the 3D EFT; this
process is referred to as dimensional reduction.

In the soft-scale 3D EFT, the temporal modes of the vector fields exist as scalar fields, decoupled
from the spatial part and with associated Debye masses. These Debye masses are often large compared
to the scale of interest for the phase transition, an assumption made throughout this work. Thus, we
are justified in further integrating out also these temporal modes from the theory. By doing so, we
are matching the soft-scale 3D EFT to yet another 3D EFT, said to be living at the ultrasoft scale.

In the ultrasoft 3D EFT, we can calculate the effective potential, V 3D
eff . It is a function of the 3D

fields ϕ, with mass units [M1/2], and the parameters of the 3D ultrasoft EFT, which in turn depend
on the temperature and are collectively denoted pUS(T ). Hence, we indicate the arguments of V 3D

eff
as follows: V 3D

eff (ϕ;pUS(T )). Note that in the appendix, we will also use the abbreviated notation
V 3D
eff (T ). Finally, we define the 4D thermal effective potential Veff = V 4D, as used in Eq. (4.3), by

V 4D(Φ, T ) = TV 3D
eff (Φ/

√
T ;pUS(T )). (5.14)

Here, Φ denotes the ordinary 4D fields, with mass dimension [M1].
For the implementation, we use the soon-to-be released package Dratopi [470], which interfaces

DRalgo [411] to Python and a modified version of CosmoTransitions [337]. Dratopi provides a
script to export from DRalgo into Python, among other things, the beta functions for the 4D theory,
the results of the hard-to-soft and the soft-to-ultrasoft matchings, as well as the effective potential
in the ultrasoft 3D EFT. Moreover, Dratopi provides the necessary routines to calculate the 4D
thermal effective potential, which can then be used for the phase transition analysis in a slightly
modified version of CosmoTransitions. Further details on Dratopi will be provided in the manual
accompanying its upcoming release. Below, we summarise the crucial steps for calculating the 4D
thermal effective potential at field values Φ and temperature T . Note that the first two steps are only
done once, during setup, while the other steps are done for each new value of Φ and T :
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MVD (GeV) MHD (GeV) gD -

[
10, 104

] [
10−8, 104

] [
10−3, 4.0

]
λD =

m2
HD

8M2
VD

g2D

vD =
2MVD
gD

µ2
D = 1

2m
2
HD

Table 5.2: Ranges of parameters used in the numerical scan for Scenario I. In the last column, we list
the relationships used to calculate the model parameters that are not free.

1. Define the model by specifying its 4D parameters, collectively denoted p4D, at some given
reference energy scale µref .

2. Using the beta functions, solve the RG equations, to obtain an interpolated solution of p4D as
a function of the RG scale/energy scale (over some specified range).

3. Set the hard matching scale to µ4D = πκT , where κ is a prefactor that defaults to 1.

4. Construct the soft 3D EFT, by matching the 4D theory to the 3D EFT, at the scale µ4D.

5. Set the soft matching scale µS
3D equal to the smallest Debye mass, at temperature T .

6. Construct the ultrasoft 3D EFT, by integrating out the temporal modes, thus obtaining the 3D
parameters pUS(T ) in the ultrasoft 3D EFT.

7. Calculate the 4D thermal effective potential through V 4D(Φ, T ) = TV 3D
eff (Φi/

√
T ;pUS(T )).

5.2 Scan Strategy, Phase Transition Framework, and Dark Matter Constraints

5.2.1 Parameter Setup and Scanning Strategy

As detailed in Sec. 5.1.4, we explore the dynamics of phase transitions across three distinct sce-
narios. Scenario I is the simplest among them and involves only three free parameters: the physical
masses of the dark scalar and dark vector bosons, MHD and MVD , respectively, as well as the dark
gauge coupling, gD. The specific ranges for these parameters are provided in the first three columns
of Tab. 5.2. In the fourth column, λD, vD and µ2

D are derived from the free parameters according to
the displayed expressions.

5.2.2 Coupling Structure and Parameter Relations in the Scalar Sector

In both Scenarios II and III, the SM is incorporated, and scalar mixing with the dark sector,
induced by the portal coupling λHD, is considered. Alongside the free parameters of Scenario I, these
scenarios also include the scalar mixing angle θS , whose range complies with the current LHC data
[471, 472]. The Higgs boson mass is fixed at mH = 125.1 GeV, while the EW symmetry breaking
VEV is set according to v $ 246 GeV. With these definitions, we can express the scalar quadratic and
quartic couplings in the gauge eigenbasis in terms of the physical parameters as follows

λH =
g22

8M2
W

(
m2

H cos2 θS +m2
HD

sin2 θS
)
,

λD =
g2D

8M2
VD

(
m2

H sin2 θS +m2
HD

cos2 θS
)
,

λHD =
gDg2

8MVDMW

(
m2

HD
&m2

H

)
sin 2θS ,

µ2
H =

1

2

(
m2

H cos2 θS +m2
HD

sin2 θS +
1

2

MVDg2
MW gD

(m2
HD

&m2
H) sin 2θS

)
,

µ2
D =

1

2

(
m2

H sin2 θS +m2
HD

cos2 θS +
1

2

MW gD
MVDg2

(m2
HD

&m2
H) sin 2θS

)
.

(5.15)
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MVD (GeV) MHD (GeV) gD mfD (GeV) mF (GeV) sin θS -

[10, 50 000]
[
10−3, 10 000

] [
10−3, 4.0

]
[500, 65 000] [500, 65 000] [&0.2, 0.2]

λH, λD, λHD = Eq. (5.15)

vD = 2MVD/gD

µ2
H, µ2

D = Eq. (5.15)

yt, y′ = Eq. (5.6)

Table 5.3: Ranges of parameters used in the numerical scan for Scenario II and Scenario III. The
fourth and fifth columns pertain only to Scenario III. The last column references the relations used
to calculate the dependent parameters, with the last line being applicable solely to Scenario III.

The primary distinction between Scenario II and Scenario III is that the latter includes the complete
FPVDM model. This encompasses the additional consideration of dark and visible vector-like fermion
masses, mfD and mF , as free input parameters. The objective is to investigate the impact of the
extended fermion sector, particularly through the portal described by the Yukawa coupling y′, on the
phase transition dynamics. We also analyse the conditions under which visible SGWB predictions
align with viable DM phenomenology for both scenarios. The parameter ranges for the scan are
presented in Tab. 5.3. Note that the fourth and fifth columns, as well as the last line in the seventh
column, apply only to Scenario III.

5.2.3 Renormalisation, Matching, and Bounce Action Setup

In the complete FPVDM model (Scenario III), we only accept numerical solutions where the
hierarchy MVD < mfD ,mF is satisfied. Otherwise, fD would emerge as the DM candidate instead of
VD, which would be inconsistent as fD is electrically charged.

In our numerical analysis of Scenario I, the 4D reference scale is set to the vector boson’s mass,
i.e., µref = MVD . For Scenarios II and III, the BSM parameters rely on the values of SM physical
parameters defined at the EW scale, as explicit in Eq. (5.15). Consequently, we use the Z0-boson
mass scale as the reference taking µref = 91 GeV. The hard-to-soft matching scale is defined as
µ4D = κπT , where κ is a dimensionless parameter fixed to κ = 1. The evolution of theory couplings
across these scales is governed by the RG flow, defined by their β functions in App. I.2. The matching
scale between the soft and ultrasoft theories is determined by the smallest Debye mass at a given
temperature T , i.e., µ3D(T ) = min[µ2

Debye(T )], with µ2
Debye(T ) ∈ {µ2

SU(3)C
, µ2

SU(2)D
, µ2

SU(2)L
, µ2

U(1)Y
}

being calculated at two-loop order according to the expressions in App. I.3. The bounce action is
computed numerically using our modified version of CosmoTransitions [337] as discussed above.

5.2.4 Uncertainty Estimation and Transition Criteria

To minimise uncertainties associated with the numerical tracing of the action, we perform a spline
fit using numerical arrays containing 200, 220, 240, and 260 points, analogous to the polynomial
fit strategy adopted in [473]. To ensure that the spline function accurately captures the divergent
behaviour around the critical temperature, Tc, we use an adaptive temperature range with a higher
density of points near Tc. The final values are obtained by averaging the results from the four different
fits. Since the primary source of numerical errors stems from estimating the β/H(Tp) parameter, we
define the uncertainty as

∆ [β/H(Tp)] =
{max [β/H(Tp)]&min [β/H(Tp)]}

mean [β/H(Tp)]
, (5.16)

where the values of β/H(Tp) are derived from each fit. For all numerical results presented in this paper,
we enforce that ∆ [β/H(Tp)] < 0.25. Additionally, we only consider transitions where β/H(Tp) < 105,
as larger values correspond to transitions occurring almost instantaneously, rendering them physically
equivalent to Second-order Phase Transition (SOPT) [79]. Nucleation and percolation are computed
based on the Eqs. (4.5) and (4.7), respectively. For the cases where we have strong supercooling, we
check the percolation condition Eq. (4.8).
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5.2.5 Constraints from Cosmology and Dark Matter Observables

Scenarios II and III feature thermal equilibrium between dark and visible sectors, unlike scenario
I, which lacks such a portal. Consequently, the dark sector’s additional degrees of freedom can affect
the effective number of neutrino species, ∆Neff , constrained to ∆Neff < 0.55 [384] 95% CL. Since
∆Neff ∝ (TD/TSM∗)4 (where TD and TSM∗ are the dark and SM sector temperatures after the phase
transition), we have:

∆Neff =
4

7

(
gD∗ (TD)

rνT (TD)

)4(
TD

TSM

)4

, (5.17)

where gD∗ (TD) is the dark sector’s degrees of freedom at TD, and rνT ≈ 0.72 is the neutrino-to-photon
temperature ratio (approximately constant in our calculations, despite temperature dependence [420]).
In the aftermath of the phase transition energy is injected into the plasma, heating the dark sector
[474]. Due to energy conservation the total energy density must remain the same before and after the
phase transition. Assuming the SM temperature remains unchanged across the phase transition, the
temperature of the dark sector can be expressed as (following e.g. [420, 474])

T 4
D = T 4

p (α+ 1) + αT 4
SM∗

gSM∗ (Tp)

gD∗ (Tp)
, (5.18)

where gSM∗ (Tp) is the SM sector’s degrees of freedom at the percolation temperature, Tp.

In scenarios II and III, the dark sector interacts with the visible sector through both the Higgs and
fermion portals. Consequently, we must consider constraints from the DM relic density and direct
detection, following the methodology outlined in [107, 108]. In particular, measurements from the
Planck satellite determine the DM relic density to be h2ΩDM = 0.12± 0.0012 [384]. Parameter points
predicting a relic density exceeding this value are excluded, as they would overclose the Universe.
However, we retain points yielding a lower relic density, under the assumption that the total DM
abundance may arise from multiple sources beyond the vector DM candidate considered in this work.
Therefore, FPVDM may either account for the entire DM content or contribute as a subcomponent
within a multi-component dark sector.

For direct detection constraints, we have used the latest version of micrOMEGAs [475], version
6.2.5,1 which includes the recasting of the most recent results from the LZ collaboration, based on 4.2
tonne-years of exposure (LZ2024) [476]. In addition to constraints from various DM direct detection
experiments already implemented in micrOMEGAs, the LZ2024 limit provides the most stringent spin-
independent sensitivity for DM masses above 100 GeV, which is the mass range of interest in this
study.

DM scattering off nuclei in the parameter space of this study is dominated by loop-induced pro-
cesses, arising from triangle diagrams and V ′/Z0/γ kinetic mixing. These interactions can be effec-
tively described by the VDVDZ0 and VDVDγ vertices, with momentum-dependent form factors derived
in [107, 108]. In particular, the correct evaluation of spin-independent DM direct detection rates from
the VDVDγ vertex is non-trivial, as it induces a long-range force that leads to divergences when using
conventional micrOMEGAs routines for calculating spin-independent DM-nucleus cross sections.

To properly account for these interactions and ensure reliable direct detection constraints, we
employed the DD pval routine from micrOMEGAs. This routine computes the p-value representing
the probability that the predicted DM signal is consistent with experimental data, considering only
background fluctuations. In our analysis, parameter points with DD pval < 0.1 are regarded as
excluded at the 90% CL. Additionally, we utilised the DD factor routine, which evaluates the scaling
factor by which the DM-nucleon cross section must be increased for the signal to reach the 90% CL
exclusion limit. This exclusion factor provides a quantitative measure of how close a given parameter
point is to current experimental sensitivity.

Together, these routines enable a statistically robust assessment of the model’s parameter space
against the latest direct detection limits, including the recent LZ2024 results [476].

1We thank Alexander Pukhov for providing a non-public release of the code.
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5.2.6 Mapping the shape of the effective potential with physical parameters

The most generic scalar potential of the ultrasoft effective field theory studied in this article is
expressed as follows

V 3D
LO (T ) =

1

2
[µUS

D ]2ϕ2
D +

1

2
[µUS

H ]2ϕ2
H +

1

4
λUS
D ϕ4

D +
1

4
λUS
H ϕ4

H +
1

4
λUS
HDϕ

2
Hϕ

2
D ,

V 3D
NLO(T ) = & 1

12π

∑

i⊂scl.

M3
i (ϕH,ϕD, T )&

2

12π

∑

i⊂vec.

M3
i (ϕH,ϕD, T ) ,

(5.19)

where i sums over the scalar fields (first term of V 3D
NLO) and the vector fields (second term of V 3D

NLO).
Here

V 4D
eff. = T

[
(V 3D

LO (T ) + V 3D
NLO(T )

]
. (5.20)

The masses entering V 3D
NLO(T ) are detailed in Eq. (I.8). In this section, we focus on the following

vector boson contributions

M2
V1,2,3

=
1

4
[gUS

D ]2ϕ2
D , M2

V4,5
=

1

4
[gUS

W ]2ϕ2
H , M2

V6
=

1

4

(
[gUS

W ]2 + [gUS
Y ]2

)
ϕ2
H (5.21)

which play a crucial role in the development of a potential barrier, thus driving a FOPT. The
temperature-dependent ultrasoft parameters in Eq. (5.19) and Eq. (5.21) are comprehensively detailed
in App. (I.6) and App. I.7, with precision up to NLO accuracy for couplings, and NNLO for scalar
mass parameters.

For a clear analysis, we reformulate the temperature-dependent vacuum representation using polar
coordinates

ϕH(T ) = φ(T ) cos δ(T ) , ϕD(T ) = φ(T ) sin δ(T ) . (5.22)

We further redefine the background 3D field φ in terms of a dimensionless parameter as φ → ϕ
√
T ,

such that in the high-T approximation, the potential can be expressed as

Ṽϕ(δ, T ) = c̃0(δ, T ) +
1

2!
d̃(δ, T )ϕ2 +

1

3!
ẽ(δ, T )ϕ3 +

1

4!
λ̃(δ, T )ϕ4 +O(ϕ6) . (5.23)

The aim of this analysis is to examine the behaviour of the potential concerning input parameters such
as the gauge coupling gD and the dark vector mass MVD . However, in the expansion of Eq. (5.23), the
temperature dependence of the coefficients, which scales with T 4, obscures these effects. Therefore,
for the purpose of this analysis, we define a dimensionless potential by normalising it as

Vϕ(δ, T ) =
Ṽϕ(δ, T )

T 4
(5.24)

where the dimensionless coefficients, denoted without a tilde, are given as follows

• constant term:

c0(δ, T ) =
[µUS

D ]2
√

[&µUS
D ]2 + [µUS

H ]2
√

&[µUS
D ]2

3πT 3
. (5.25)

• quadratic term:

d(δ, T ) =
1

2T 2

(
[µUS

D ]2 sin2 δ + [µUS
H ]2 cos2 δ

)
+ · · · , (5.26)

with the ellipses denoting the sub-dominant contributions from TV 3D
NLO(T ).

• cubic term:

The LO potential does not contribute to the cubic term. The dominant effect appears at NLO
and is given by

e(δ, T ) = &
3[gUS

D ]3 sin3 δ +
[
2[gUS

W ]3 +
(
[gUS

W ]2 + [gUS
Y ]2

)3/2]
cos3 δ

48πT 3/2
, (5.27)

originating purely from the gauge sector.
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• quartic term:

Similarly to d(δ, T ), the dominant contribution to the coefficient of the quartic term is calculated
at LO and is given by

λ(δ, T ) =
1

4T

[
λUS
D sin4 δ + λUS

H cos4 δ + λUS
HD cos2 δ sin2 δ

]
+ · · · . (5.28)

A first-order phase transition requires the formation of a potential barrier that separates the true
vacuum from the false vacuum. This scenario occurs only if the condition

e(δ, T ) < 0

is satisfied, which, according to Eq. (5.27), takes place at NLO and is driven by the gauge sector. In
the following analysis, we will derive four analytical expressions to assess the position and depth of
the true vacuum, as well as the position and height of the potential barrier. This analysis will aid
in understanding the numerical results and the general behaviour of the potential across all sampled
points.

At large field values, neglecting the quadratic term contribution, the minimisation condition yields

ϕmin ≈ & 3e(δ, T )

4λ(δ, T )

=
3[gUS

D ]3 sin3(δ) +
[
2[gUS

W ]3 +
(
[gUS

W ]2 + [gUS
Y ]2

)3/2]
cos3(δ)

16
√
Tπ
[
λUS
D sin4 δ + λUS

H cos4 δ + λUS
HD cos2 δ sin2 δ

] ,

(5.29)

which represents a dimensionless quantity that provides a measure for the position of the true vacuum.
This can be further simplified to the case of Scenario I by taking δ = π/2 which yields

ϕmin ≈ 3[gUS
D ]3

16
√
TπλUS

D

. (5.30)

At large field values, by neglecting the quadratic term contribution and substituting the first line of
Eq. (5.29) into the dimensionless potential of Eq. (5.24), we derive a measure to quantify the depth
of the true vacuum as follows

Vϕmin(δ, T ) ≈ & 27e(δ, T )4

256λ(δ, T )3

= &

(
3[gUS

D ]3 sin3(δ) +
[
2[gUS

W ]3 +
(
[gUS

W ]2 + [gUS
Y ]2

)3/2]
cos3(δ)

)4

786432 T 3π4
[
λUS
D sin4 δ + λUS

H cos4 δ + λUS
HD cos2 δ sin2 δ

]3 .

(5.31)

For the case of Scenario I, the latter takes the form

Vϕmin(
π
2 , T ) ≈ & 27[gUS

D ]12

262144 T 3π4[λUS
D ]3

. (5.32)

The development of a potential barrier arises from the interplay between the quadratic and cubic
terms, with the latter eventually dominating as ϕ grows. By neglecting the quartic term contribution,
which is a good approximation for field values around the potential barrier, the maximisation condition
yields

ϕmax ≈ &2d(δ, T )

3e(δ, T )

=
16π

(
[µUS

D ]2 sin2 δ + [µUS
H ]2 cos2 δ

)

√
T
(
3[gUS

D ]3 sin3(δ) +
[
2[gUS

W ]3 +
(
[gUS

W ]2 + [gUS
Y ]2

)3/2]
cos3(δ)

) .
(5.33)

For Scenario I the latter simplifies to

ϕmax ≈ 16π[µUS
D ]2

3
√
T [gUS

D ]3
. (5.34)
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Last but not least, the height of the potential barrier can be quantified as

Vϕmax(δ, T ) ≈
4d(δ, T )3

27e(δ, T )2

=
128π2

(
[µUS

D ]2 sin2 δ + [µUS
H ]2 cos2 δ

)3

3T 3
(
3[gUS

D ]3 sin3(δ) +
[
2[gUS

W ]3 +
(
[gUS

W ]2 + [gUS
Y ]2

)3/2]
cos3(δ)

)2 ,
(5.35)

whereas for Scenario I

Vϕmax

(π
2
, T
)
≈ 128π2[µUS

D ]6

27T 3[gUS
D ]6

. (5.36)

The potential barrier and the true vacuum are highly sensitive to variations in d(δ, T ), e(δ, T ), and
λ(δ, T ), as evidenced by the exponents in Eqs. (5.31) and (5.35). Concerning the ultrasoft parameters,
the true vacuum scales with the twelfth power of gUS

D and the inverse third power of λUS
D . In contrast,

the height of the potential barrier scales with the sixth power of µUS
D and the inverse sixth power

of gUS
D . Consequently, small variations in these parameters will be significantly amplified, suggesting

that the parameter space region featuring a FOPT is expected to be relatively narrow, especially
concerning the values of gD, as we will see below.

5.3 Results

5.3.1 Scenario I

The results of our parameter space scan are illustrated in Fig. 5.1, with the gD vs. MVD projection
shown in the left panel and the gD vs. MHD plane in the right panel. The colour scale indicates the
strength of the phase transition, α, highlighting that larger values of α correspond to smaller values
of the gauge coupling gD. This underscores that the phase transition dynamics is primarily driven by
gauge interactions. In general, for the three input parameters in Tab. 5.2, we have found that FOPTs
can occur within a relatively narrow range of the dark gauge coupling, i.e., 1.7 ! gD ! 2.1. The
range for the dark boson masses is much wider for the scalar, spanning over nine orders of magnitude,
10−8 < MHD/GeV ! 10, compared to the vector, 20 ! MVD/GeV ! 104. Note that the lower limit
on the dark Higgs mass corresponds to the smallest value considered in the sampling. In Fig. 5.2, we
show the regions featuring FOPTs in the plane of the thermodynamic parameters β/H(Tp) and α. On
the left, the colour scale represents the SU(2)D gauge coupling, while on the right, it shows the dark
vector mass MVD . It can be observed that, for a fixed value of β/H(Tp), the phase transition strength
is controlled by gD, whereas for a fixed value of α, the phase transition timescale is determined by
MVD .

To better understand the impact of the gauge coupling on the phase transition, we examine three
snapshots of the potential for distinct values of the gauge coupling at a temperature T = 15.6 GeV
in Fig. 5.3. The right panel zooms in on small field values to visualise the potential barrier, while the
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Figure 5.1: The colour map of the value of the phase transition strength, log10 α, for the 2D projections
of the three-dimensional parameter scan for Scenario I: the gD versus MVD (left) and the gD versus
MHD (right).
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Figure 5.2: The colour map of the 2D projections of the three-dimensional parameter scan for Scenario
I onto the (α,β/H(Tp)) plane: gD (left) and MVD (right).
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Figure 5.3: Snapshots of the 4D effective potential (V 4D = TV 3D) for different values of the gauge
coupling in Scenario I at T = 15.6 GeV. The left panel shows the potential near the false vacuum and
close to the barrier, while the right panel depicts it near the true vacuum. Here, the free parameters
are fixed to MVD = 98.75 GeV and MHD = 0.17 GeV.

left panel shows the entire range of field values to capture different minima, if they exist at finite field
values. The latter is not the case for gD = 1.6 where the potential becomes unbounded.

From this analysis, we observe that as the gauge coupling decreases, the potential around the
true vacuum deepens, resulting in an increased potential difference between the true and false vacua,
∆V , which implies a larger value of the α parameter. Additionally, examining the behaviour of the
barrier reveals that lower coupling values lead to a higher barrier, consequently lowering the β/H(Tp)
parameter. This trend is consistent with other models where the gauge coupling plays a dominant
role in phase transitions (see, e.g., [103, 105, 307, 477]) and aligns with the discussion in the previous
section.

Even for smaller values of gD, a minimum in the scalar potential can develop at higher tempera-
tures. However, the bounce action S3/T becomes increasingly larger, preventing the nucleation and
percolation conditions from being met at any temperature. This is illustrated in Fig. 5.4, where we
plot the action as a function of temperature for different values of the gauge coupling gD. The initial
values of each curve correspond to the temperature below which the potential becomes unbounded
from below. The horizontal lines represent the values of S3/T at which nucleation occurs, with their
colour and line style matching those of the corresponding S3/T curve. Specifically, for gD = 1.5 (green
dot-dashed curve), the ultra-soft λUS

D coupling becomes negative at T ≈ 15.5 GeV, while for gD = 1.6
(blue dashed curve), the inflection point occurs at T ≈ 13 GeV. In accordance with our numerical
results, we find that only for gD " 1.7 is there a solution for nucleation at 12.6 GeV, as indicated by
the horizontal line. Conversely, perturbativity limits gD from above, i.e., at the scale µ = πTp, where
gD(πTp) > 4π, rendering our calculation no longer reliable.

To demonstrate that the discussion above represents the general behaviour at any given scale, we
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Figure 5.4: Snapshots of the bounce action normalised to the temperature, S3/T , as a function of T for
three distinct values of gD. The initial value of each curve represents the temperature below which the
potential becomes unbounded from below. Here, the free parameters are fixed to MVD = 78.48 GeV
and MHD = 7.96× 10−7 GeV.

present in Fig. 5.5 the height of the potential barrier, Vϕmax from Eq. (5.36) (left panel), and the
depth of the broken phase minimum, Vϕmin from Eq. (5.32) (right panel), projected onto the MVD

vs. gD plane. As anticipated from the snapshots in Figs. 5.3 and 5.4, the potential value at the barrier
increases for smaller values of the SU(2)D gauge coupling, which in turn implies a lower β/H(Tp),
while the true vacuum becomes deeper, resulting in a larger α. Recall that both Vϕmax and Vϕmin

are defined as dimensionless quantities, with their values normalised for the different temperature
scales across the entire MVD range. Indeed, the FOPT temperature is determined by the mass of
the dark vector. Otherwise, these images would primarily reflect the temperature dependence of the
scalar potential with a horizontal colour gradient, obscuring the relationship between the height of the
potential barrier, the depth of the true minimum and the gauge coupling. One can also observe that
small changes in gD lead to significant variations in the depth of the true minimum and, consequently,
in the potential energy difference.

A question that still remains open at this stage is how the gauge coupling gD and the dark vector
mass MVD relate to the temperature dependent 3D ultrasoft EFT parameters, which directly drive
the phase transition. A detailed understanding of the observed behaviour can be further scrutinised in
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Figure 5.5: The colour map for the height of the potential barrier Vϕmax (left) and the depth of the
true vacuum Vϕmin (right) projected in the gD versus MVD plane.
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Figure 5.6: The colour map for the value of the gauge coupling gD (panels a and c) and the value
of the MVD (panels b and d) projected onto different temperature-dependent ultrasoft parameters of
Scenario I. All ultrasoft parameters are evaluated at the percolation temperature.

the context of Scenario I, whose relatively simple structure is particularly convenient for this purpose.
The scalar potential used in our numerical analysis is expressed in terms of the ultrasoft parameters
discussed in Sec. 5.2.6. In the first row of Fig. 5.6, we illustrate how gUS

D and [µUS
D ]2 (evaluated at Tp)

depend on the dark gauge coupling gD (left panel) and the mass of the dark gauge boson MVD (right
panel). The colour gradient in panel (b) indicates that the mass of the vector field determines the
magnitude of both the ultrasoft dark gauge coupling and [µUS

D ]2. This is because MVD sets the FOPT
temperature. As the ultrasoft parameters are temperature-dependent, they are expected to increase
with MVD . Additionally, this dependence scales as [µUS

D ]2 ∝ T 2 and gUS
D ∝

√
T , which explains why

the former grows faster with temperature. In panel (a), for a given fixed gUS
D , which is equivalent to

fixing the temperature as in Fig. 5.3, increasing the fundamental 4D dark gauge coupling gD results
in a smaller value of [µUS

D ]2, as indicated by the colour gradient. Consequently, Vϕmax in Fig. 5.36,
with a fixed denominator, decreases with increasing gD, indicating that the potential barrier becomes
shallower. As a result, the FOPT will proceed more quickly, leading to a larger β/H(Tp).

In the bottom row of Fig. 5.6, we show the dependence of gUS
D and [λUS

D ] on the physical parameters
gD (left panel) and the mass of the dark gauge boson MVD (right panel). In panel (d), we again observe
that gUS

D increases with increasing MVD . The main difference compared to the top row is that, for
a fixed value of gUS

D , decreasing the gauge coupling results in an increase in λUS
D . Thus, according

to Eq. (5.32) with fixed numerator, a smaller value of gD yields a deeper true vacuum, Vϕmin , which
increases the potential energy difference between the true and false vacua, ∆V , thereby enhancing the
strength of the phase transition α, as noted in Figs. 5.1 and 5.2.

We have so far understood how the fundamental theory parameters gD and MVD affect the vacuum
structure and the phase transition thermodynamics. The ultimate goal of this analysis is to determine
how these parameters translate into SGWB predictions. In Fig. 5.7, we present scatter plots of
the SGWB peak frequency fpeak and the peak energy density amplitude h2Ωpeak

GW in terms of the
fundamental parameters gD (a) and the logarithm of MVD (b), the logarithm of ∆Neff (c) and the
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Figure 5.7: Predictions for the SGWB geometric parameters h2Ωpeak
GW and fpeak for Scenario I in terms

of the SU(2)D gauge coupling (a), the dark vector boson mass (b), the logarithm of ∆Neff (c) and the
logarithm of the phase transition strength α (d). The area under the black dashed contour is excluded
by constraints in ∆Neff . The red dashed, green dot-dashed, and blue dotted curves represent the
power integrated sensitivity curves for LISA, BBO, and DECIGO, respectively [478].

logarithm of α (d). The area enclosed by the black dashed contour represents the region where
∆Neff > 0.55. In essence, we conclude that the dark gauge coupling primarily controls the peak
amplitude of the SGWB, while the dark vector boson mass dictates its peak frequency. Furthermore,
we observe that for 1.7 ! gD ! 2.0 and 100 GeV ! MVD ! 10 TeV, the resulting SGWB falls
within the sensitivity range of LISA and future planned interferometers such as BBO and Deci-
hertz Interferometer Gravitational wave Observatory (DECIGO). The strength of the GW signal, as
parametrised by α, is subject to significant constraints from the measured value of the effective number
of neutrino species, ∆Neff . This constraint arises from the relationships shown in Eqs. (5.17) and
(5.18). Specifically, for a fixed SM temperature, an increase in the value of α leads to a corresponding
increase in the temperature of the dark sector (TD). Because the effective number of neutrino species
scales with the fourth power of the ratio of the dark sector temperature to the SM temperature,
(TD/TSM)4, this leads to a strong constraint on the parameters of models with a decoupled dark
sector. This constraint is particularly significant for Scenario I, in which there is no interaction
between the dark sector and the SM sector. In this case, any observation of a SGWB signal by LISA
would be sufficient to completely rule out the model.

5.3.2 Scenario II

In this section, we focus on Scenario II, where the main difference is that the SM is fully incorpo-
rated, achieving thermal equilibrium with the dark sector through the Higgs portal quartic coupling,
which enables communication between the two sectors. The inclusion of the SM in our calculations
requires a consistent matching of the 3D EFT to ensure compliance with the SM phenomenology at
the EW scale. As shown in Tab. 5.3, the considered size of the dark boson masses in our scan is
comparable to the EW scale. Thus, in the presence of thermal equilibrium, both the dark and visible
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Figure 5.8: The colour map for the value of the phase transition strength, log10 α, for the 2D projec-
tions of the four-dimensional parameter scan for Scenario II: the gD versus MHD (left) and gD versus
MVD . Points marked in grey are excluded due to DM constraints, while circled and uncircled points
represent different phase transition patterns as indicated in the legend.

Higgs directions must be simultaneously considered in the phase transition. From here onwards for the
sake of brevity we will use the same notations for the finite temperature VEVs as for zero temperature
ones:

vT → v , vDT → vD .

In particular, the possible vacuum configurations are:

• Fully symmetric – (0, 0),

• Fully broken – (v, vD),

• EW broken – (v, 0),

• EW symmetric – (0, vD).

In Fig. 5.8, we present the results from our numerical scan, considering two distinct projections of
the fundamental 4D theory parameter space. In both panels, we display the SU(2)D gauge coupling gD
against the physical dark-Higgs mass MHD on the left (panel a) and against the vector mass MVD on
the right (panel b). The colour gradient represents the phase transition strength α. The grey points
are predominantly excluded due to excessive DM relic abundance, though direct detection constraints
and the failure to achieve thermal equilibrium between the dark and visible sectors are also considered
using our model’s micrOMEGAs implementation. Notably, all grey points in panel (b) that lie to the
right of the coloured area exhibit h2ΩDM > 0.12, establishing an upper limit on the dark vector mass
of MVD ! 10 TeV.

Two sets of points are identified in both panels, reflecting distinct patterns of two-step phase
transitions:

1. (0, 0)
FOPT&&&&→ (0, vD)

SOPT&&&&→ (v, vD) ,

2. (0, 0)
SOPT&&&&→ (v, 0)

FOPT&&&&→ (v, vD) ,

The first pattern occurs when the dark Higgs is heavy, typically above the EW scale, unless the gauge
coupling is small, below gD < 1.0. Here, the FOPT involves only the dark direction before the SOPT
occurs for the SM-like Higgs field. The second pattern, identified in the figures with a black pentagon
around the data-point, occurs in the presence of light dark Higgs bosons with masses below the EW
scale, where both dark and visible directions in the field space participate in the FOPT. This pattern
reproduces features similar to Scenario I, where stronger FOPTs occur at gD ≈ 1.7 becoming weaker
as gD increases. This is visible in panel (b), which contains the region obtained in panel (a) of Fig. 5.1.

Focusing again on Fig. 5.8, we observe in panel (a) that the strength of the phase transition reaches
its maximum at α ∼ O(10) (red points) when the dark Higgs boson mass and the gauge coupling
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converge to a small region where MHD ≈ 10 GeV and 1.7 ! gD ! 2.0. Conversely, weaker FOPTs are
found for MHD ∼ 100 GeV and gD ≈ 0.5 with α ≈ 10−4 (blue points).

In Fig. 5.9, we present the MHD vs. MVD (top and middle rows) and the gD vs. MVD (bottom row)
projections of the parameter space. The colour gradient in the top-left (a) and top-right (b) panels
depicts the thermodynamic parameters α and β/H(Tp), respectively. In the middle-left (c) and
middle-right (d) panels, it represents the DM relic density h2ΩDM and the magnitude of the Higgs
portal coupling λHD, respectively. In the bottom row, the colour scale describes the relic abundance
in panel (e) and the SGWB energy density peak amplitude h2Ωpeak

GW in panel (f). Once again, points
with a black pentagon identify the (v, 0) → (v, vD) transitions. As seen in the panels of the top
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Figure 5.9: The colour map for the value of the phase transition strength, log10 α (panel a), the value
of the inverse time duration log10 β/H(Tp) (panel b), the DM relic abundance h2ΩDM (panels c and

e), the magnitude of the Higgs portal coupling λHD (panel d) and the SGWB peak amplitude h2Ωpeak
GW

(panel f) for the 2D projections of the four-dimensional parameter scan for Scenario II: MHD versus
MVD (panels a, b, c and d) and gD versus MVD (panels e and f). Grey, circled, and uncircled points
have the same meanings as in Fig. 5.8.
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Figure 5.10: The relevant Feynman diagrams for DM annihilation in Scenario II into a pair of V ′, V ′:
(a) the H or HD resonant process, (b) the quartic gauge interaction and (c) the t-channel propagation
of V ′.

row, these correspond to scenarios with larger α, i.e., where the released latent heat is maximised,
favoured by the lightest dark Higgs bosons as evident in (a), and where the inverse duration of the
phase transition β/H(Tp) is minimised, as indicated by the red region in (b). In panel (c), the dark-
orange and red points, where the observed relic density is reproduced, favour the smallest λHD values,
as evident by comparison with panel (d). This is due to the resonant contribution to DM annihilation
[107, 108], which becomes less efficient for smaller portal couplings, thereby increasing h2ΩDM. For
the (0, 0) → (0, vD) structure, DM annihilates with each other effectively through the resonant process
of Higgs (H) and new scalar (HD), as indicated by diagram (a) in Fig. 5.10, which appears as a
diagonal band formed by red points in panel (c) and corresponds to a region where MVD → MHD/2.
On the other hand, the DM process for the (v, 0) → (v, vD) structure is dominated by the so-called
generic DM annihilation where a pair of DM annihilate into a pair of V ′V ′ through gauge interactions
(diagram (b) in Fig. 5.10), and the t-channel propagation of VD (diagram (c) in Fig. 5.10). These
processes require small λHD and large gD as in panel (d), (e) and (f), respectively. The correlation
between gD and MVD can be clearly seen from panel (e). For a fixed value of the relic density, gD
appears as a parabolic function of MVD in the log-linear scale. This can be understood from a naive
dimensional analysis where h2ΩDM = 8πGρDM/3H2

0 and ρDM ∼ mDMnDM ∼ mDMT 3
F /g

2
D which leads

to gD ∝
√
MVD .

The SGWB energy density amplitude is maximised for large values of α and small β/H(Tp). From
panels (a) and (b) in Fig. 5.9, we observe that this criterion can be satisfied for MHD ≈ 10 GeV,
regardless of the vector DM mass. However, if full compliance with the DM relic abundance is also
required, panel (c) constrains 3 ! MVD/TeV ! 10, with a few points in that range showing α ∼ 10
and β/H(Tp) ∼ 400. Additionally, one can note that the red stripe on panel (e) with h2ΩDM ≈ 0.12

overlaps with a few points on panel (f) having h2Ωpeak
GW ≈ 10−12, well within LISA’s sensitivity range,

making it necessary for the dark gauge coupling to be approximately gDM ≈ 1.7.
To complete the analysis, we present our results for the SGWB peak frequency and peak ampli-

tude in Fig. 5.11. In panel (a), the colour scale indicates the DM relic abundance, where no direct
correlation with the SGWB geometric parameters is observed. However, as previously mentioned, we
find points that can explain DM and provide the potential for an observable signal at LISA, peaking
at approximately 1 mHz and a SNR that can be around 1002. Generally, we conclude that Scenario II
possesses strong predictive power, as observable SGWB within LISA’s sensitivity range necessitates
gD ≈ 1.7 (panel b) and a dark Higgs mass of approximately 10 GeV, with heavier ones falling outside
the reach of planned GW experiments and in the high-frequency region (panel d). Conversely, the
dark vector mass can vary between 100 GeV and 4 TeV for points within LISA’s reach, as illustrated
in panel (c) and in Fig. 5.9.

5.3.3 Scenario III

To finalise our analysis, we examine the complete FPVDM model, where communication between
the dark and visible sectors is established through both the Higgs and the fermionic portal. We
first performed an inclusive scan of the parameter space, as outlined in Tab. 5.3. Subsequently, we
selected three benchmark points with specific physical properties, such as mass spectra and mixing
angles, requiring proximity to LISA’s sensitivity range and consistent DM phenomenology. The aim

2The SNR for a given point can be estimated from its vertical distance to the power integrated sensitivity curves
for a given interferometer [478].
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Figure 5.11: Predictions for the SGWB geometric parameters h2Ωpeak
GW and fpeak for Scenario II in

terms of the DM relic abundance h2ΩDM (a), the SU(2)D gauge coupling (b), the dark gauge boson
mass (c), and the dark Higgs mass (d). The points’ markers follow the same legend as in Fig. 5.8.
The sensitivity curves are the same as in Fig. 5.7.

is to gain a deeper understanding of how the parameter space behaves near these phenomenologically
interesting regions.

5.3.3.1 Inclusive scan analysis

The SGWB is a physical observable that is strongly correlated with thermodynamic parameters
of a given BSM theory. In Fig. 5.12, we show the distribution of the FOPT strength α and its
inverse duration β/H(Tp) in terms of the SGWB geometric parameters. Here we see that for a given
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Figure 5.12: Predictions for the SGWB geometric parameters h2Ωpeak
GW and fpeak for Scenario III in

terms of the phase transition strength log10 α (left) and the inverse time duration log10 β/H(Tp)
(right). The points’ markers follow the same legend as in Fig. 5.8. The sensitivity curves are the same
as in Fig. 5.7.
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frequency, the value of α shifts the SGWB vertically; that is, larger α implies a larger h2Ωpeak
GW , and

vice versa. Conversely, the inverse duration of the phase transition shifts the SGWB diagonally, such
that smaller values of β/H(Tp) lead to a larger h2Ωpeak

GW and a higher fpeak. We define the early
observability region as that covered by the sensitivity curve of LISA, whereas the late observability
region is characterised by the reach of future planned interferometers such as BBO and DECIGO.
In these regions, the full FPVDM model must generate FOPTs with O(1) ! α ! O(100), as shown
by the orange and red points in panel (a). Meanwhile, the values of β/H(Tp) in panel (b) can be
as large as O(105) around the dHz regime and as small as O(103) as we approach the mHz range.
However, within the late observability region, we also find a number of points that do not follow this
trend, where α ∼ O(0.1) and β/H(Tp) ∼ O(100). These correspond to the orange points in panel
(a) and red points in panel (b) found within frequencies 0.03 < fpeak/Hz < 0.1 and for amplitudes

varying within 10−14 < h2Ωpeak
GW < 10−13. To understand this behaviour, we must examine the phase

transition patterns allowed in the full model, as shown in Fig. 5.13. Among the nine possibilities
highlighted in the legend, one pattern clearly stands out: (v, 0) → (v, vD), represented by red squares,
already identified as prevalent in Scenario II. This pattern achieves the largest SGWB peak amplitudes,
enters both the early and late observability regions, and corresponds to the general trend observed
for α and β/H(Tp) in Fig. 5.12. Another interesting pattern that approaches the early observability
region is marked by brown squares, corresponding to (0, vD) → (v, 0). Here, the FOPT breaks the
EW symmetry and restores that of the dark sector, with the latter being subsequently broken via
either a SOPT or a crossover. This phase transition pattern explains the points that deviate from
the dominant (α,β/H(Tp)) trend, where weaker FOPTs with α ≈ 0.3 are compensated by their long-
lasting nature, with β/H(Tp) ∼ O(100). A third transition pattern, defined by (v, 0) → (0, vD) and
represented in cyan, can also be identified. Although this pattern is less frequent in our scan, it has
the potential to approach the LISA sensitivity region.

Thus far, we have identified the preferred values of α and β/H(Tp) necessary to enter the observ-
ability regions. The goal now is to map this information into the FPVDM model’s parameters and
DM predictions. We first present in Fig. 5.14 the results obtained for the λD vs. gD (left column) and
gD vs. MHD (right column) parameter space projections. In the panels of the top and middle rows the
colour scale indicates the strength of the phase transition and its inverse duration time, respectively,
while in the bottom row, it represents the DM relic abundance. Points inconsistent with DM phe-
nomenology – either due to overabundant DM or exclusion by direct detection cross-section limits –
are marked in grey. For comparison purposes, we add a black dashed contour in each parameter space
projection highlighting the regions where strong FOPTs were identified in Scenario II. As expected,
the larger dimensionality of Scenario III allows for a significantly broader area of the parameters space
with large α > 0.1 (red and orange points), although most of the β/H(Tp) values suggest that the
majority of it fall within the late observability region. The bottom panels confirm that this region
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Figure 5.13: Predictions for the SGWB geometric parameters h2Ωpeak
GW and fpeak for Scenario III with

the colour coding representing different phase transition patterns. The sensitivity curves are the same
as in Fig. 5.11
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Figure 5.14: The colour map for the value of the phase transition strength, log10 α (panels a and b),
the value of the inverse time duration log10 β/H(Tp) (panels c and d) and the DM relic abundance
h2ΩDM (panels e and f) for the 2D projections of the six-dimensional parameter scan for Scenario III:
λD versus gD (panels a, c and e) and gD versus MHD (panels b, d and f). Grey, circled, and uncircled
points have the same meanings as in Fig. 5.8. The area inside the black dashed contour highlights
the region with a potentially observable SGWB at LISA or future interferometers compatible with
Scenario II.

includes points that saturate the DM relic abundance.

Comparing the top and bottom row panels, we observe that for large α, represented by the red
and orange points in panels (a) and (b), there is a partial overlap with the red points in panels (e)
and (f), where the DM abundance saturates experimental bounds. The main difference compared to
Scenario II is the wider range of gD, approximately, between 0.5 and 1.0, and a heavier dark Higgs
boson mass ranging from MHD ∼ O(100 GeV) to a few TeV. Furthermore, for λD < 10−6, we find a
number of points with log10 β/H(Tp) < 3.5 entering the LISA sensitivity region.

This description primarily corresponds to the dominant FOPT pattern. However, another version
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of the model is found for λD ∼ 1 and gD slightly above 0.5. In this case, we observe a few orange points
in panel (a) with α ∼ O(0.1), which correspond to the red points in panel (c) where β/H(Tp) ∼ O(100).
In the right column plots, we also find that MHD ≈ 4 TeV. Additionally, panels (e) and (f) show that
DM can also be accounted for in this setup. Referring back to Figs. 5.12 and 5.13, these scenarios are
associated with the (0, vD) → (v, 0) FOPT pattern that falls within the late observability region.

In Fig. 5.15, we present our results for the gD vs. MVD parameter space projection in panels (a),
(c) and (e), while panels (b), (d) and (f) display the MHD vs. MVD plane. Note that the difference
between Scenarios II and III is evident by the lack of correspondence between the areas encompassed
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Figure 5.15: The colour map for the value of the phase transition strength, log10 α (panels a and b),
the value of the inverse time duration log10 β/H(Tp) (panels c and d) and the DM relic abundance
h2ΩDM (panels e and f) for the 2D projections of the six-dimensional parameter scan for Scenario
III: gD versus MVD (panels a, c and e) and MHD versus MVD (panels b, d and f). Grey, circled, and
uncircled points have the same meanings as in Fig. 5.8. The area inside the black dashed contour
highlights the region with a potentially observable SGWB at LISA or future interferometers compatible
with Scenario II.
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Figure 5.16: The relevant Feynman diagrams for DM annihilation in Scenario III into a pair of fSMf̄SM.

by the dashed contours across the parameter space projections considered in Figs. 5.14 and 5.15. We
also observe that it does not overlap with the red band in panel (f), where DM is fully accounted for in
the complete FPVDM model. This arises from the inclusion of the fermion portal expanding available
DM annihilation products. With additional annihilation channels as depicted in Fig. 5.16, the relic
density is saturated with smaller gD for a value of MVD while the functional form of gD(MVD) is not
significantly different from that of Scenario II. This can be clearly seen by comparing the red points
in Fig. 5.9 (e) with Fig. 5.15 (e). Regardless of the nature of DM, there is a much wider parameter
space region encompassing strong FOPTs with α " 1, as shown in panels (a) and (b). While these
are characterised by the standard (v, 0) → (v, vD) FOPT pattern, panels (b), (d), and (f) reveal that
the points associated with the (0, vD) → (v, 0) transition also feature MVD ≈ 1 TeV.

In Fig. 5.17, we present the relevant model parameters projected onto the (h2Ωpeak
GW , fpeak) plane.

Note that in the observability region, the colour distribution is sufficiently uniform to extract the
preferred sizes of the parameters that feature strong FOPTs as shown in Tab. 5.4. In general,
the coloured areas in each panel exhibit a consistent pattern across all six panels, highlighting the
connection between the FPVDM model parameters and the predicted SGWB peak amplitude and
frequency. Within the observability region, we identify three distinct areas that correspond to the last
three columns of Tab. 5.4. The scalar potential is also sensitive to the fermion sector, as suggested

FOPT pattern [(v, 0) → (v, vD)]1 [(v, 0) → (v, vD)]2 (0, vD) → (v, 0)

α 1 to 102 1 to 103 1

β/H(Tp) 103 to 104 104 to 105 102 to 103

gD 1.5 to 2.0 1.0 to 1.5 0.5

λD 10−6 10−4 1

y′ 10−2 to 10−1 10−1 to 1 1

sin θS 10−6 to 10−2 10−9 to 10−2 10−2 to 10−1

MVD/GeV 104 103 103

MHD/GeV 10 50 to 100 103

Table 5.4: Approximate magnitude of the theory and thermodynamic parameters in the complete
FPVDMmodel focusing on the observability region and two possible phase transition patterns. Masses
are given in GeV.The index in the patterns of columns two and three identifies distinct parameter space
regions with identical transition pattern. While [(v, 0) → (v, vD)]1 corresponds to the majority of the
points, in [(v, 0) → (v, vD)]2 we describe the thin yellow stripe that populates the upper diagonal edge

of the observable (h2Ωpeak
GW , fpeak) region found in panels (a), (b) and (f) of Fig. 5.12, or equivalently

red/orange stripe in panel (c)/(e).



5.3. RESULTS 157

10−5 10−3 10−1 101

fpeak [Hz]

10−30
10−28
10−26
10−24
10−22
10−20
10−18
10−16
10−14
10−12

h
2 Ω

p
ea
k

G
W

LISA

BBO

DECIGO
0.5

1.5

2.5

3.5

g D

(a)

10−5 10−3 10−1 101

fpeak [Hz]

10−30
10−28
10−26
10−24
10−22
10−20
10−18
10−16
10−14
10−12

h
2 Ω

p
ea
k

G
W

LISA

BBO

DECIGO
−6

−4

−2

0

lo
g 1

0
λ
D

(b)

10−5 10−3 10−1 101

fpeak [Hz]

10−30
10−28
10−26
10−24
10−22
10−20
10−18
10−16
10−14
10−12

h
2 Ω

p
ea
k

G
W

LISA

BBO

DECIGO
−4

−3

−2

−1

0

lo
g 1

0
y ′

(c)

10−5 10−3 10−1 101

fpeak [Hz]

10−30
10−28
10−26
10−24
10−22
10−20
10−18
10−16
10−14
10−12

h
2 Ω

p
ea
k

G
W

LISA

BBO

DECIGO

−8

−6

−4

−2

lo
g 1

0
|si
nθ

S
|

(d)

10−5 10−3 10−1 101

fpeak [Hz]

10−30
10−28
10−26
10−24
10−22
10−20
10−18
10−16
10−14
10−12

h
2 Ω

p
ea
k

G
W

LISA

BBO

DECIGO

1

2

3

4

lo
g 1

0
[M

V
D
/G

eV
]

(e)

10−5 10−3 10−1 101

fpeak [Hz]

10−30
10−28
10−26
10−24
10−22
10−20
10−18
10−16
10−14
10−12

h
2 Ω

p
ea
k

G
W

LISA

BBO

DECIGO

1

2

3

lo
g 1

0
[M

H
D
/G

eV
]

(f)

Figure 5.17: Predictions for the SGWB geometric parameters h2Ωpeak
GW and fpeak for Scenario III in

terms of the SU(2)D gauge coupling in panel (a), the dark scalar doublet quartic coupling, the Yukawa
fermionic portal, the fermion portal Yukawa coupling in panel (c), the absolute value of the scalar
mixing angle in panel (d), the vector DM mass in panel (e), and the dark Higgs boson mass in panel
(f). The sensitivity curves are the same as in Fig. 5.7.

by panel (c). This sensitivity arises from the relative magnitudes of gD, λD, and y′, and their effects
on the ultrasoft parameters in Eq. (5.19). In particular, the same qualitative features discussed in
relation to Fig. 5.6 apply. However, instead of a single parameter dependence of [µUS

D ]2 and [λUS
D ]2

on the gauge coupling3, the influence of the portal Yukawa coupling — and in some cases, the dark
sector self quartic coupling λD — becomes relevant and may compete with gD.

For most points within the observability region, with many accessible to LISA, the shape of the
3D ultrasoft potential is primarily influenced by the dark gauge coupling, since gD > y′ , λD. At

3Recall that in Scenario I we have λD ! gD.
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LO, the dominant contributions can be approximated as4

[µUS
D ]2

1
≈ µ2

D +
3

16
g2DT

2

[λUS
D ]1 ≈ T

256π2
g4D(6& 9Lb) .

(5.37)

This corresponds to the phase transition pattern [(v, 0) → (v, vD)]1 in the second column of Tab. 5.4,
which also favours the largest vector masses of O(10 TeV) and the lightest dark Higgs mass of ap-
proximately O(10 GeV). In this case, the scalar mixing angle is typically very small, with most points
featuring |sin θS | ∼ O(10−5)&O(10−4), remaining unconstrained by direct searches at the LHC. This
also indicates that the FOPT proceeds primarily along the dark direction, with negligible influence
from the visible Higgs sector.

The same pattern is observed in the thin yellow stripe along the upper diagonal edge of the
observable (h2Ωpeak

GW , fpeak) region found in panels (a), (b), and (f), as well as in the corresponding
red and orange stripes in panels (c) and (e), respectively. Once again, the Higgs portal interaction
is negligible, allowing the FOPT to proceed primarily along the dark direction. As indicated in the
third column of Tab. 5.4, the major difference here is a larger fermion portal y′ coupling and a slightly
smaller gD, implying that the vacuum structure is governed by both the gauge and Yukawa sectors.
At LO, the dominant contributions to the scalar potential can be approximated as

[µUS
D ]2

2
≈ [µUS

D ]2
1
+

1

4
y′

2
T 2

[λUS
D ]2 ≈ [λUS

D ]1 +
3

16π2
Lfy

′4T .
(5.38)

We have also encountered a few points withMVD ∼ MHD ∼ O(1 TeV) where gD ! y′ ∼ λD ∼ O(1).
However, the most significant difference lies in a larger scalar mixing, making the portal coupling λHD

relevant for the vacuum structure. The leading contributions to the ultrasoft 3D scalar potential can
now be expressed as

[µUS
D ]2

3
≈ [µUS

D ]2
2
+ T 2

(
1

2
λD +

1

6
λHD

)
(5.39)

[λUS
D ]3 ≈ [λUS

D ]2 &
T

4π2

(
3Lbλ

2
D +

3

2
λDy

′2 +
1

4
Lbλ

2
HD

)
(5.40)

[µUS
H ]2
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H ]2
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+
1
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2 (5.41)
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H ]SM & T

16π2
Lbλ
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HD (5.42)

[λUS
HD]3 ≈ T

8π2
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2
HD & 3LbλHDλD +

9

8
LbλHDg

2
D

)
, (5.43)

where the subscript SM in the third and fourth lines indicates contributions solely from the visible
sector. The immediate consequence is a FOPT that involves both the visible and dark directions,
which explains the transition pattern in the fourth column of Tab. 5.4, i.e., (0, vD) → (v, 0). With
the scalar mixing typically on the order of 0.01, the trans-TeV scale for the dark Higgs mass makes it
likely unconstrained by direct searches for new scalars at the LHC [479–482]. A dedicated analysis of
this is left for future work.

Having established the connection between the 4D theory parameters, the phase transition pat-
terns, and the predicted SGWB peak amplitude and frequency, the remaining question is whether the
measured DM relic abundance can be accommodated within the observability region, as suggested
in Fig. 5.14 and 5.15. This is indeed confirmed in Fig. 5.18 where there is a noticeable clustering of
points with 0.05 ! h2ΩDM ! 0.12, which accounts for 40% or more of the total DM abundance at the
sensitivity reach of LISA, BBO, and DECIGO. In particular, we identify several points that saturate
the DM relic density within the mHz to 10 mHz frequency range, featuring an SNR at LISA ranging
from approximately 10 to 100. Notably, a hypothetical observation of a SGWB at LISA would likely
favour scenarios that account for a significant fraction or even the entirety of the DM relic abundance,
if interpreted in the scope of the FPVDM model.

4Refer to App. I for the exact expressions.
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Parameter BP1 - Fig. 5.19 BP2 - Fig. 5.20 BP3 - Fig. 5.21

MHD/GeV 11.85 152.99 2569.54

MVD/GeV 10446.82 2323.50 1050.19

mfD/GeV 12824.65 2750.53 1305.17

mF /GeV 12824.68 2784.39 1616.83

y′ 0.00294 0.109 0.345

sin θS &1.5× 10−4 0.092 0.042

gD 1.80 0.83 0.54

h2ΩGW
peak 5.94× 10−13 9.53× 10&17 3.62× 10−15

fpeak/Hz 1.56× 10−3 0.108 0.068

α 3.46 0.22 0.084

β/H(Tp) 1148.67 12061.98 574.36

h2ΩDM 0.120 0.120 0.120

Table 5.5: Model and thermodynamic parameters for the benchmark points used to produce Figs 5.20,
5.21 and 5.19. The masses of the fields are given in GeV and the frequency fpeak is given in Hz.

5.3.3.2 Two-dimensional scan analysis

The multi-dimensional nature of inclusive scans can easily obscure the continuous connection
between different regions of the parameter space when viewed in two-dimensional projections. For a
clearer picture, we select a BP for each of the three cases identified in Tab. 5.4 and perform a scan
varying gD and the DM mass MVD , while keeping all other parameters fixed. The three selected BPs
are shown in Tab. 5.5.
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Figure 5.18: Predictions for the SGWB geometric parameters h2Ωpeak
GW and fpeak for Scenario III in

terms of the DM relic abundance. The sensitivity curves are the same as in Fig. 5.7.
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Figure 5.19: The colour map of various parameters for the 2D parameter scan for BP1 in Tab. 5.5
in Scenario III. Some of the representative fixed values are indicated in the title of each panel. All
transitions follow the pattern (vh, 0) → (vh, vD).

The first example corresponds to the transition pattern [(v, 0) → (v, vD)]1 in Tab. 5.4 and is illus-
trated in Fig. 5.19. It features a light dark Higgs with a mass below the EW scale, approximately
O(10) GeV, while the new fermions are significantly heavier, with closely degenerate masses around
mfD ∼ mF ∼ 13 TeV. The scalar mixing angle is also very small, which means that DM annihilation
is primarily governed by gauge and Yukawa interactions (see discussion in [107]). As in the case of
the scalar portal model (Scenario II), the region where stronger transitions are observable within the
LISA sensitivity range corresponds to a light dark Higgs mass.

In the top row, we represent the strength of the FOPT in the left panel and its inverse duration in
the right panel. The second row displays the SGWB peak amplitude (left panel) and peak frequency
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(right panel). In the third row, we show the DM relic abundance (left panel) and the percolation
temperature (right panel). Finally, the bottom row features the fermion portal Yukawa coupling (left
panel) and the dark Higgs quartic self-coupling (right panel). The smooth colour variation in the
(gD,MVD) plane indicates that different regions of the parameter space are continuously connected.
The original BP, marked with a black star, was already within the detectability reach of LISA;
however, its DM relic density accounted for only approximately 75% of the total abundance. We
observe that by increasing the dark vector mass to around 10 TeV and adjusting the gauge coupling
to be slightly above gD ≈ 1.8, we can saturate the DM relic abundance, i.e., h2ΩDM ≈ 0.12, while
remaining in the early observability region with h2Ωpeak

GW ∼ O(10−13) and fpeak essentially unchanged
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Figure 5.20: The colour map of various parameters for the 2D parameter scan for BP2 in Tab. 5.5
in Scenario III. Some of the representative fixed values are indicated in the title of each panel. All
transitions follow the pattern (vh, 0) → (vh, vD).
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in the mHz regime. The value of the fermion portal coupling is of the order y′ ∼ O(10−3). The
strength of the phase transition decreases from slightly under α ≈ 10 to just above α ≈ 1, while the
β/H(Tp) parameter, which is closely related with the frequency, remains approximately constant.

Note that the variation of the portal Yukawa coupling and the dark doublet self interaction is
small when compared to the SGWB peak amplitude. This underscores the significant sensitivity of
the SGWB to small changes in the theory parameters, which is amplified by the large powers involved
in the effective potential where small variations have a substantial impact. This effect can be further
intensified when considering the SGWB, due to the quadratic dependency on the phase transition
strength when α < 1. If the gauge coupling increases to gD ≈ 2.1 and the DM mass is reduced to
approximately 5 TeV, the SGWB becomes too feeble to be detectable by LISA, BBO, or DECIGO.
The scale of the FOPT temperature, Tp ∼ O(10 GeV is set by the dark Higgs mass as expected.

The following example corresponds to the [(v, 0) → (v, vD)]2 transition pattern in Tab. 5.4 and is
shown in Tab. 5.20.

In this scenario, the dark Higgs mass is on the order of the EW scale, while the remaining BSM
particles have masses between 2 TeV and 3 TeV. The scalar portal interaction is larger than in the
previous example with sin θS ∼ O(0.1). However, this benchmark accounts for only approximately
35% of the DM abundance, falling below LISA’s sensitivity range. Our goal here is to determine if,
by moving within the 2D (gD,MVD) plane, we can continuously connect this point, marked by a black
star in Fig. 5.20, to the early observability region and simultaneously saturate the DM abundance.

As we can see in the left panel of the third row in Fig. 5.20, saturating the DM abundance can be
achieved by decreasing gD, independently of MVD . However, note that the colour gradient in the two
panels of the first row is identical, such that an increase in the strength of the phase transition α is
accompanied by an increase in its inverse duration β/H(Tp). This results in a balancing effect on the

SGWB peak amplitude: while a growing α dictates an increase in h2Ωpeak
GW , a growing β/H(Tp) damps

it while increasing the peak frequency. Consequently, the SGWB peak amplitude never enters the
LISA sensitivity region and remains mostly between 10−16 ! h2Ωpeak

GW ! 10−15 for frequencies between
0.1 Hz and 1 Hz. However, it is possible to saturate the DM relic abundance for gD ≈ 0.75 and a VD

mass between 1.7 TeV and 2 TeV, with SGWB predictions within reach of future planned experiments
such as BBO. In this region, the percolation temperature is Tp ≈ 70 GeV, slightly below the EW
scale, caused by moderate supercooling due to α ≈ 1. The fermion portal coupling is y′ ≈ 0.12, with
rather small λD ∼ O(10−4).

The third benchmark we consider is that on the fourth column of Tab. 5.5 and involves the phase
transition pattern (0, vD) → (v, 0), as shown in the last column of Tab. 5.4. The key differences here
include a TeV-scale dark Higgs, as well as an order-one portal Yukawa coupling y′ and dark doublet
self-interaction λD. In Fig. 5.21, we present our results for the 2D scan performed around the black
star in the figure panels.

In contrast to what was observed in the previous case, the panels in the first row show that as α
increases, β/H(Tp) decreases, both contributing to enhance the SGWB peak amplitude. Additionally,
a smaller FOPT inverse duration results in a lower frequency.

The point selected from the inclusive scan (black star) accounts for approximately 40% of the DM
relic abundance and has a SGWB peak amplitude below LISA’s sensitivity. Decreasing the SU(2)D
gauge coupling allows for saturation of h2ΩDM along the red stripe in the left plot of the third row.
Conversely, we observe that only in the top-left corner of the viable parameter space, with gD just
under 0.4 and MVD around 1.25 TeV, does the SGWB peak amplitude enters the region covered
by LISA. Therefore, by comparing the left panels of the two middle rows, we find a small overlap
between the red stripe where h2ΩDM = 0.12 and the dark red area featuring h2Ωpeak

GW ! 10−13. For
those points, we have y′ ≈ λD ≈ 0.2.

Note that for this benchmark, we observe a smooth shift to a different FOPT pattern, specifically
from (0, vD) → (v, 0) to (v, vD) → (v, 0), highlighted with black circles. These points populate a
stripe along the bottom edge of the viable parameter space, where the portal Yukawa coupling and
quartic self-interaction reach their maximum values of y′ ≈ 0.7 and λD ≈ 1. However, the predicted
SGWB peak amplitude reaches values on the order of h2Ωpeak

GW ∼ O(10−21) and a peak frequency of
approximately fpeak ≈ 10 Hz, which are too weak to be detected by GW interferometers.
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Figure 5.21: The colour map of various parameters for the 2D parameter scan for BP3 in Tab. 5.5 in
Scenario III. Some of the representative fixed values are indicated in the title of each panel.

5.3.4 Interplay of FPVDM signals

So far, we have discussed in detail the strongly FOPT and the resulting GW signal originating
from the dark gauge sector. Scenario III, however, presents an even more intriguing case, as it features
a remarkable interplay of qualitatively distinct signatures, including GW signals, DM direct detection
prospects, and collider signatures with multi-top final states at the LHC, which we elaborate upon in
this section.

By requiring a GW SNR ratio at LISA exceeding 10, SNRLISA > 10, and ensuring compatibility
with the observed DM relic density, h2ΩDM < 0.12, our comprehensive parameter scan yields only
four viable benchmark points. These points are summarised in Table 5.6.
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BM1 BM2 BM3 BM4

gD 1.074 1.075 1.76 1.792
λD 4.812× 10−5 4.791× 10−6 4.37× 10−6 5.019× 10−7

λHD &2.488× 10−10 &7.646× 10−6 &2.258× 10−7 1.064× 10−7

y′ 0.6769 0.6326 0.04330 0.003410
yt 0.9986 1.111 0.9869 0.9864
sin θS 2.29× 10−9 2.83× 10−6 7.56× 10−6 &1.68× 10−5

MVD [GeV] 312.6 1255 1876 8979
mfD [GeV] 1770 1954 1950.7 9735.3
mF [GeV] 1792 2200 1950.8 9735.4
MHD [GeV] 5.709 7.228 6.302 10.04
Tc[GeV] 15.268 15.2611 18.82 19.19
Tn[GeV] 15.265 15.2590 10.87 13.1
Tp[GeV] 15.264 15.2588 10.58 12.85
α 82.31 112.199 1.381× 104 11.93
β/H(Tp) 539.09 608.627 682.8 847.9
fpeak/Hz 0.00152 0.001853 0.004657 0.001247
h2ΩGW

peak 1.50× 10−11 1.19× 10−11 9.65× 10−12 5.16× 10−12

h2ΩDM 0.000949 0.0133 0.00552 0.0933
DD pval (LZ2024) 0.64 0.63 0.85 0.97
DD factor (LZ2024) 5.2 5.0 14.5 83.1
SNRLISA 36.27 35.02 42.26 10.05

Table 5.6: Benchmark points from Scenario III satisfying the requirement of a GW SNR ratio at
LISA SNRLISA > 10 and consistent with the DM relic density constraint h2ΩDM < 0.12. These points
represent a distinctive interplay of GW signatures, DM direct detection prospects, and collider signals
with multi-top final states.

These points, labelled BM1–BM4, provide clear and appealing examples of the multi-signature
phenomenology that can be expected from this model. Notably, all these points are consistent with
the LZ2024 DM direct detection constraints. However, BM1 and BM2 lie relatively close to the current
LZ2024 sensitivity, with DD factor values of 5.2 and 5, respectively. Looking ahead, the DARWIN
experiment [483] is expected to improve upon the LZ2024 sensitivity by approximately two orders of
magnitude within the next decade. This advancement implies that all B1–B4 benchmark points can
be simultaneously probed by both gravitational wave and dark matter direct detection experiments.

These points are characterised by non-vanishing values of the y′ coupling, varying in the range
10−3 & 1; a very light scalar HD, with mass of a few GeV and satisfying MHD ' MVD ; a relatively
large dark gauge coupling gD of order one; VLFs with masses mF in the 2–10 TeV range; and scalar
mixing angles sin θS with absolute values in the 10−9–10−5 range. This parameter space is highly
characteristic of the interplay between GW signals, DM direct detection, and collider signatures
within Scenario III.

The LZ2024 experiment is potentially sensitive to HD exchange even for mixing angles as small
as 10−4–10−5, owing to the lightness of the HD mass. However, these exchanges are only slightly
less significant than the loop-induced VDVDγ/Z0 effective vertices, generated by F/fd/t and VD/V ′

particles in the loop. These loop-induced interactions dominate over HD exchange contributions for
VLF masses around 2 TeV and y′ couplings in the 0.1–1 range, which are within the reach of future
DM direct detection experiments.

An extremely intriguing aspect of the identified parameter space is the presence of a unique six-top
final state signature, arising from FF̄ pair production at the LHC or future hadron colliders such as
FCC-hh [484]. Specifically, the FF̄ final state naturally leads to a cascade decay chain

FF̄ → (t V ′) (t̄ V ′) → (t tt̄) (t̄ tt̄) → tt̄tt̄tt̄ ,

provided the kinematic conditions MVD > 2mt and MF > MV ′ + mt are satisfied. Representative
Feynman diagrams for this process are depicted in Fig. 5.22. Given that MHD is significantly lighter
than the dark vector VD in the parameter space selected by the GW signal from the FOPT, the
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Figure 5.22: Representative Feynman diagrams contributing to the pp → FF̄ → 6t final state.
Diagram (b) shows the dominant contribution, where F decays into a top quark and a heavy vector
boson V ′ which subsequently decays into a tt̄ pair. Diagrams (a), (c), and (d) involve additional
exchanges of the light scalar HD and are suppressed due to the smallness of MHD .

contributions from diagrams (a), (c), and (d) are negligible. Consequently, the dominant contribution
to the six-top final state arises from diagram (b). For MVD > 2mt and mF > MV ′ + mt the
probability of FF̄ → 6t is about 100%, which make 6t signature unique and generic for almost
entire parameter space relevant to GW signal. The cross section for pp → FF̄ production at the LHC
with

√
s = 13.6 TeV is shown in Fig. 5.23 (left) as a function of mF . We evaluated the cross section

and generated parton-level events at tree level for the pp → FF̄ → 6t process using the CalcHEP
package [485], version 3.9.2. We employed the NNPDF40 lo as 01180 parton distribution function
set via the LHAPDF library [486], and chose the QCD factorisation and renormalisation scale µ = mF .
The resulting cross section ranges from 39 fb at mF = 1 TeV down to 0.012 fb at mF = 2.5 TeV.

We do not perform here a detailed analysis of the QCD scale, PDF, or NLO corrections for
this process, as these effects have already been studied in depth for generic VLQ pair production,
which directly applies to the case of the F fermion. At NLO in QCD, pair production of VLQs
with MVLQ = 1–2 TeV receives sizeable corrections, enhancing the leading-order cross section by
approximately 40%–60% [487]. The residual theoretical uncertainty, dominated by scale variation,
typically ranges from ±10% to ±15%, with additional PDF uncertainties of ±3%–6%. Therefore, our
leading-order cross section results, and the derived LHC sensitivity to the FPVDM parameter space
with a six-top final state, can be regarded as conservative and robust.

As this specific six-top signature from VLQs has not been previously explored, we performed a
detector-level analysis to estimate both current and future HL-LHC sensitivity. The simulation chain
included CalcHEP–PYTHIA 8.3 [70] and Delphes 3.5 [130], orchestrated through the CheckMATE 2.1
[488] framework. As input, we used parton-level LHE files generated in CalcHEP on a grid in the
MVD–mF plane.

CheckMATE provides validated implementations of numerous ATLAS and CMS analyses targeting
final states with multiple top quarks and b-jets, making it especially suitable for recasting our six-top
VLQ signature. In particular, we employed the following analysis modules: the CMS inclusive MT2-
based SUSY search (cms sus 19 005) [489]; the ATLAS multi-jet + Emiss

T search (atlas 2010 14293)
[490]; the ATLAS all-hadronic stop search (atlas 1908 03122) [109]; the ATLAS gluino-mediated stop
production search with same-sign or four-lepton final states (atlas 2101 01629) [491]; the CMS search
targeting gluino decays to top/bottom quarks with missing energy (cms 1908 04722) [492]; the ATLAS
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Figure 5.23: Left: Leading-order cross section for pp → FF̄ production as a function of mF at√
s = 13.6 TeV. Right: Projected exclusion regions at 95% CL for the six-top final state. See text for

details.

search for stop production in multi-b-jet final states (atlas 1709 04183) [493]; the ATLAS four-top-
quark search via effective operators (atlas 2106 09609) [494]; and the inclusive ATLAS SUSY search
in high jet multiplicity final states (atlas 2004 14060) [495].

To improve and extend the CheckMATE recasting for our six-top signature, we implemented a
dedicated procedure to evaluate both the current LHC sensitivity and a first forecast of the HL-LHC
potential. This involved the following steps:

• We developed a Python-based statistical module that uses the expected number of signal and
background events in each signal region to reproduce the CheckMATE exclusion limits. The
statistical inference follows the CLs likelihood method described in Appendix J.

• For each model point, we performed a statistical combination of the best-performing signal
regions from both ATLAS and CMS analyses. Where applicable, we combined mutually orthog-
onal signal regions within the same analysis — for instance, between the 0-lepton and 1-lepton
channels in CMS (cms sus 19 005 and cms 1908 04722) and ATLAS (atlas 2101 01629 and at-
las 2004 14060) — to maximise sensitivity while avoiding double counting.

• To estimate the HL-LHC sensitivity, we performed a rescaling of both signal and background
yields, assuming a tenfold increase in integrated luminosity. While this provides only a rough
approximation, it offers a useful first look at the future potential.

All relevant ATLAS and CMS analyses employed were based on the full Run-2 data sets of 139 fb−1

and 137 fb−1 respectively.
Our results for current and projected LHC sensitivity are presented in Fig. 5.23 (right). The dashed

red line indicates the 95% CL exclusion contour based on the most sensitive single signal region. The
solid red line and corresponding red-shaded area show the result of statistically combining orthogonal
signal regions from ATLAS and CMS, demonstrating that such a combination can extend the exclusion
reach by up to 100 GeV. For example, at MVD = 500 GeV, the exclusion limit on mF improves from
1680 GeV to 1760 GeV with this combination.

The y-axis in the plot shows the dimensionless quantity (mF &MVD)/mF to clearly illustrate the
mass gap dependence. Also shown are dashed black contours corresponding to fixed DM masses. The
exclusion reach is maximised near MVD = 500 GeV and weakens for both smaller and larger values
of MVD . For small DM masses, the top quarks from V ′ decays are softer, reducing signal efficiency
under hard selection cuts. Conversely, for large DM masses, the top quarks from F → V ′t decays are
softer, again leading to reduced sensitivity. The HL-LHC projection is shown in blue, with shading
to indicate the gain from combining signal regions. The reach is strongest near MVD = 400 GeV,
excluding up to mF = 2280 GeV. The combination of signal regions provides an additional ∼50 GeV
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gain in sensitivity at HL-LHC. The positions of our benchmark points BM1–BM3 are indicated on the
plot. The HL-LHC will be able to exclude BM1, while BM2 and BM3 lie just beyond the projected
reach. We anticipate that a dedicated experimental analysis could probe these points as well.

We stress that this novel 6t signature from VLQ pair production already reaches exclusion limits
near 1.7 TeV — comparable to the best current bounds from ATLAS dedicated searches for T → bW
decays [496]. This highlights the significant potential of this signature for discovery and motivates the
ATLAS and CMS collaborations to explore it in future analyses.

Taken together with projections from GW and direct DM detection experiments, our study suggests
that this scenario may produce complementary signals across multiple experimental frontiers within
the next decade.

5.3.5 Comments on the impact of theoretical uncertainties

We conclude this work by addressing the theoretical uncertainty associated with the SGWB pre-
diction. We focus on two benchmark cases from Scenario II: a) with strong supercooling (α " 10)
and b) mild supercooling (α ∼ 1). Both of which are within the reach of LISA, with SNR ≈ 100,
and are consistent with all DM constraints. Benchmark a) is characterised by the free parameters
MVD = 1713.16 GeV, MHD = 9.78 GeV, gD = 1.79 and sin θS = &4.52 × 10−7, whereas benchmark
b) is characterised by MVD = 455.71 GeV, MHD = 12.55 GeV gD = 1.86 and sin θS = &1.20× 10−5.
A summary for the observables of interest for each of these benchmarks are shown in Tabs. 5.7 (for
benchmark a) and 5.8 (for b).

We first analyse the renormalization scale. The primary advantage of the 3D EFT approach over
the 4D effective potential (without RG running of the couplings) lies in a significant reduction of
theoretical uncertainties in predicting the SGWB spectrum. It is known that the peak amplitude is
highly sensitive to the renormalization scale in the standard 4D approach, where a small variation in
the scale can lead to orders of magnitude shifts in the amplitude (see, e.g., Fig. 1 of [347]). To estimate
the error associated with the 3D approach employed in our simulations, we varied the renormalization
scale by a factor of two5.

The main results are shown in the second row of Tabs. 5.7 and 5.8. The use of a 3D EFT with
one-loop effective potential, one-loop coupling matching and two-loop mass matching, has proven to
be a significant improvement compared to the 4D approach. The error associated with this variation
in the renormalization scale resulted in approximately a 60% error on h2Ωpeak

GW for the case with strong
supercooling, whereas in the benchmark with mild supercooling the error the amplitude can span
roughly an order of magnitude, that while much larger, it still represents a substantial improvement
over the non-RG improved 4D method.

These ranges can be understood based on how the thermodynamic parameters β/H(Tp) and α
vary. Concretely, they vary substantially by the renormalisation scale, which becomes more strongly
noticeable for the scenario with large α (see Tab. 5.7). This is contrasted with the phase transitions
temperatures, Tc and Tp, whose variations are much milder. Do note that, in the limit of large

supercooling, the dependency of α on the peak amplitude becomes unimportant as its scales as Ωpeak
GW ∝

[α/(1 + α)][β/H(Tp)]−1, making the uncertainties on β/H(Tp) and Tp more relevant. On the other
hand, for α ∼ 1 its uncertainty is important and can quickly scale up and lead to large SGWB
uncertainties. This is then reflected on a larger uncertainty for Ωpeak

GW for benchmark of Tab. 5.8 when
compared to that of Tab. 5.7.

The examples provided in Tabs. 5.7 and 5.8 demonstrates that our determination the SGWB
parameters are relatively robust to changes in the renormalisation scale, especially when compared
to the 4D method. The dependence on the renormalisation scale can be further minimised if the 3D
EFT thermal potential is performed at two-loop order [347].

For completeness, we also investigate the impact of the bubble wall velocity vw (third row of
Tabs. 5.7 and 5.8). This uncertainty was assessed by treating vw as a free parameter and varying it
between 0.6 and 1.0. As expected for strong phase transitions the impact is minimal. However, this
may not hold true if the transition is weak. In such cases, the dependence on vw could be stronger
[351].

5Specifically, we varied the κ parameter in the definition of the matching hard scale within the range κ = [1, 2],
resulting in µ4D = [πT, 2πT ].
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- Tp (GeV) Tc (GeV) α β/H(Tp) h2Ωpeak
GW fpeak (Hz)

Ref. 13.53 22.93 20.75 436.58 6.72× 10−12 5.66× 10−4

∆µ4D 14.38± 0.85 27.77± 4.84 1558.85± 1538.1 345.14± 91.44 (1.46± 0.88)× 10−11 (4.68± 0.98)× 10−4

∆vw 13.50± 0.03 & 21.00± 0.25 428.51± 8.07 (4.83± 1.89)× 10−12 (7.13± 1.47)× 10−4

∆T & & 25.01± 14.21 466.77± 118.72 (7.82± 4.25)× 10−12 (5.90± 2.04)× 10−4

Table 5.7: Effect of theoretical uncertainties on the defining parameters of the GW spectra, for a
benchmark with large supercooling. Namely the renormalisation scale (second row), the bubble wall
velocity (in the third row) and the temperature (in the fourth row). In the fist row, we show the values
we obtain for the benchmark indicated in the text, without any variation of the parameters. For each
row, only the first variable as indicated in the first column is varied, with the others remaining fixed.

- Tp (GeV) Tc (GeV) α β/H(Tp) h2Ωpeak
GW fpeak (Hz)

Ref. 15.81 22.64 1.02 657.85 5.95× 10−13 9.97× 10−4

∆µ4D (17.53± 1.72) (31.00± 8.36) (3.27± 2.25) 468.23± 189.62 (6.53± 5.93)× 10−12 (7.56± 2.41)× 10−4

∆vw 15.79± 0.02 & 1.025± 0.005 654.86± 2.99 (4.62± 1.34)× 10−13 (12.79± 2.82)× 10−4

∆T & & 1.19± 0.58 836.84± 307.12 (4.28± 3.71)× 10−13 &

Table 5.8: Effect of theoretical uncertainties on the defining parameters of the GW spectra, for a
benchmark with mild supercooling. Namely the renormalisation scale (second row), the bubble wall
velocity (in the third row) and the temperature (in the fourth row). In the fist row, we show the values
we obtain for the benchmark indicated in the text, without any variation of the parameters. For each
row, only the first variable as indicated in the first column is varied, with the others remaining fixed.

As noted in [341, 497], current state-of-the-art simulations for the SGWB spectral ansatz are
typically conducted at a fixed temperature, making the correct choice of temperature an unknown. It
is then typical to assume the percolation (nucleation) temperature for supercooled (non-supercooled)
cases [341]. Here, we estimate the uncertainty associated with varying the FOPT-defining temperature
at which GW observables are computed. The results are presented in the last rows of Tabs. 5.7 and 5.8.
Our approach involved varying Tp by approximately 10%. This relatively narrow range is necessary
because the nucleation of bubbles is suppressed as the temperature decreases. Conversely, as the
temperature increases, the action begins to diverge as it approaches the critical temperature, where
the percolation condition fails. The variation of the temperature can potentially have a big impact on
the spectrum, given that all geometric parameters (fpeak and h2ΩGW

peak) and thermodynamic parameters
(α and β/H(Tp)) are related to it. In particular, the α parameter is proportional to the inverse fourth
power of Tp, the inverse time duration depends both on the temperature and the derivative of the action
at this temperature choice and the peak frequency scales linearly with the temperature. Consequently,
the error can be sizeable, and even larger than those from varying renormalisation scale and bubble
wall velocity, underscoring the importance of an appropriate temperature choice.

As a final note, we comment on additional uncertainties arising from the gauge dependence of
the effective potential. While our calculations were performed in the Landau gauge rather than in
generic Rξ gauges, a prior analysis in [347] investigated this aspect and reported an uncertainty of
approximately O(10−3) (see Tab. 3 of [347]) which are expected to be less significant in comparison
to those discussed above. We would also like to highlight the recent work in [498], which found
that the predictions of the 3D effective potential are robust, with the underlying model parameters
reconstructed with an accuracy of O(0.1%) when considering a two-loop 3D effective potential and
matching. Although the errors in reconstruction are small, this level of precision would still be
competitive with the experimental uncertainties for an expected signal with an SNR of O(10).

5.4 Summary and conclusions

While particle colliders are crucial tools in particle physics, the search for DM and the need to
explore fundamental physics beyond the current reach of colliders necessitate the use of alternative
and complementary approaches. GW-cosmology provides a compelling and promising avenue for
investigation, offering access to energy regimes that are currently inaccessible to experiments based
on particle colliders. Driven by this, we present an analysis of the thermal history of a non-Abelian
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Figure 5.24: Scatter plot depicting the peak amplitude h2Ωpeak
GW as a function of the peak frequency

fpeak (in Hz), with the colour bar representing the Yukawa fermionic portal y′. Scenario II points are
marked by cyan pentagons.

vector DM model, focusing on its interactions with the SM via Yukawa and Higgs portal couplings.

To accurately assess the impact of the BSM couplings in predicting the spectrum, we have studied
three distinct scenarios: model I corresponds to a fully secluded sector featuring a pure vector-scalar
DM model, such that the BSM sector is completely decoupled from the SM, model II includes the SM,
whose connection with the dark sector is mediated through the Higgs portal interaction, and finally
model III considers the full FPVDM framework with both Higgs and fermion portals included. For
the analysis of the thermal history, we have constructed a dimensionally reduced thermal EFT up to
1-loop order in the potential and 2-loop (1-loop) order in the matching of masses (couplings), which
has been shown in the literature to mitigate theoretical uncertainties.

We study the impact of BSM couplings on SGWB predictions by considering three distinct sce-
narios. Scenario I represents a fully secluded dark sector, featuring a pure vector-scalar DM model
that is completely decoupled from the SM sector. Scenario II incorporates the SM, with the dark
sector coupled to the SM via the Higgs portal interaction. Finally, Scenario III includes both Higgs
and fermion portal interactions, encompassing the full FPVDM framework. For the phase-transition
analysis in each of these scenarios, we have constructed a dimensionally reduced thermal EFT up
to 1-loop order in the potential and 2-loop/1-loop order in the matching of masses and couplings,
respectively. This approach, as has been shown in the literature, helps to mitigate the theoretical
uncertainties associated with the calculation of thermodynamic quantities.

To investigate the potential for generating observable SGWB signals in each of the scenarios
described above, we have carried out a comprehensive scan of the parameter space of the model.
This scan has allowed us to identify the relevant combinations of model parameters that can induce
first-order phase transitions resulting in a SGWB with peak amplitude and peak frequency that are
within the reach of future experiments such as LISA. The main conclusions that can be drawn from
this analysis are summarised in the following bullet points:

• For Scenario I, the strength of the phase transition is primarily determined by the dark gauge
coupling, gD. Lower values of gD result in larger gravitational-wave amplitudes, as shown in the
top-left panel of Fig. 5.7.

• The mass scale of the dark bosons (both scalar and vector) in Scenario I is directly related to the
gravitational-waves peak frequency. Larger boson masses correspond to higher peak frequencies,
as shown in the top-right panel of Fig. 5.7.
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• The observation of a SGWB signal at LISA completely excludes Scenario I because the lack
of thermal equilibrium between the dark and SM sectors leads to an excessive contribution
to the effective number of relativistic neutrino species significantly greater than the current
observational upper limit of ∆Neff = 0.55. This value scales up with increasing values of the
parameter α. This constraint results in a dark gauge coupling that must assume values near
gD ≈ 2, while the masses of the dark sector vector and scalar bosons,MVD andMHD , respectively,
are restricted to the ranges 20 ! MVD/GeV ! 104 and 10−8 ! MHD/GeV ! 10; see Fig. 5.7.

• The observation of a SGWB signal by LISA, with a peak frequency near 1 mHz, provides support
for Scenario II, which incorporates a Higgs portal coupling between the dark sector and the SM
sector. This hypothetical observation leads to constraints on several of the model’s parameters.
Specifically, the dark gauge coupling is predicted to be near gD ≈ 1.7, the mass of the dark
sector Higgs boson near MHD ≈ 10 GeV, while the mass of the dark vector boson is constrained
to the range 0.1 ! MVD/TeV ! 4; see Figs. 5.8 and 5.11.

• Within the context of Scenario II, which incorporates a Higgs portal interaction between the
dark and the SM sectors, LISA will be sensitive to a specific type of phase transition, denoted
as (v, 0) → (v, vD). Furthermore, LISA will also be sensitive to regions of the model’s parameter
space in which the dark gauge boson constitutes the totality of the DM in the universe. Our
analysis shows that this latter condition is satisfied for dark gauge boson masses in the approx-
imate range 3–4 TeV. These features of the model’s parameter space are shown in the bottom
panels of Fig. 5.9, in combination with the results shown in Figs. 5.8 and 5.11.

• Our analysis reveals that the predicted peak frequencies of the SGWB differ substantially be-
tween Scenario II and Scenario III, providing a potential means of distinguishing between these
two models using future LISA data. Specifically, in Scenario III, the peak frequency is predicted
to fall in the range of 1 to 10 mHz, which is well within the sensitivity range of LISA. Moreover,
if we consider the currently projected sensitivity reach of BBO and DECIGO, the peak frequency
in Scenario III can extend up to 1 Hz. In contrast, in Scenario II, the predicted peak frequency
falls within the mHz range and is only marginally detectable by the BBO and DECIGO. These
differences in the predicted peak frequencies are shown in Fig. 5.24.

• In the context of Scenario III, which includes both Higgs and fermion portal couplings between
the dark and SM sectors, the detection of a SGWB signal by LISA would suggest that the
phase transition follows the pattern (v, 0) → (v, vD). Moreover, such a detection would place
constraints on several of the model parameters. Specifically, the dark gauge coupling would
be constrained to the range 1 ! gD ! 2, the mass of the dark vector boson to the range
1 ! MVD/TeV ! 10, the mass of the dark scalar boson to the range 10 ! MHD/GeV ! 100,
and the fermion portal coupling y′ would be required to have a value greater than 0.01. These
constraints are illustrated in Figs. 5.13 and 5.17.

• Our analysis shows that, within the sensitivity range of LISA, vector DM constitutes at least
40% of the total relic abundance in most cases; see Fig. 5.18.

In Scenario I, the dark vector boson mass and gauge coupling predominantly determine the SGWB
peak frequency and amplitude, respectively. While Scenarios II and III exhibit more complex be-
haviour due to the increased freedom, by performing dedicated scans in the (gD,MVD) plane with the
remaining parameters fixed it is possible to uncover such underlying structures. For three benchmark
points in Tab. 5.5, we identified optimal parameter combinations optimising the SGWB observability
and accounting for all DM. For BP1, this combination falls well within LISA’s sensitivity reach with
h2Ωpeak

GW ≈ 10−12 and fpeak ≈ 1 mHz as seen in Fig. 5.19. For BP2, points that explain DM are within

BBO and DECIGO sensitivity; see Fig. 5.20. For BP3, while maximising both h2Ωpeak
GW ≈ 10−13 and

h2ΩDM ≈ 0.12, the peak frequency (0.02–0.03 Hz) lies in a region with SNR < 1 at LISA but well
within reach of future space-based interferometers; see Fig. 5.21.

A key prediction of this work, within the context of the full FPVDMmodel, is the identification of a
specific combination of model parameters that is well-suited for generating a SGWB signal detectable
at LISA that fully accounts for the observed DM relic abundance. This preferred parameter space
region is characterised by a dark vector boson mass scale of approximately MVD ∼ O(10) TeV, a dark
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gauge coupling constrained to gD ≈ 1.8, and a dark Higgs boson mass of order MHD ∼ O(10) GeV.
This is very similar to Scenario II with the main difference being a lighter DM mass of 3 to 4 TeV.

Beyond the cosmological observables, our study identifies a novel collider signature: the six-top
final state arising from the pair production of VLFs. This offers a complementary and experimentally
accessible probe of the same parameter space. We have shown that this 6t signature, recast using
multiple ATLAS and CMS analyses via the CheckMATE framework and validated with our custom
statistical pipeline, is already constrained by current LHC data up to mF ∼ 1.7 TeV. Projecting to
the HL-LHC, this sensitivity extends to approximately 2.3 TeV. Notably, this collider reach covers
the same region of parameter space that yields a detectable stochastic GW background at LISA and
satisfies the observed DM abundance. This triple complementarity between collider, GW, and cosmo-
logical probes underscores the robustness of the FPVDM framework and highlights the importance of
pursuing diverse experimental strategies to uncover the structure of hidden sectors.





APPENDIX A

Low-scale SHUT model Lagrangian
and Feynman rules (SHUT)

In this appendix, we present the tree-level Lagrangian and Feynman rules governing the interactions
between EW/colour gauge bosons with the fermions. To simplify the notation, we make use of the
projection operators, first defined above Eq. (3.17). The Yukawa and fermion bilinear interactions are
discussed in Sec. 2.1.1, specifically in Eqs. (2.7) and (2.8). Here, we provide the remaining Lagrangian
terms of the low-scale SHUT model, considering all renormalizable, Lorentz-invariant, and gauge-
invariant operators. We begin by outlining the kinetic terms for the fermions
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(A.1)

where the repeated index i indicates summation over the different generations. The covariant deriva-
tive is defined as1
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The kinetic terms for the bosonic sector are given by
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where b and c represent the SU(2)L and SU(3)C adjoint indices, respectively, and a denotes the scalar
generations. The scalar potential, characteristic of a generic 3HDM model, is expressed as
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The complete Lagrangian density for the effective low-energy 3HDM is the sum of all the aforemen-
tioned sectors and is given by

L3HDM = Lkin,f + Lbos,f + Ly + Lbil & V
(
φ,φ†

)
. (A.5)

1We acknowledge that the term ”covariant derivative” is used somewhat loosely here. For instance, the covariant

derivative in i
(
Q̄L

)i /D(QL)i differs from that in i
(
ĒL

)i /D(EL)i because quarks couple to gluons while leptons do not.
Therefore, the covariant derivative for leptons does not include the last term in Eq. (A.2). This definition should be
understood contextually: the term exists if the interaction exists, and it is omitted if not.
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Expanding and rotating (A.5) to the mass basis one arrives to the following Feynman rules

• Lepton and Gauge bosons interactions

– Charged Leptons - Photon vertex
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– Charged Leptons - Z boson vertex
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– Neutrinos - Z boson vertex
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– Neutrinos - Charged Leptons - W− boson vertex
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– Neutrinos - Charged Leptons - W+ boson vertex
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– Up quark - Down quark - W− boson vertex
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– Quark - Q quark - gluon vertex
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Kinematic distributions for the
VLLs (SHUT)
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Kinematic variables for VLBSM topologies with the ATLAS detector

Figure B.1: Dimensionless (angular) and dimension-full (kinematic) observables at laboratory refer-
ence frame for VLBSM channel (solid red), with pp → )ν' (green line), pp → )ν' + j (yellow line) and
pp → )ν' + jj (purple line) backgrounds where it is considered 30 bins for all histograms. From top
left to bottom right, we have distributions for transverse momentum µ+, pseudo-rapidity µ+, cos

(
θ+µ
)
,

cos
(
θν+

µ µ+

)
, MET, transverse mass for W , transverse momentum for W , cos(θW ), pseudo-rapidity

for W and azimuthal angle for µ+
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Kinematic variables for ZA topologies with the ATLAS detector

Figure B.2: Dimensionless (angular) and dimension-full (kinematic) observables at laboratory refer-
ence frame for ZA channel (solid red), with tt̄ (blue line), W+W− (green line), tt̄+ Z()+)−) (yellow
line) and tt̄+Z(ν')) (purple line) backgrounds where it is considered 30 bins for all histograms. From
top left to bottom right, we have distributions for e4 and ē4 mass, cos(θν̄ee−), cos

(
θνµµ+

)
, cos(θW+W−),

pseudo-rapidity for e−, µ+, W+, W−, e4 and ē4, transverse mass for W+ and W−, transverse momen-
tum for e−, µ+, W+, W−, e4 and ē4, MET, ∆Re−ν̄e

, ∆Rµ+νµ
, cos(∆φ) and cos(∆θ) in the laboratory

and e4/ē4 CM frames.
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Kinematic variables for VBF topologies with the ATLAS detector

Figure B.3: Dimensionless (angular) and dimension-full (kinematic) observables at laboratory refer-
ence frame for VBF channel (solid red), with W+W− (green line), tt̄ + j (yellow line) and tt̄ + jj
(purple line) backgrounds where it is considered 30 bins for all histograms. From top to bottom left to
bottom right, we have distributions for e4 and ē4 mass, cos(θν̄ee−), cos

(
θνµµ+

)
, cos(θW+W−), pseudo-

rapidity for e−, µ+, W+, W−, e4 and ē4, transverse mass for W+ and W−, transverse momentum for
e−, µ+, W+, W−, e4 and ē4, MET, ∆Re−ν̄e

, ∆Rµ+νµ
, cos(∆φ) and cos(∆θ) in the laboratory and

e4/ē4 CM frame.
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Figure B.4: Dimensionless (angular) and dimension-full (kinematic) observables at the W± reference
frame for VBF and ZA channels (solid red) where it is considered 30 bins for all histograms. VBF
channel correspond to plots with 3 distinct backgrounds, while ZA has 4. The same backgrounds
from previous plots also applies here. From top left to bottom right, for both channels, we have
distributions for pseudo-rapidity for e−, µ+, e4 and ē4 and transverse momentum for e−, µ+, e4 and
ē4.
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Figure C.1: The dimensionful kinematic distributions (in units of GeV) for pair-production of 800
GeV VLQs. From top to bottom and left to right, we have pT ()−), E()−), MET, pT (j1), E(j1),
pT (j2), E(j2), pT (j3), E(j3), pT (j4), E(j4), MT (W−), M(W+

jj), MD(MET, )−, j1), MD(j2, j3, j4),
MD(MET, )−, j2), MD(j1, j3, j4), M(j1, j2), M(j1, j3), M(j1, j4), M(j2, j3), M(j2, j4) and M(j3, j4).
The y-axis represents normalised events, and we select 30 bins for both the signal and the background.
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Figure C.2: The dimensionless angular distributions for pair-production of 800 GeV VLQs. From
top to bottom and left to right, we have η()−), φ()−), η(j1), φ(j1), η(j2), φ(j2), η(j3), φ(j3), η(j4),
φ(j4), ∆R(j1, )−), ∆R(j2, )−), ∆R(j3, )−), ∆R(j4, )−), ∆R(j1, j2), ∆R(j1, j3), ∆R(j1, j4), ∆R(j2, j3),
∆R(j2, j4), ∆R(j3, j4), ∆Φ(j1, )−), ∆Φ(j2, )−), ∆Φ(j3, )−), ∆Φ(j4, )−), ∆Φ(j1, j2), ∆Φ(j1, j3),
∆Φ(j1, j4), ∆Φ(j2, j3), ∆Φ(j2, j4), ∆Φ(j3, j4), cos

(
θ'−,ν̄!

)
, cos

(
θ'−,j1

)
, cos

(
θ'−,j2

)
, cos

(
θ'−,j3

)
,

cos
(
θ'−,j4

)
, cos(θj1,j2), cos(θj1,j3), cos(θj1,j4), cos(θj2,j3), cos(θj2,j4) and cos(θj3,j4). The y-axis repre-

sents normalised events and we select 30 bins for both the signal and the background.



APPENDIX D

Neural network architectures for
different VLL masses (SHUT)

Mass ZA

200 GeV

Layers : 1 input + 1 output.
Input layer with 256 neurons,
output layer with 5 neurons

Regulariser : L2 (for layer 1) and none (for layer 2)
Activation function : Sigmoid (for layers 1 and 2)

Initialiser : VarianceScaling, with normal distribution
(layer 1) in fan in mode

and uniform distribution (layer 2) in fan avg mode

486 GeV

Layers : 1 input + 3 hidden + 1 output.
Hidden and input layers with 512 neurons each,

output layer with 5 neurons
Regulariser : L2 (for layers 1 to 4) and none (for layer 5)

Activation function : sigmoid (for layers 1 until 5)
Initialiser : VarianceScaling, with normal distribution

(for layers 1 to 4) in fan in mode and
uniform distribution (for layer 5) in fan avg mode

677 GeV

Layers : 1 input + 3 hidden + 1 output.
Hidden and input layers with 256 neurons each,

output layer with 5 neurons
Regulariser : L2 (for layers 1 and 4) and none (for layer 5)

Activation function : sigmoid (for layers 1 to 5)
Initialiser : VarianceScaling, with normal distribution

(for layers 1 and 4) in fan in mode and
uniform distribution (layer 5) in fan avg mode

Table D.1: NNs architectures employed for each mass of the lightest VLL for ZA. The architecture
is determined following the implementation of an evolutive algorithm that maximises the Asimov
significance.
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APPENDIX D. NEURAL NETWORK ARCHITECTURES FOR DIFFERENT VLL MASSES

(SHUT)

Mass VBF

200 GeV

Layers : 1 input + 4 hidden + 1 output.
Hidden and input layers with 256 neurons each,

output layer with 3 neurons
Regulariser : L2 (for layers 1 to 5) and none (for layer 6)

Activation function : tanh (for layers 1 to 5) and sigmoid (layer 6)
Initialiser : VarianceScaling, with normal distribution

(for layers 1 to 5) in fan in mode
and uniform distribution (layer 6) in fan avg mode

486 GeV

Layers : 1 input + 2 hidden + 1 output.
Hidden and input layers with 256 neurons each,

output layer with 3 neurons
Regulariser : L2 (for layers 1 to 3) and none (for layer 4)

Activation function : sigmoid (for layers 1 to 4)
Initialiser : VarianceScaling, with uniform distribution

(for layers 1 to 3) in fan in mode and
uniform distribution (layer 4) in fan avg mode

677 GeV

Layers : 1 input + 4 hidden + 1 output.
Hidden and input layers with 256 neurons each,

output layer with 3 neurons
Regulariser : L2 (for layers 1 to 5) and none (for layer 6)

Activation function : sigmoid (for layers 1 to 5)
Initialiser : VarianceScaling, with uniform distribution

(for layers 1 and 5) in fan in mode and
uniform distribution (layer 6) in fan avg mode

Table D.2: NNs architectures employed for each mass of the lightest VLL for VBF. The architecture
is determined following the implementation of an evolutive algorithm that maximises the Asimov
significance.
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Mass VLBSM

200 GeV

Layers : 1 input + 2 hidden + 1 output.
Hidden and input layers with 512 neurons each,

output layer with 3 neurons
Regulariser : L2 (for layers 1 to 3) and none (for layer 4)

Activation function : relu (for layers 1 until 3) and sigmoid (layer 4)
Initialiser : VarianceScaling, with normal distribution

(for layers 1 to 3) in fan in mode
and uniform distribution (layer 4) in fan avg mode

486 GeV

Layers : 1 input + 2 hidden + 1 output.
Hidden and input layers with 256 neurons each,

output layer with 3 neurons
Regulariser : L2 (for layers 1 to 3) and none (layer 4)

Activation function : sigmoid (for layers 1 to 4)
Initialiser : VarianceScaling, with normal distribution

(for layers 1 to 3) in fan in mode and
uniform distribution (layer 4) in fan avg mode

677 GeV

Layers : 1 input + 1 output.
Input layer with 256 neurons,
output layer with 3 neurons

Regulariser : L2 (layer 1) and none (layer 2)
Activation function : relu (layer 1) and sigmoid (layer 2)
Initialiser : VarianceScaling, with normal distribution

(layer 1) in fan in mode and
uniform distribution (layer 2) in fan avg mode

Table D.3: NNs architectures employed for each mass of the lightest VLL for VLBSM. The architecture
is determined following the implementation of an evolutive algorithm that maximises the Asimov
significance.
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APPENDIX D. NEURAL NETWORK ARCHITECTURES FOR DIFFERENT VLL MASSES

(SHUT)

Mass ZA

200 GeV

Layers : 1 input + 2 hidden + 1 output.
Hidden and input layers with 2048 neurons each,

output layer with 5 neurons
Regulariser : L2 (for layers 1,2,3) and none (for layer 4)

Activation function : tanh (for layers 1,2,3) and sigmoid (for layer 4)
Initialiser : VarianceScaling, with normal distribution

(for layers 1,2,3) in fan in mode
and uniform distribution (layer 4) in fan avg mode

486 GeV

Layers : 1 input + 4 hidden + 1 output.
Hidden and input layers with 2048 neurons each,

output layer with 5 neurons
Regulariser : L2 (for layers 1 to 5) and none (for layer 6)

Activation function : elu (for layers 1 until 5) and sigmoid (for layer 6)

677 GeV

Layers : 1 input + 1 hidden + 1 output.
Hidden and input layers with 2048 neurons each,

output layer with 5 neurons
Regulariser : L2 (for layers 1 and 2) and none (for layer 3)

Activation function : tanh (for layers 1 and 2) and sigmoid (for layer 3)
Initialiser : VarianceScaling, with normal distribution

(for layers 1 and 2) in fan in mode and
uniform distribution (layer 3) in fan avg mode

868 GeV

Layers : 1 input + 4 hidden + 1 output.
Hidden and input layers with 2048 neurons each,

output layer with 5 neurons
Regulariser : L2 (for layers 1 to 5) and none (for layer 6)

Activation function : elu (for layers 1 to 5) and sigmoid (for layer 6)
Initialiser : RandomNormal (for layers 1 until 5) and VarianceScaling

with uniform distribution (layer 6) in fan avg mode

1250 GeV

Layers : 1 input + 1 hidden + 1 output.
Hidden and input layers with 512 neurons each,

output layer with 5 neurons
Regulariser : L2 (for layers 1,2) and none (for layer 3)

Activation function : tanh (for layers 1,2) and sigmoid (for layer 3)
Initialiser : VarianceScaling, with uniform distribution (for layers 1,2)
in fan in mode and uniform distribution (layer 3) in fan avg mode

Table D.4: NNs architectures employed for each mass of the lightest VLL for ZA channel. The
architecture is determined following the implementation of an evolutive algorithm that maximises the
accuracy metric.
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Mass VBF

200 GeV

Layers : 1 input + 3 hidden + 1 output.
Hidden and input layers with 512 neurons each,

output layer with 3 neurons
Regulariser : L2 (for layers 1 to 4) and none (for layer 5)

Activation function : elu (for layers 1 to 4) and sigmoid (for layer 5)
Initialiser : VarianceScaling, with uniform distribution

(for layers 1 to 4) in fan in mode
and uniform distribution (layer 5) in fan avg mode

486 GeV

Layers : 1 input + 4 hidden + 1 output.
Hidden and input layers with 512 neurons each,

output layer with 3 neurons
Regulariser : L2 (for layers 1 to 5) and none (for layer 6)

Activation function : relu (for layers 1 until 5) and sigmoid (for layer 6)
Initialiser : VarianceScaling, with normal distribution

(for layers 1 to 5) in fan in mode and
uniform distribution (layer 6) in fan avg mode

677 GeV

Layers : 1 input + 3 hidden + 1 output.
Hidden and input layers with 2048 neurons each,

output layer with 3 neurons
Regulariser : L2 (for layers 1 and 4) and none (for layer 5)

Activation function : sigmoid (for layers 1 to 5)
Initialiser : VarianceScaling, with normal distribution

(for layers 1 and 4) in fan in mode and
uniform distribution (layer 5) in fan avg mode

868 GeV

Layers : 1 input + 2 hidden + 1 output.
Hidden and input layers with 2048 neurons each,

output layer with 3 neurons
Regulariser : L2 (for layers 1 to 3) and none (for layer 4)

Activation function : sigmoid (for layers 1 to 4)
Initialiser : VarianceScaling, with uniform distribution

(for layers 1 and 3) in fan in mode and
uniform distribution (layer 3) in fan avg mode

1250 GeV

Layers : 1 input + 4 hidden + 1 output.
Hidden and input layers with 2048 neurons each,

output layer with 3 neurons
Regulariser : L2 (for layers 1 to 5) and none (for layer 6)

Activation function : tanh (for layers 1 to 5) and sigmoid (for layer 6)
Initialiser : VarianceScaling, with normal distribution (for layers 1 to 5)

in fan in mode and uniform distribution (layer 3) in fan avg mode

Table D.5: NNs architectures employed for each mass of the lightest VLL for VBF channel. The
architecture is determined following the implementation of an evolutive algorithm that maximises the
accuracy metric.
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APPENDIX D. NEURAL NETWORK ARCHITECTURES FOR DIFFERENT VLL MASSES

(SHUT)

Mass VLBSM

200 GeV

Layers : 1 input + 3 hidden + 1 output.
Hidden and input layers with 2048 neurons each,

output layer with 3 neurons
Regulariser : L2 (for layers 1 to 4) and none (for layer 5)

Activation function : Sigmoid (for layers 1 to 5)
Initialiser : VarianceScaling, with normal distribution

(for layers 1 to 4) in fan in mode
and uniform distribution (layer 5) in fan avg mode

486 GeV

Layers : 1 input + 3 hidden + 1 output.
Hidden and input layers with 1024 neurons each,

output layer with 3 neurons
Regulariser : L2 (for layers 1 to 4) and none (for layer 5)

Activation function : relu (for layers 1 until 4) and sigmoid (for layer 5)
Initialiser : VarianceScaling, with normal distribution

(layer 1) in fan in mode and
uniform distribution (for layers 2 to 5) in fan avg mode

677 GeV

Layers : 1 input + 4 hidden + 1 output.
Hidden and input layers with 256 neurons each,

output layer with 3 neurons
Regulariser : L2 (for layers 1 and 5) and none (for layer 6)

Activation function : relu (for layers 1 to 5) and Sigmoid (layer 6)
Initialiser : VarianceScaling, with normal distribution

(for layers 1 and 5) in fan in mode and
uniform distribution (layer 6) in fan avg mode

868 GeV

Layers : 1 input + 3 hidden + 1 output.
Hidden and input layers with 256 neurons each,

output layer with 3 neurons
Regulariser : L2 (for layers 1 to 4) and none (for layer 5)

Activation function : tanh (for layers 1 to 4) and sigmoid (layer 5)
Initialiser : RandomNormal (for layers 1 to 4) and VarianceScaling

with uniform distribution (layer 5) in fan avg mode

1250 GeV

Layers : 1 input + 1 output.
Input layers with 256 neurons,
output layer with 3 neurons

Regulariser : L2 (layer 1) and none (layer 2)
Activation function : elu (layer 1) and sigmoid (layer 2)

Initialiser : VarianceScaling, with uniform distribution (layer 1)
in fan in mode and uniform distribution (layer 2) in fan avg mode

Table D.6: NNs architectures employed for each mass of the lightest VLL for VLBSM. The architecture
is determined following the implementation of an evolutive algorithm that maximises the accuracy
metric.



APPENDIX E

Renormalisation group equations
(Conformal Majoron)

The beta functions,

β (X) ≡ µ
dX

dµ
≡ 1

16π2
β(1)(X) ,

for the model’s couplings and generic U(1)′ charge assignments are given by
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The evolution of the VEVs in the Landau gauge is given by
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APPENDIX F

One-loop self-energy for physical
scalar particles (Conformal

Majoron)
We provide a summary of all self-energy contributions to the one-loop masses of the scalar fields,

which includes diagrams involving physical scalar fields, Goldstone bosons, W± and Z0 bosons, the top
quark, and right-handed neutrinos. These contributions are expressed in terms of Passarino-Veltman
loop functions1

B0(s,M1,M2) = µ2εeγEε 1

2
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∫ 1

0
dx(sx2 + (&s+M2

2 +M2
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A0(M) = µ2εeγEε
[
& 1

2
Γ(&1 + ε)M2

]( 1

M2

)−1+ε
,

(F.1)

where Γ(x) is the gamma function. We present all self-energy contributions for the Higgs boson in
the Landau gauge. The same diagrams contribute to the mass of the heavy Higgs with appropriate
couplings and masses. We denote all scalar fields by Φ = h1, h2, G0

1, G
0
2, G

±. Note that all couplings
should be interpreted as physical couplings since they are determined after symmetry breaking in the
mass basis.
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1We utilise Package-X [499] for the computation of all one-loop integrals. It can be downloaded from https:
//gitlab.com/mule-tools/package-x.

191



192
APPENDIX F. ONE-LOOP SELF-ENERGY FOR PHYSICAL SCALAR PARTICLES

(CONFORMAL MAJORON)
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APPENDIX G

Numerical procedure for
determining physical observables

(Conformal Majoron)
One-loop minimization and masses

To determine the couplings and physical masses, we minimise the full one-loop potential, including
the self-energy corrections to the mass spectrum. While some aspects of this procedure were discussed
in the main text, we now delve deeper into the technical details. By neglecting scalar contributions
to the one-loop masses, we can derive the following analytical expressions for the quartic couplings by
solving Eq. (4.60)
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The calculations are performed at the Z0 mass scale, µ = 91 GeV. The remaining parameters, λh and
vσ, are determined using additional equations derived from the one-loop mass spectrum. Unlike the
tadpole equations, obtaining analytical expressions for these parameters is not feasible, necessitating
the use of numerical methods. In determining the one-loop masses, mixed self-energies are neglected.
Instead, the scalar mixing angle is derived from the zero-momentum part of the mass matrix (i.e.,
from the first and second terms of Eq. (4.61)). A root-finding algorithm is subsequently employed to
determine the values of λh and vσ using Eq. (4.62) with the SM-like Higgs boson, h1, and heavy Higgs,
h2, masses as free parameters, ensuring that Mh1 > Mh2 . Valid solutions to this set of equations are
then subjected to theoretical constraints. These include the perturbativity of the quartic couplings and
the absence of Landau poles both in the infrared (down to the QCD scale, approximately 0.17 GeV)
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and in the ultraviolet. In the RG-improved method, the ultraviolet cutoff is determined by ensuring
that no Landau poles exist for field values at the true vacuum. Additionally, we require that the Higgs
quartic coupling λh remains positive up to the highest mass scale set by MZ′ .

Phase tracing

In addition to calculating the bounce action, CosmoTransitions includes a phase tracing module
that tracks the true and false vacuum in field space and temperature. However, since we work with a
single field and the false vacuum is always located at zero due to classical conformal invariance, the
phase tracing module is unnecessary. Instead, we employ our own code to compute the location of
the false vacuum at different temperatures. This can be done with any publicly available numerical
minimization routine, such as fmin from the scipy package.

If one opts to use the phase tracing module from CosmoTransitions, it is important to adjust
the x eps parameter of the generic potential subclass. While CosmoTransitions is generally
designed to be scale-invariant, there are some limitations. The x eps parameter effectively controls the
temperature scale of the problem and is optimised for EW scale temperatures by default. Therefore, if
the false and true vacua are well separated, lowering the value of x eps is necessary. We find that this
adjustment becomes important if ∆φ > 2 TeV, where ∆φ is the difference in field values between the
two phases. This parameter can be modified within the init method of the generic potential.
To illustrate this, we consider the following example subclass:

from cosmoTransitions import generic_potential

class MyPotential(generic_potential.generic_potential):
def __init__(self , parameter_values):
self.parameter_values = parameter_values
self.x_eps = 1e-5 # Adjust this value as needed

def boson_massSq(self , X, T):
# Define the thermal corrections here
pass

def V0(self , X):
# Define the tree -level potential here
pass

def VT(self , T):
# Define the thermal corrections here
pass

Note that if x eps is too large, then CosmoTransitionsmay skip over phases for low field/temperature
values. Similarly, if x eps is too small, then CosmoTransitions may skip over phases located at large
field/temperature values. Therefore, for a generic analysis, one must treat x eps as a dynamical
variable according to the scales involved in the calculation.

Calculating the action

To guarantee that in conformal models the action goes to zero at zero temperature, the default
parameters of CosmoTransitions must be modified. When calculating the action with the method
pathDeformation.fullTunneling,1 the tolerances and ranges of the integration limits need to be
tuned. Consider the following example:

import pathDeformation as pd

Find_profile_params = {"phitol":1e-10 ,"xtol":1e-10,
"rmin":1e-4,"rmax":1e4 ,"npoints":500}

Instanton_params = {"phi_eps":1e-6,"rscale":None}
deformation_params = {"verbose":False}

S = pd.fullTunneling(np.array([XTrue , XFalse]), V, dV ,
deformation_deform_params=deformation_params ,
tunneling_init_params=Instanton_params ,
V_spline_samples = None ,
tunneling_findProfile_params=Find_profile_params).action

Here, XTrue and XFalse are the field coordinates for the true and false vacuum, respectively, V is
the full scalar potential, and dV its field derivative. We define three dictionaries to store relevant
tolerances, and emphasise the necessity for small values of phitol and xtol, which control the step
size during the integration of the bounce equation (4.4). We find that for the default parameters

1Since we work in a single field direction, the tunneling1D.SingleFieldInstanton method may be used. Both
approaches give identical results. For multi-field cases, however, pathDeformation.fullTunneling must be used.
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of 10−6, as T → 0, the action S → ∞ in conformal models. Therefore, it is crucial to set these
parameters to 10−10 even though this significantly slows down calculations. Since this adjustment is
essential for low-temperature calculations, we relax these tolerances at higher temperatures. Above
Tc/5, default tolerances suffice. The other parameters have minimal impact and their default settings
are acceptable.

By default, CosmoTransitions creates a spline function of the user-provided potential to speed
up computation. While this is adequate for polynomial-like potentials, it is inadequate for conformal
models because the potential is nearly flat in the vicinity of the true vacuum. The default number of
spline points is insufficient to accurately capture the potential’s behaviour in such cases. Therefore,
setting V spline samples to None ensures that the full potential is employed without approximation.
Alternatively, similar results can be obtained by specifying a high density of sample points (e.g.,
V spline samples = 50 000). However, based on our findings, setting it to None is preferable as it
eliminates the need for approximating the potential, thereby enhancing both precision and computing
speed.

To test the validity of our code, we have cross-checked our implementation against previous work
on conformal models. In particular, we were able to reproduce the results of Refs. [103, 104] for an
SU(2) conformal extension of the SM, and Ref. [105] for a U(1)B−L conformal model.





APPENDIX H

Effective potential from
dimensional reduction (FPVDM)

In what follows, we provide a brief discussion on DR. It is important to note that the calculations
presented in the remainder of this section have been verified to agree with the output from DRAlgo.
For a more detailed discussion, we refer readers to [347, 410]. For simplicity, we will outline the
procedure for Scenario I only.

The 4D model action can be schematically expressed as

S4D = Sgauge + Sscalar + Sghost + Sgauge−fix +CT , (H.1)

where CT denotes the counter-terms associated with the theory parameters. It is important to note
that we do not include fermions in Scenario I. Each component of (H.1) can be expanded as follows

Sgauge =
1

4

∫
d4x V i

µνV
µν
i ,
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∫
d4x
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DDµΦD & µ2
DΦ†

DΦD + λD(Φ
†
DΦD)

2
]
,

Sghost =

∫
d4x ∂µV̄cDµVc ,

Sgauge−fix =

∫
d4x

1

2ξD

(
∂µV

c
µ

)2
.

(H.2)

Here, the covariant derivative is defined as

Dµ = ∂µ & igD
σi
2
V i
µ . (H.3)

In these expressions, σa represents the Pauli matrices, V is the ghost field and ξD is the gauge
parameter. Although we have explicitly written the gauge fixing term for a generic Rξ gauge, all
computations are performed in the Landau gauge, where ξD → 0. In the MS-scheme, the counter-
terms take the following form

δg2D = & 43g4D
96π2ε

,

δλD =
1

256π2ε

[
3
(
3g4D & 24g2DλD + 64λ2D

)]
,

δµ2
D = &

3
(
g2D & 8λD

)
µ2
D

64π2ε
,

(H.4)

with ε denoting the dimensional regularisation parameter. From these expressions, we first derive the
β-functions for gD, λD, and µ2

D, which are presented in App. I.2. It is important to note that the
counter-terms remain applicable at both zero and finite temperatures, as the ultraviolet behaviour of
the theory is unaffected by finite temperature corrections.
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The next step involves computing the one-loop two-, three-, and four-point functions and matching
them to the 3D EFT. This process is carried out in the high-temperature limit, where the dark
SU(2)D symmetry remains unbroken. Consequently, the computation of the correlators is performed
at this symmetry level. This approach significantly simplifies the calculations, as it eliminates the
need to manage various mixing matrices. In this section, we will focus on detailing the calculation
for the temporal couplings only. The procedure for the transverse couplings is analogous. With
only the SU(2)D gauge group present, there is a single (V0)2 two-point function (equivalent to the
thermal Debye mass) and two four-point functions: (V0)4 and (V0)2(Φ

†
DΦD). For detailed pedagogical

calculations, we direct the reader to Refs. [347, 409, 410, 500]. All correlators are also available in
App. I.3 and App. I.4. In this context, we only need two bosonic master loop integrals, as provided
in [410]1.
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∫∑
P ′
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=
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ε
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)
.

(H.5)

where γE = 0.577 is the Euler-Mascheroni constant, ζ is the Riemann zeta function and µ4D is
the renormalisation scale. At LO in T 2, these integral functions scale as I4b100 ∼ T 2/12 + O(ε) and
I4b200 ∼ 1 +O(ε). Additionally, to simplify the notation, we denote

∫∑
P ′

≡ T
∑

ωn (=0

(
eγEµ2

4π

)ε ∫
ddp

(2π)d
, (H.6)

where, as usual, we utilise dimensional regularisation working in d = 3 & 2ε dimensions, and P
represents the Euclidean four-momentum defined as P = (mn,p). In this context, the Matsubara
frequency for bosons is given by mn = ωn = 2nπT , where n is an integer. With this definition, the
two-point function (V0)2 corresponds to the one-loop corrections to the Vµ field. Considering the
particle content and group charges, the following five diagrams are necessary:

: (V0)
2 : = + + +

+ .

(H.7)

Detailed steps for computing these integrals can be found in [347]. In this discussion, we will bypass
these steps and directly utilise the results found in the appendices of [410]. Only the longitudinal
components acquire thermal masses; here, we consider2 µ = ν = 0. Summing all contributions, we
obtain:

: (V0)
2 : =&

[
1

6
g2D

(
(d& 3)d+ 16I4b200P

2 & 6(d& 1)(2d& 1)I4b100

)]

=
5

6
g2DT

2 ≡ µ2
SU(2)D

.

(H.8)

This represents the result for the LO Debye mass, denoted as µ2
SU(2)D

in this article. For the NLO,
we would need to consider the two-loop contributions. While we do not present them here, the results
can be found in App. I.3. In analogy to the one-loop case, there are also master formulas available
for two-loop calculations.

1Additional master integrals may be necessary if fermions are considered. However, in this simplified model,
fermionic content is neglected, and no extra formulas are required.

2Generic results are available in [410]. It is straightforward to verify that summing over all transverse components
results in the thermal mass vanishing. This occurs because Lorentz invariance is broken only in the longitudinal direction
and not in the transverse direction [347].
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For the : (V0)4 : correlator, we follow the same procedure. The one-loop corrections read

: (V0)
4 : = + + +

+ + +

=
1

6
(d& 3)(d& 1)(8d& 7)g4DI4b200 =

17g4D
24π2

≡ λV,1 ,

(H.9)

which we refer to as λV,1 in the remainder of this article. The calculation of the 2- and 4-point
correlators was simplified by the fact that these couplings do not exist at tree-level, meaning that
wave-function renormalization does not contribute. In contrast, the (V0)2(Φ

†
DΦD) operator is gauge-

invariant and therefore already present at the tree level, requiring additional details. Generally, the
relationship between the 4D fields and the 3D fields can be described by the following equation

Φ2
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1

T

(
1 +
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∣∣∣
P=0

& δZΦ

)
Φ2

4D , (H.10)

where Π is the self-energy of the field, and δZΦ is the wave-function renormalization counter-term.
In dimensional regularization, δZΦ is determined by the momentum-dependent 1/ε poles of the self-
energy contribution. The necessary contributions have already been calculated in [410]. Specifically,
we need to utilise their expressions (3.1) and (3.4) which lead to
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1

ε
, δZΦD =
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64π2

1

ε
. (H.11)

Based on the generic formula from Eq. (H.10), along with the field renormalization factors in Eq. (H.11)
and the self-energy expressions found in [410], we find the following relationships for the fields
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(H.12)

where we define Lb = lnµ2
4D/T

2+2γE&2 ln 4π. With these relationships established, we can proceed to
evaluate the correlator, starting with the contributions from the following one-loop Feynman diagrams
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+

=
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8
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,

(H.13)



202 APPENDIX H. EFFECTIVE POTENTIAL FROM DIMENSIONAL REDUCTION (FPVDM)

Meanwhile, the tree-level contribution is simply Γ0 = &(1/2)g2D. With these results in hand, we
can match to the 3D theory by equating the correlators of the 3D and 4D theories. Let λS,1 be the
coupling in the 3D theory, such that

λS,1|ΦD|23DV 2
3D,0 = |ΦD|23DV 2

3D,0

(
Γ0 +

1

2
δg2 + ΓΦ2

DV 2

)
. (H.14)

After applying the relations in Eq. (H.12) and expanding up to fourth order in the couplings, we
derive that

λS,1 =
g2DT (g

2
D(51 + 43Lb) + 96π2 + 72λD)

192π2
. (H.15)

This completes the calculation of the temporal couplings. The same procedure applies to the transverse
couplings, so we simply present the final results:
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The discussed 3D theory, derived from the original 4D model, is commonly referred to in the literature
as the soft effective theory. At the soft scale, the effective 3D action of the model is expressed as

Ssoft =
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where F a
rs = ∂rV a

s & ∂sV a
r + gSDε

abcV b
r V

c
s , and the covariant derivative is Dr = ∂r & igSD

σa
2 V a

r . For
simplicity, the names of the 3D fields have been retained to match those of the 4D fields. It is
important to note that in the 3D EFT, the static modes have been integrated out, so the indices r
and s refer only to spatial coordinates.

Phase transitions are typically driven by the lighter fields, so we can further simplify the action by
integrating the heavy temporal field V0 out, leaving only the scalars and the transverse vectors. This
stage of approximation is commonly referred to as the ultrasoft regime. At this point, the action is
given by

Sultrasoft =
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The matching relations between the soft and ultrasoft regimes can be determined based on previous
literature as follows [410, 500],
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(H.19)

All calculations discussed here were performed at the one-loop level. However, we also incorporate
two-loop contributions to the masses computed using DRAlgo. The corresponding formulas relevant
for this section, along with the two-loop results, are provided in the appendix. The ultrasoft action
in Eq. (H.18) is employed for studying the phase transitions in our numerical analysis. This is
accomplished by noting that the 3D effective potential connects to the 4D potential through V 4D

eff =
TV 3D

eff , a relation that we have implemented in CosmoTransitions to determine the bounce solution.



APPENDIX I

3D effective potential and matching
conditions (FPVDM)

To simplify the notation, we make use of the following quantities,

Lb = ln
µ2
4D

T 2
+ 2γE & 2 ln 4π , Lf = Lb + 4 ln 2 , A = 1.282 . . . (I.1)

where µ2
4D is the 4D hard matching scale (µ2

4D ≡ π2κ2T 2 with κ = 1), T is the temperature and A is the
Glaisher–Kinkelin constant. In what follows, the 3D effective theory is defined at the µ3D matching
scale. We also adopt standard nomenclature for the various scales involved in the DR approach,
namely, the hard scale is the scale at which the original 4D thermal theory is defined and all particle
content exists. Varying this parameter allows to estimate the impact of the renormalisation scale on
the GW observables and it was analysed in Sec. 5.3.5. The soft scale lives at 3D, and it is where
the fermionic as well as the non-zero bosonic Matsubara modes have been integrated out, leaving
only the longitudinal and transverse components of the vectors, as well as the scalar particles. At
the final stage, the ultrasoft scale, the temporal modes of the vectors are integrated out, such that
at this scale only the massless spatial vectors and scalar fields remain. In what follows, all has been
calculated in DRAlgo. For Scenario I we have made the computations ourselves and found agreement.
To properly reproduce the coming results, one should use version 1.1 or above, as previous versions
output erroneous results for models with extra VLFs.

I.1 3D effective potential

For the purpose of this work, we treat the effective potential up to one-loop in the thermal expansion
and two-loop in the matching. The effective potential at 3D can divided into two parts, V 3D

eff =
V 3D
LO + V 3D

NLO. The effective potential is given as

Scenario 1 : V 3D
LO (T ) = &1

2
[µUS

D ]2ϕ2
D +

1

4
λUS
D ϕ4

D ,

Scenario 2/3 : V 3D
LO (T ) = &1

2
[µUS

D ]2ϕ2
D & 1

2
[µUS

H ]2ϕ2
H +

1

4
λUS
D ϕ4

D +
1

4
λUS
H ϕ4

H +
1

4
λUS
HDϕ

2
Dϕ

2
H ,

V 3D
NLO(T ) = & 1

12π

∑

i⊂scl.

M3
i (ϕH,ϕD, T )&

2

12π

∑

i⊂vec.

M3
i (ϕH,ϕD, T ) ,

(I.2)

where i sums over the scalar fields (first term of V 3D
NLO) and the vector fields (second term of V 3D

NLO).
The NLO potential is identical between the different scenarios, with the only difference being the
scalars/vectors that appear in the sum. The couplings marked with the superscript US are evaluated
at the ultrasoft scale and are temperature dependent. The exact analytical expressions that match to
the original 4D theory are shown in the next sections. Note that the fields here live in 3D space, such
that each carries mass units of [M1/2]. They relate with the 4D fields through the simple relation
Φ2

i = Tϕ2
i . The 4D potential relates to the 3D one as V 4D(T ) = T [V 3D

LO (T ) + V 3D
NLO(T )]. The bounce

action is evaluated using V 4D(T ).
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I.2 Renormalisation group equations at 4D

Here, we define βp ≡ ∂p/∂ lnµ.

Scenario I:

βg2
D
= &43g4D

48π2
, (I.3)

βλD =
3
(
3g4D & 24g2DλD + 64λ2D

)

128π2
, (I.4)

βµ2
D
= &3(3g2D & 8λD)µ2

D

32π2
, (I.5)

Scenario II:

Scenario II beta functions are identical to those of Scenario III in the limit where mfD , y
′ → 0.

The beta function for gD in Scenario II is the same as in Scenario I.

Scenario III:

βg2
D
= &31g4D

48π2
, (I.6)

βg2
2
= & 19g42

48π2
, (I.7)

βg2
1
=

187g41 & 384g21y
′2

144π2
, (I.8)

βg2
3
= & 17g43

24π2
, (I.9)

βλD =
9g4D & 72g2DλD + 16

(
λ2HD & 3y′4

)
+ 96λD

(
2λD + y′2

)

128π2
, (I.10)

βλH =
9g42 + 6g22

(
g21 & 12λH

)
+ 3
[
g41 & 8g21λH & 16y4t + 32λH

(
2λH + y2t

) ]
+ 16λ2HD

128π2
, (I.11)

βλHD =
&3λHD

(
3g2D + 3g22 + g21 & 4

[
2(λD + λH) + y′2 + y2t

])
+ 8λ2HD & 24y′2y2t

32π2
, (I.12)

βy′ =
y′
(
&27g2D + 24g23 + 32g21 + 54y′2 + 12y2t

)

192π2
, (I.13)

βyt =
yt
(
&96g23 & 27g22 & 17g21 + 12y′2 + 54y2t

)

192π2
, (I.14)

βµ2
D
=

&9g2Dµ
2
D + 8λHDµ2

H & 24m2
fD
y′2 + 12µ2

D

(
2λD + y′2

)

32π2
, (I.15)

βµ2
H
=

8λHDµ2
D & 3µ2

H

(
3g22 + g21 & 8λH & 4y2t

)

32π2
, (I.16)

βmfD
= &

mfD

(
27g2D + 48g23 + 16g21 & 3y′2

)

96π2
. (I.17)

I.3 Debye masses

Scenario I:

[
µ2
SU(2)D

](LO)
=

5

6
g2DT

2 , (I.18)

[
µ2
SU(2)D

](NLO)
=

g4D(207 + 430Lb)T 2 + 72g2D
(
T 2λD + 2µ2

D

)

1152π2
. (I.19)



I.4. COUPLING MATCHING BETWEEN 3D-SOFT AND 4D THEORIES 205

Scenario II:

[
µ2
SU(2)L

](LO)
= Eq. (I.28) , (I.20)

[
µ2
SU(2)L

](NLO)
= Eq. (I.29) , (I.21)

[
µ2
SU(2)D

](LO)
= Eq. (I.18) , (I.22)

[
µ2
SU(2)D

](NLO)
=

g2D
[
T 2
(
g2D(430Lb + 207) + 24(3λD + λHD)

)
+ 144µ2

D

]

1152π2
, (I.23)

[
µ2
SU(3)C

](LO)
= 2g23T

2 , (I.24)

[
µ2
SU(3)C

](NLO)
=

g23T
2
(
24g23(11Lb & 4Lf + 5)& 27g22 & 11g21 & 12y2t

)

192π2
(I.25)

[
µ2
U(1)Y

](LO)
=

11

6
g21T

2 , (I.26)

[
µ2
U(1)Y

](NLO)
=

g21
2304π2

[
288µ2

H & 2T 2(528g23 + 81g22 + g21(22Lb + 880Lf & 465)&

24(3λH + λHD) + 66y2t )
]

(I.27)

Scenario III:

[
µ2
SU(2)L

](LO)
=

11

6
g22T

2 , (I.28)

[
µ2
SU(2)L

](NLO)
=

g22T
2

1152π2

[{
&432g23 + 11g22(86Lb & 48Lf + 57)+

3
(
&9g21 + 24λH + 8λHD & 6y2t

) }
+144(µ2

H/T
2)
]
, (I.29)

[
µ2
SU(2)D

](LO)
=

4

3
g2DT

2 , (I.30)

[
µ2
SU(2)D

](NLO)
=

g2DT
2

1152π2

[{
&6
(
48g23 + 16g21 & 4(3λD + λHD) + 3y′2

) }
+

g2D(688Lb & 192Lf + 345) + 144(µ2
D/T

2)
]
, (I.31)

[
µ2
SU(3)C

](LO)
=

7

3
g23T

2 , (I.32)

[
µ2
SU(3)C

](NLO)
=

g23T
2

576π2

{
&54g2D + g23(528Lb & 448Lf + 792ln(A) + 484)&

792g23 ln

(
4πT

µ4D

)
& 81g22 & 65g21 & 36

(
y′2 + y2t

)}
(I.33)

[
µ2
U(1)Y

](LO)
=

49

18
g21T

2 , (I.34)

[
µ2
U(1)Y

](NLO)
=

g21T
2

10368π2

[
(1296/T 2)µ2

H &
{
2592g2D + 9360g23 + 729g22+

54
(
&4(3λH + λHD) + 32y′2 + 11y2t + g21 [294Lb + 18032Lf & 12569]

) }]
(I.35)

I.4 Coupling matching between 3D-soft and 4D theories

Here, soft couplings are marked with the superscript S, whereas temporal couplings follow the
same conventions as DRAlgo. For temporal couplings, the associated operator is written before the
coupling expression.
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Scenario I:

3D soft couplings:

[gSD]
2 = g2DT +

g4D(4 + 43Lb)T

96π2
, (I.36)

λSD =
T
[
g4D(6& 9Lb) + 72g2DLbλD + 64λD(4π2 & 3LbλD)

]

256π2
. (I.37)

Temporal couplings:

: (V a
0 )

4 : λV,1 =
17g4DT

24π2
, (I.38)

: (V a
0 )

2(Φ†
DΦD) :λS,1 =

g2DT
(
g2D(51 + 43Lb) + 96π2 + 72λD

)

192π2
. (I.39)

Scenario II:

3D soft couplings:

[gSD]
2 = Eq. (I.36) , (I.40)

[gSW ]2 = Eq. (I.63) , (I.41)

[gSY ]
2 = g21T & g41T (Lb + 40Lf )

96π2
, (I.42)

[gSS ]
2 =

g43T (11Lb & 4Lf + 1)

16π2
+ g23T , (I.43)

λSD = Eq. (I.66) when y′ → 0 , (I.44)

λSH = Eq. (I.67) (I.45)

λSHD = Eq. (I.68) when y′ → 0 (I.46)

Temporal couplings:

: (V a
0 )

4 : λV,1 =
17g4DT

24π2
, (I.47)

: (Ga
0)

4 : λV,3 =
g43T

2π2
, (I.48)

: (Ga
0)

2(Aa
0)

2 : λV,4 = Eq. (I.72) , (I.49)

: (Aa
0)

4 : λV,5 = Eq. (I.73) , (I.50)

: (Ga
0)

2(B0)
2 : λV,8 = &11g23g

2
1T

12π2
, (I.51)

: (Aa
0)

2(B0)
2 : λV,9 = Eq. (I.76) , (I.52)

: (B0)
4 : λV,10 = &371g41T

72π2
, (I.53)

: (Ga
0)

2(Φ†
HΦH) : λS,4 = Eq. (I.80) , (I.54)

: (V a
0 )

2(Φ†
DΦD) : λS,5 =

g2DT
(
g2D(43Lb + 51) + 72λD + 96π2

)

192π2
, (I.55)

: ( 7A0 · 7τΦH)(B0Φ†
H) :λS,6 = &g2g1T

384π2

[
g22(43Lb & 24Lf + 12)&

g21(&44 + Lb + 40Lf )&

24
(
&2λH + 3Lfy

2
t + y2t & 8π2

) ]
, (I.56)

: (B0)
2(ΦHΦ†

H) : λS,7 = & g21T

192π2

[
& 9g22 + g21(Lb + 40Lf & 41)&

& 96π2 + 68y2t & 72λH
]
, (I.57)
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: (Aa
0)

2(ΦHΦ†
H) : λS,8 = Eq. (I.84) (I.58)

: (V a
0 )

2(ΦDΦ†
D) : λS,9 = Eq. (I.85) (I.59)

: (Aa
0)

2(ΦHΦ†
H) : λS,10 = Eq. (I.86) (I.60)

: (B0)
2(ΦDΦ†

D) : λS,11 = Eq. (I.87) when y′ → 0 (I.61)

Scenario III:

3D soft couplings:

[gSD]
2 =

g4DT (43Lb & 12Lf + 4)

96π2
+ g2DT , (I.62)

[gSW ]2 =
g42T (43Lb & 24Lf + 4)

96π2
+ g22T , (I.63)

[gSY ]
2 =

g21T
[
96
(
4Lfy′2 + 3π2

)
& g21 + (3Lb + 184Lf )

]

288π2
, (I.64)

[gSS ]
2 =

g43T (33Lb & 16Lf + 3)

48π2
+ g23T , (I.65)

λSD =
T

256π2

[
g4D(6& 9Lb) + 72g2DλDLb & 16λ2HDLb

& 32λD
(
6λDLb + 3Lfy

′2 & 8π2
)
+ 48Lfy

′4
]
, (I.66)

λSH =
T

256π2

[
24λH

(
3g22Lb + g21Lb & 4Lfy

2
t

)
+ (2& 3Lb)

(
3g42 + 2g22g

2
1 + g41

)
+

256π2λH & 16Lb

(
12λ2H + λ2HD

)
+ 48Lfy

4
t

]
(I.67)

λSHD =
T

64π2

(
λHD

(
3Lb

[
3g2D + 3g22 + g21 & 8(λD + λH)

]
& 8λHDLb + 64π2

)
&

12λHDLf

(
y′2 + y2t

)
+ 24Lfy

′2y2t

)
(I.68)

Temporal couplings:

: (V a
0 )

4 : λV,1 =
11g4DT

24π2
, (I.69)

: (V a
0 )

2(Ga
0)

2 : λV,2 = &g2Dg
2
3T

2π2
, (I.70)

: (Ga
0)

4 : λV,3 =
g43T

2π2
, (I.71)

: (Ga
0)

2(Aa
0)

2 : λV,4 = &3g23g
2
2T

4π2
, (I.72)

: (Aa
0)

4 : λV,5 =
5g42T

24π2
, (I.73)

: (V a
0 )

2(B0)
2 : λV,7 = &4g2Dg

2
1T

3π2
, (I.74)

: (Ga
0)

2(B0)
2 : λV,8 = &&65g23g

2
1T

36π2
, (I.75)

: (Aa
0)

2(B0)
2 : λV,9 = &3g22g

2
1T

8π2
, (I.76)

: (B0)
4 : λV,10 = &1625g41T

216π2
, (I.77)

: (Ga
0)

2(Φ†
DΦD) : λS,1 + λS,2 =

&g23Ty
′2

4π2
+

g23(&1 + Lf )y′2T

4π2
, (I.78)

: ( 7V0 · 7τΦD)(B0Φ†
D) :λS,3 = &gDg1(&1 + Lf )Ty′2

4π2
, (I.79)



208 APPENDIX I. 3D EFFECTIVE POTENTIAL AND MATCHING CONDITIONS (FPVDM)

: (Ga
0)

2(Φ†
HΦH) : λS,4 = &g23Ty

2
t

4π2
, (I.80)

: (V a
0 )

2(Φ†
DΦD) : λS,5 =

g2DT

192π2

[
g2D(43Lb & 12Lf + 63)+

12
(
6λD & 3y′2 + 8π2

) ]
, (I.81)

: ( 7A0 · 7τΦH)(B0Φ†
H) :λS,6 = & g2g1T

1152π2

[
3g22(43Lb & 24Lf + 12)+

g21(&3Lb & 184Lf + 196)&

72
(
&2λH + 3Lfy

2
t + y2t & 8π2

) ]
, (I.82)

: (B0)
2(ΦHΦ†

H) : λS,7 = & g21T

576π2

[
& 27g22 + g21(3Lb + 184Lf & 187)&

12
(
18λH & 17y2t + 24π2

) ]
, (I.83)

: (Aa
0)

2(ΦHΦ†
H) : λS,8 =

g22T

192π2

[
g22(43Lb & 24Lf + 75)+

3
{
g21 + 4

(
6λH & 3y2t + 8π2

) }]
(I.84)

: (V a
0 )

2(ΦHΦ†
H) : λS,9 =

g2DλHDT

8π2
(I.85)

: (Aa
0)

2(ΦDΦ†
D) : λS,10 =

g22λHDT

8π2
(I.86)

: (B0)
2(ΦDΦ†

D) : λS,11 =
g21T

(
3λHD + 16(Lf & 1)y′2

)

24π2
(I.87)

I.5 Scalar mass matching between 3D-soft and 4D theories

Scenario I

[µS
D]

2
LO =

T 2

16

(
3g2D + 8λD

)
+ µ2

D (I.88)

[µS
D]

2
NLO =

1

1536π2

[
g4DT

2(&2916 lnA& 141Lb + 243γE + 167)+

72g2D
(
λDT

2(&72 lnA& 3Lb + 6γE + 1) + 3Lbµ
2
D

)
&

576λD
(
λDT

2(ln(A)& 12 lnA) + Lbµ
2
D

)
&

18
(
13[gSD]

4 + 16[gSD]
2(3λSD + 2λS,1)& 8

(
8[λSD]

2 + λ2S,1
))

ln

(
µ3d

µ4d

)]
. (I.89)

Scenario II

[µS
D]

2
LO = Eq. (I.96) when y′ → 0 , (I.90)

[µS
H]

2
LO = Eq. (I.97) , (I.91)

[µS
D]

2
NLO =

1

1536π2

[
g4DT

2(&2916ln(A)& 141Lb + 243γE + 167)+

36g2D(T
2(2λD(&72ln(A)& 3Lb + 6γE + 1) + λHDLb) + 6Lbµ

2
D)&

4
(
3g22λHDT

2(144ln(A) + 9Lb & 2) + 144g21λHDT
2ln(A)&

1728λ2DT
2ln(A)& 288λ2HDT

2ln(A) + 12γET
2(λHD(&3g22&

g21 + 2λHD) + 12λ2D) + 9g21λHDLbT
2 & 2g21λHDT

2+

144λDLbµ
2
D + 48λHDLbµ

2
H + 24λDλHDLbT

2 + 24λHλHDLbT
2&

4λ2HDLbT
2 + 18λHDLbT

2y2t & 6λHDLfT
2y2t

)
& 6ln

(
µ3D

µ4D

)
K1

]
, (I.92)
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[µS
H]

2
NLO =

1

4608π2

[
1728T 2ln(A)

(
λHD

(
2λHD & 3g2D

)
+ 12λ2H

)
+ 3g42T

2(&2916ln(A)&

249Lb + 36Lf + 243γE + 191)& 27g22(2g
2
1T

2(&60ln(A)& 4Lb+

5γE + 1) + T 2
[
& 8λH(&72ln(A)& 3Lb + 6γE + 1)& 4λHDLb+

y2t (&7Lb + Lf + 2)
]
& 24Lbµ

2
H) + g41T

2(756ln(A)& 147Lb + 60Lf&

63γE + 41) + g21(T
2
[
72λH(&72ln(A)& 3Lb + 6γE + 1) + 36λHDLb+

y2t (47Lb + 55Lf & 66)
]
+ 216Lbµ

2
H)& 12

(
Lb

{
T 2
[
λHD{27g2D+

24(λD + λH)& 4λHD}& 9y4t + 54λHy
2
t

]
+ 48(3λHµ

2
H + λHDµ

2
D)
}
+

6T 2
(
&
(
(1 + 6γE)g

2
DλHD

)
+ 24γEλ

2
H + 4γEλ

2
HD + Lfy

2
t (3λH + 2λHD)

)
+

16g2ST
2y2t (Lb & 4Lf + 3) + 72Lfµ

2
Hy

2
t

)
& 18ln

(
µ3D

µ4D

)
K2

]
, (I.93)

where K1 and K2 are defined as

K1 =
[
39[gSD]

4 + 48[gSD]
2(3λSD + 2λS,5)& 8

(
& 6[gSS ]

2(3λS,1 + 5λS,2)& 6[gSW ]2(λSHD + 2λS,10)&

2λSHD

(
[gSY ]

2 & 2λSHD

)
+ 24[λSD]

2 + 3λ2S,1 + 5λ2S,2 + λ2S,11 + 3[2λ2S,3 + λ2S,5 + λ2S,10]
)]

(I.94)

K2 = (&8
[
& 6[gSD]

2(λSHD + 2λS,9) + 8λS4

(
λS4 & 6[gSS ]

2
)
+ 24[λSH]

2 + 4[λSHD]
2 + 6λ2S6 + λ2S,7+

3
(
λ2S,8 + λ2S,9

) ]
+ 39[gSW ]4 + 6[gSW ]2

(
&3[gSY ]

2 + 24λSH + 16λS,8
)
& 5[gSY ]

4 + 48[gYD]2λSH) (I.95)

Scenario III

[µS
D]

2
LO =

3g2DT
2

16
+ µ2

D +
1

12
T 2
(
6λD + 2λHD + 3y′2

)
, (I.96)

[µS
H]

2
LO =

1

48

(
9g22T

2 + 3g21T
2 + 48µ2

H + 24λHT
2 + 8λHDT

2 + 12T 2y2t
)
, (I.97)

[µS
D]

2
NLO =

1

4608π2

[
3g4DT

2(&2916 ln(A) + 243γE & 195Lb + 18Lf + 179)+

27g2D(T
2
[
8λD(&72 ln(A) + 6γE & 3Lb + 1) + 4λHDLb+

y′2(7Lb & Lf & 2)
]
+ 24Lbµ

2
D)+

4
(
432T 2 ln(A)

(
&λHD

(
3g22 + g21

)
+ 12λ2D + 2λ2HD

)
+

2Lf (T
2
(
y′2
(
51g2S + 8g21 & 27λD + 18y2t

)
+ 9λHD

(
y2t & 2y′2

))
+

216m2
fDy

′2 & 108µ2
Dy

′2) + 6g2S(7Lb & 4)T 2y′2 & 81g22λHDLbT
2+

108γEg
2
2λHDT

2 + 18g22λHDT
2 & 27g21λHDLbT

2 + 32g21LbT
2y′2+

36γEg
2
1λHDT

2 + 6g21λHDT
2 + 16g21T

2y′2 & 432λDLbµ
2
D&

144λHDLbµ
2
H & 72λDλHDLbT

2 & 72λHλHDLbT
2 + 12λ2HDLbT

2+

27LbT
2y′4 & 162λDLbT

2y′2 + 18LbT
2y′2y2t & 54λHDLbT

2y2t

& 432γEλ
2
DT

2 & 72γEλ
2
HDT

2
)
& 18 ln

(
µ3D

µ4D

)
K1 ,

[µS
H]

2
NLO =

1

13824π2

[
& 36

(
6T 2(2(γE & 12 ln(A))

(
λHD

(
2λHD & 3g2D

)
+ 12λ2H

)
& (I.98)

g2DλHD) + LbT
2
(
λHD

(
27g2D + 24(λD + λH)& 4λHD

)
&

6y′2
(
y2t & 3λHD

)
& 9y4t + 54λHy

2
t

)
+ 16g2ST

2y2t (Lb & 4Lf + 3)+
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48Lb(3λHµ
2
H + λHDµ

2
D) + 6LfT

2
(
y2t (3λH + 2λHD)& y′2

(
λHD + 2y2t

))
+

72Lfµ
2
Hy

2
t

)
+ 9g42T

2(&2916 ln(A) + 243γE & 249Lb + 36Lf + 191)&

81g22(2g
2
1T

2(&60 ln(A) + 5γE & 4Lb + 1)+

T 2
(
&8λH(&72 ln(A) + 6γE & 3Lb + 1)& 4λHDLb + y2t (&7Lb + Lf + 2)

)
&

24Lbµ
2
H) + g41T

2(2268 ln(A)& 189γE & 729Lb + 276Lf + 187) + 3g21

(T 2
[
72λH(&72 ln(A) + 6γE & 3Lb + 1) + 36λHDLb+

y2t (47Lb + 55Lf & 66)
]
+ 216Lbµ

2
H)& 54 ln

(
µ3D

µ4D

)
K2

]
(I.99)

I.6 Coupling matching between 3D-ultrasoft and 3D soft theories

Here, the ultrasoft couplings are marked with the superscript US.

Scenario I

[gUS
D ]2 = [gSD]

2 & [gSD]
4

24πµSU(2)D

, (I.100)

λUS
D = λSD &

3λ2S,1
32πµSU(2)D

, (I.101)

Scenario II

[gUS
D ]2 = Eq. (I.109) , (I.102)

[gUS
W ]2 = Eq. (I.110) , (I.103)

[gUS
Y ]2 = Eq. (I.111) , (I.104)

[gUS
S ]2 = Eq. (I.112) , (I.105)

λUS
D = λSD & 1

32π

(
3λ2S,10
µSU(2)L

+
3λ2S,5

µSU(2)D

+
λ2S,11
µU(1)Y

)
, (I.106)

λUS
H = Eq. (I.114) , (I.107)

λUS
HD = λSHD & 1

16π

(
3λS,8λS,10
µSU(2)L

+
3λS,5λS,9
µSU(2)D

+
λS,7λS,11
µU(1)Y

)
. (I.108)

Scenario III

[gUS
D ]2 = [gSD]

2 & [gSD]
4

24πµSU(2)D

, (I.109)

[gUS
W ]2 = [gSW ]2 & [gSW ]4

24πµSU(2)L

, (I.110)

[gUS
Y ]2 = [gSY ]

2 , (I.111)

[gUS
S ]2 = [gSS ]

2 & [gSS ]
4

16πµSU(3)C

, (I.112)

λUS
D = λSD & 1

32π

(
3λ2S,10
µSU(2)L

+
4λ2S,3

µSU(2)D + µU(1)Y

+
3λ2S,5

µSU(2)D

+
3λ2S,1 + 5λ2S,2

µSU(3)C

+
λ2S,11
µU(1)Y

)
, (I.113)

λUS
H = λSH & 1

32π

(
4λ2S,6

µSU(2)L + µU(1)Y

+
3λ2S,8
µSU(2)L

+
3λ2S,9

µSU(2)D

+
8λ2S,4
µSU(3)C

+
λ2S,7

µU(1)Y

)
, (I.114)
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λUS
HD = λSHD & 1

16π

(
3λS,8λS,10
µSU(2)L

+
3λS,5λS,9
µSU(2)D

+
(3λS,1 + 5λS,2)λS,4

µSU(3)C

+
λS,7λS,11
µU(1)Y

)
. (I.115)

I.7 Scalar mass matching between 3D-ultra-soft and 3D soft theories

Scenario I

[µUS
D ]2LO = [µS

D]
2 &

3µSU(2)DλS,1
8π

, (I.116)

[µUS
D ]2NLO = & 3

128π2

[
λS,1

(
&4[gSD]

2 + 2λS,1 & 5λV,1
)
+ (I.117)

2
(
[gSD]

4 & 8[gSD]
2λS,1 + 2λ2S,1

)
ln

(
µ3d

2µSU(2)D

)]
,

Scenario II

[µUS
D ]2LO = [µS

D]
2 &

3µSU(2)LλS,10 + 3µSU(2)DλS,5 + 5λS,2) + µU(1)YλS,11
8π

, (I.118)

[µUS
H ]2LO = Eq. (I.122) , (I.119)

[µUS
D ]2NLO =

1

128π2

[
3λS,5

(
4[gSD]

2 & 2λS,5 + 5λV,1
)
& 6
(
[gSD]

4 & 8[gSD]
2λS,5+

2λ2S,5

)
ln

(
µ3D

2µSU(2)D

)
+ 3λS,10

(
4[gSW ]2 & 2λS,10 +

8λV,4µSU(3)C

µSU(2)L

+ 5λV,5

)
+

12λS,10
(
4[gSW ]2 & λS,10

)
ln

(
µ3D

2µSU(2)L

)
+

3λV,9(λS,11µSU(2)L + λS,10µU(1)Y)

µSU(2)LµU(1)Y

+

8λS,11λV,8µSU(3)C

µU(1)Y

+ λS,11λV,10 & 4λ2S,11ln

(
µ3D

2µU(1)Y

)
& 2λ2S,11

]
, (I.120)

[µUS
H ]2NLO =

1

128π2

[
12λS,9

(
4[gSD]

2 & λS,9
)
ln

(
µ3D

2µSU(2)D

)
& 2
(
3λS,9

(
λS,9 & 2[gSD]

2
)
+

6λ2S,6 + λ2S,7

)
+ 8λS,4

[3λV,4µSU(2)L

µSU(3)C

& 2(2
(
λS,4 & 6[gSS ]

2
)
ln

(
µ3D

2µSU(3)C

)
+ λS,4&

5λV,3)
]
+ 48[gSS ]

2λS,4 + 12[gSW ]2λS,8 & 6
(
[gSW ]4 & 8[gSW ]2λS,8+

2λ2S,8

)
ln

(
µ3D

2µSU(2)L

)
+

24λS,8λV,4µSU(3)C

µSU(2)L

+
3λS,7λV,9µSU(2)L

µU(1)Y

+

3λS,8λV,9µU(1)Y

µSU(2)L

+
8λS,4λV,8µU(1)Y

µSU(3)C

+
8λS,7λV,8µSU(3)C

µU(1)Y

+ 15λS,9λV,1+

15λS,8λV,5 + λS,7λV,10 & 24λ2S,6ln

(
µ3D

µSU(2)L + µU(1)Y

)
&

4λ2S,7ln

(
µ3D

2µU(1)Y

)
& 6λ2S,8

]
.

Scenario III

[µUS
D ]2LO = [µS

D]
2 &

3µSU(2)LλS,10 + 3µSU(2)DλS,5 + µSU(3)C(3λS,1 + 5λS,2) + µU(1)YλS,11
8π

, (I.121)

[µUS
H ]2LO = [µS

H]
2 &

3µSU(2)LλS,8 + 3µSU(2)DλS,9 + 8µSU(3)CλS,4 + µU(1)YλS,7
8π

, (I.122)
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[µUS
D ]2NLO =

1

128π2

[
& 6[gSD]

4 ln

(
µ3D

2µSU(2)D

)
+ 12[gSD]

2λS,5

(
4 ln

(
µ3D

2µSU(2)D

)
+ 1

)
+

18[gSS ]
2λS,1

(
4 ln

(
µ3D

2µSU(3)C

)
+ 1

)
+ 30[gSS ]

2λS,2

(
4 ln

(
µ3D

2µSU(3)C

)
+ 1

)
+

12[gSW]2λS,10

(
4 ln

(
µ3D

2µSU(2)L

)
+ 1

)
+

3λS,1
(
3λV,4µSU(2)L + 3λV,2µSU(2)D + 10λV,3µSU(3)C + λV,8µU(1)Y

)

µSU(3)C

+

5λS,2
(
3λV,4µSU(2)L + 3λV,2µSU(2)D + 10λV,3µSU(3)C + λV,8µU(1)Y

)

µSU(3)C

+

λS,11

(
3λV,9µSU(2)L + 3λV,7µSU(2)D + 8λV,8µSU(3)C

µU(1)Y

+ λV,10

)
+

3λS,10
(
5λV,5µSU(2)L + 8λV,4µSU(3)C + λV,9µU(1)Y

)

µSU(2)L

+

3λS,5
(
5λV,1µSU(2)D + 8λV,2µSU(3)C + λV,7µU(1)Y

)

µSU(2)D

&

6λ2S,10

(
2 ln

(
µ3D

2µSU(2)L

)
+ 1

)
& 12λ2S,3

(
2 ln

(
µ3D

µSU(2)D + µU(1)Y

)
+ 1

)
&

6λ2S,5

(
2 ln

(
µ3D

2µSU(2)D

)
+ 1

)
& 6λ2S,1

(
2 ln

(
µ3D

2µSU(3)C

)
+ 1

)
&

10λ2S,2

(
2 ln

(
µ3D

2µSU(3)C

)
+ 1

)
& 2λ2S,11

(
2 ln

(
µ3D

2µU(1)Y

)
+ 1

)]
, (I.123)

[µUS
H ]2NLO =

1

128π2

[
12[gSD]

2λS,9

(
4 ln

(
µ3D

2µSU(2)D

)
+ 1

)
+ 48[gSS ]

2λS,4

(
4 ln

(
µ3D

2µSU(3)C

)
+ 1

)
&

6[gSW]4 ln

(
µ3D

2µSU(2)L

)
+ 12[gSW]2λS,8

(
4 ln

(
µ3D

2µSU(2)L

)
+ 1

)
+

8λS,4
(
3λV,4µSU(2)L + 3λV,2µSU(2)D + 10λV,3µSU(3)C + λV,8µU(1)Y

)

µSU(3)C

+

λS,7

(
3λV,9µSU(2)L + 3λV,7µSU(2)D + 8λV,8µSU(3)C

µU(1)Y

+ λV,10

)
+

3λS,8
(
5λV,5µSU(2)L + 8λV,4µSU(3)C + λV,9µU(1)Y

)

µSU(2)L

+

3λS,9
(
5λV,1µSU(2)D + 8λV,2µSU(3)C + λV,7µU(1)Y

)

µSU(2)D

&

12λ2S,6

(
2 ln

(
µ3D

µSU(2)L + µU(1)Y

)
+ 1

)
& 6λ2S,8

(
2 ln

(
µ3D

2µSU(2)L

)
+ 1

)
&

6λ2S,9

(
2 ln

(
µ3D

2µSU(2)D

)
+ 1

)
& 16λ2S,4

(
2 ln

(
µ3D

2µSU(3)C

)
+ 1

)
&

2λ2S,7

(
2 ln

(
µ3D

2µU(1)Y

)
+ 1

)]
. (I.124)

I.8 Vector and scalar field-dependent masses at ultra soft scale

Here we write down the 3D field dependent masses in the ultrasoft limit in terms of the 3D field
ϕD and the ultrasoft parameters, which appear directly in the NLO part of the effective potential, see
Eq. (I.2). They are calculated from LO effective potential. We start with Scenario I. Here, for the
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scalar masses we have

M2
ϕ1

= [µUS
D ]2 + λUS

D ϕ2
D , (I.125)

M2
ϕ2

= [µUS
D ]2 + λUS

D ϕ2
D , (I.126)

M2
ϕ3

= [µUS
D ]2 + 3λUS

D ϕ2
D , (I.127)

M2
ϕ4

= [µUS
D ]2 + λUS

D ϕ2
D , (I.128)

while for the vector bosons we have

M2
V1

=
1

4
[gUS

D ]2ϕ2
D , (I.129)

M2
V2

=
1

4
[gUS

D ]2ϕ2
D , (I.130)

M2
V3

=
1

4
[gUS

D ]2ϕ2
D . (I.131)

For Scenario II/III, the scalar masses are given by

M2
ϕ1

= [µUS
D ]2 +

1

2
λUS
HDϕ

2
H + λUS

D ϕ2
D , (I.132)

M2
ϕ2

= [µUS
D ]2 +

1

2
λUS
HDϕ

2
H + λUS

D ϕ2
D , (I.133)

M2
ϕ3

= [µUS
D ]2 +

1

2
λUS
HDϕ

2
H + λUS

D ϕ2
D , (I.134)

M2
ϕ4

= [µUS
H ]2 + λUS

H ϕ2
H +

1

2
λUS
HDϕ

2
D , (I.135)

M2
ϕ5

= [µUS
H ]2 + λUS

H ϕ2
H +

1

2
λUS
HDϕ

2
D , (I.136)

M2
ϕ6

= [µUS
H ]2 + λUS

H ϕ2
H +

1

2
λUS
HDϕ

2
D , (I.137)

M2
ϕ7

= eig(M2
ϕHϕD

[1]) , (I.138)

M2
ϕ8

= eig(M2
ϕHϕD

[2]) , (I.139)

where M2
ϕ7

and M2
ϕ8

are eigenvalues of the mass matrix

M2
ϕHϕD

=

[
[µUS

H ]2 + 3λUS
H ϕ2

H + 1
2λ

US
HDϕ

2
D λUS

HDϕHϕD

λUS
HDϕHϕD [µUS

D ]2 + 1
2λ

US
HDϕ

2
H + 3λUS

D ϕ2
D

]
. (I.140)

The vector masses in turn are given by

M2
V1

=
1

4
[gUS

D ]2ϕ2
D , (I.141)

M2
V2

=
1

4
[gUS

D ]2ϕ2
D , (I.142)

M2
V3

=
1

4
[gUS

D ]2ϕ2
D , (I.143)

M2
V4

=
1

4
[gUS

W ]2ϕ2
H , (I.144)

M2
V5

=
1

4
[gUS

W ]2ϕ2
H , (I.145)

M2
V6

= eig(M2
VWVY

[1]) , (I.146)

M2
V7

= eig(M2
VWVY

[2]) , (I.147)

where M2
V6

and M2
V7

are eigenvalues of the mass matrix

M2
VWVY

=

[
1
4 [g

US
W ]2ϕ2

H & 1
4g

US
W gUS

Y ϕ2
H

& 1
4g

US
W gUS

Y ϕ2
H

1
4 [g

US
Y ]2ϕ2

H

]
. (I.148)
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I.9 Pressure in the ultrasoft limit

Here, the 4D pressure is related to the 3D pressure by P = T (PUS
LO + PUS

NLO).

Scenario I

PUS
LO =

[
µ2
SU(2)D

]3/2

4π
, (I.149)

PUS
NLO =

3

2048π2

[
µ2
SU(2)D

(
&64[gUS

D ]2
(
4 ln

(
µ3d

2µSU(2)D

)
+ 3

)
& 5πλV,1

)]
, (I.150)

Scenario II

PUS
LO = Eq. (I.153) , (I.151)

PUS
NLO = Eq. (I.154) +

3πµSU(2)D

1024π2

(
8λV,2µSU(3)C + λV,7µU(1)Y

)
, (I.152)

Scenario III

PUS
LO =

1

12π

(
3
[
µ2
SU(2)L

]3/2
+ 3
[
µ2
SU(2)D

]3/2
+ 8
[
µ2
SU(3)C

]3/2
+
[
µ2
U(1)Y

]3/2
)

(I.153)

PUS
NLO = & 1

2048π2

[
192[gUS

D ]2µ2
SU(2)D

(
4 ln

(
µ3D

2µSU(2)D

)
+ 3

)
+

768[gUS
S ]2µ2

SU(3)C

(
4 ln

(
µ3D

2µSU(3)C

)
+ 3

)
+

192[gUS
W ]2µ2

SU(2)L

(
4 ln

(
µ3D

2µSU(2)L

)
+ 3

)
+

π
(
16µSU(3)C

(
3λV,4µSU(2)L + λV,8µU(1)Y

)
+ 6λV,9µSU(2)LµU(1)Y+

15λV,5µ
2
SU(2)L

+ 6µSU(2)D

(
8λV,2µSU(3)C + λV,7µU(1)Y

)
+ 15λV,1µ

2
SU(2)D

+

80λV,3µ
2
SU(3)C

+ λV,10µ
2
U(1)Y

)]
. (I.154)



APPENDIX J

Statistical Treatment of Signal
Region Recasting (FPVDM)

To quantify the exclusion reach for each parameter point in our model, we compute the expected
95% CL upper limit on the signal yield, denoted as sexp95 . This is done using the Asimov dataset
formalism and the CLs hypothesis testing approach, based on the profile likelihood ratio as described
in Cowan et al. [174]. The statistical evaluation is performed using the pyhf package [501], which
provides a backend-independent, JSON-serialised implementation of likelihood construction and in-
ference.

In our implementation, each signal region extracted from the CheckMATE recasting framework is
modelled by a simplified likelihood consisting of:

• a signal template, normalised to unity;

• a background expectation b, with associated uncertainty δb, incorporated via a normsys nuisance
parameter representing log-normal scaling;

• an observation given by the Asimov dataset, i.e. the expected number of events under the
background-only hypothesis.

The numerical values for s, δs, b, and δb are taken directly from the CheckMATE output files for
each relevant analysis and signal region, based on detector-level event simulation. These quantities
form the inputs to the statistical model built in pyhf for every parameter point in our scan.

The test statistic is evaluated using the asymptotic approximation, yielding the expected upper
limit on the signal strength, µexp

95 , from which the corresponding upper limit on the signal yield is
derived as:

sexp95 = µexp
95 × stemplate. (J.1)

To define a conservative yet statistically meaningful exclusion criterion, we compute the ratio:

rconsexp =
s& 1.64 δs

sexp95

, (J.2)

where s is the predicted signal yield at a given parameter point, and δs is the associated uncertainty.
The factor 1.64 corresponds to a one-sided 95% CL downward fluctuation under Gaussian statistics.
A parameter point is deemed excluded at 95% CL if rconsexp > 1.

This procedure is applied systematically to all signal regions relevant to our analysis, as imple-
mented in CheckMATE and discussed in detail in the main text. In particular, it is used to:

• reproduce and validate the individual signal region exclusions obtained from CheckMATE;

• perform statistical combinations of mutually orthogonal signal regions from the same analysis
(e.g. 0-lepton and 1-lepton channels in CMS SUS-19-005 or ATLAS 2101.01629);

• and combine the most sensitive signal regions across ATLAS and CMS to derive the most
stringent overall exclusion limit.

215
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This approach ensures consistency between detector-level simulation, recasting, and statistical
interpretation, enabling a robust mapping between BSM signal predictions and current experimental
constraints.
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[197] A. Angelescu, D. Bečirević, D. A. Faroughy, and O. Sumensari, Closing the window on single
leptoquark solutions to the B-physics anomalies, JHEP 10 (2018) 183, [1808.08179].

[198] W. Altmannshofer, P. S. B. Dev, A. Soni, and Y. Sui, Addressing RD(∗) , RK(∗) , muon g & 2
and ANITA anomalies in a minimal R-parity violating supersymmetric framework, Phys. Rev.
D 102 (2020), no. 1 015031, [2002.12910].

[199] G. Belanger et al., Leptoquark manoeuvres in the dark: a simultaneous solution of the dark
matter problem and the RD(∗) anomalies, JHEP 02 (2022) 042, [2111.08027].
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[214] Y. Cai, J. Herrero-Garćıa, M. A. Schmidt, A. Vicente, and R. R. Volkas, From the trees to the
forest: a review of radiative neutrino mass models, Front. in Phys. 5 (2017) 63, [1706.08524].

[215] K. S. Babu and J. Julio, Two-Loop Neutrino Mass Generation through Leptoquarks, Nucl.
Phys. B 841 (2010) 130–156, [1006.1092].
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[223] M. Cè et al., Window observable for the hadronic vacuum polarization contribution to the
muon g-2 from lattice QCD, Phys. Rev. D 106 (2022), no. 11 114502, [2206.06582].

[224] T. Aoyama, M. Hayakawa, T. Kinoshita, and M. Nio, Complete Tenth-Order QED
Contribution to the Muon g & 2, Phys. Rev. Lett. 109 (2012) 111808, [1205.5370].

[225] T. Aoyama, T. Kinoshita, and M. Nio, Theory of the Anomalous Magnetic Moment of the
Electron, Atoms 7 (2019), no. 1 28.

[226] A. Czarnecki, W. J. Marciano, and A. Vainshtein, Refinements in electroweak contributions to
the muon anomalous magnetic moment, Phys. Rev. D67 (2003) 073006, [hep-ph/0212229].
[Erratum: Phys. Rev. D73, 119901 (2006)].
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[440] J. Ellis, M. Fairbairn, G. Franciolini, G. Hütsi, A. Iovino, M. Lewicki, M. Raidal, J. Urrutia,
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